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Heat-pulse propagation has been studied in p-type silicon and p-type germanium as a function of uniaxial

stress (up to 10' dyn cm ') and of pulse temperature. The coupling between thermal phonons and the
stress-split ground state of acceptors has been calculated using the effective-mass approximation for the
relevant acceptor-hole wave functions. In addition to the s-like parts of the expansion for the envelopes

usually considered, d-like parts of the expansion have been included here. The important phonon scattering
rates due to stress-split acceptor states were derived. The rates were obtained for resonance absorption (for
phonons with energies close to the splitting energy), and for several second-order processes. In addition,

Rayleigh scattering of phonons by isotopic impurities has been evaluated. A black-body model for phonon
emission from the heat-pulse generator was assumed. The total calculated scattering rate agrees with the
observed stress dependence of the heat-pulse amplitudes when the effects of internal strains, and, in the case
of high acceptor contents, of phonon multiple scattering are taken into account. A fit of the experimental
results to the calculated results yields two distinct sets of values for the "static" (a*q(&1) and. "dynamic"
(a*q & 1) deformation-potential constants (a * is the effective Bohr radius of the impurity and q is the wave

number of the relevant wave component). This observation resolves the apparent conflict in previously

reported values of these constants, obtained from separate studies in the static (e.g. , piezoreflectance) and

dynamic (thermal-conductivity) regimes. The present theory does not yield such distinctions for the two
regimes. It is concluded, therefore, that the effective-mass approximation is not adequate for describing the
full range of frequency-dependent stress effects. It should be emphasized that the heat-pulse study is

particularly well suited for investigating these differences because the constants for the two regimes are
derived within the framework of the same experiment.

I. INTRODUCTION

Neutral shallow impurities in semiconductors
are very effective scatterers of thermal phonons
at low temperatures. This has been observed as
a strong increase in the thermal resistivity of Ge
and Si by light doping with z-type' and p-type
impurities. Similar effects have also been seen
by propagation of heat pulses in such materials.

The coupling of lattice waves to these impurities
can be related to the crystal symmetry at the im-
purity site. For p-type Si and Ge, the ground
state of the acceptor holes has the I'8 symmetry
of the valence-band edge (at the center of the
Brillouin zone) and is thus fourfold degenerate.
These degenerate levels have been shown to con-
tribute strongly to the thermal resistivity in P-
type Si and Ge, because of elastic scattering of
phonons. ' Any strain of lower symmetry acting
on the impurity site will split the quartet into two
Kramers doublets, thus giving additional scattering
of phonons. The thermal conductivity is, there-
fore, predicted to be considerably modified by

such splitting. "
We previously reported' the results of a pre-

liminary study in which this coupling between ac-
ceptor holes and phonons was investigated by
means of heat-pulse propagation in uniaxially
stressed p Ge. This approach is especially well
suited for systematic studies of phonon scattering
by shallow impurities in semiconductors. In
particular, the phonon scattering processes can
be much better understood and compared more
directly with theoretical predictions through heat-
pulse investigations than through studies of ther-
mal resistivity.

In this paper we present the results of heat-
pulse transmission studies in uniaxially stressed
boron-doped Si and gallium-doped Ge. Expres-
sions for the relevant phonon scattering rates have
been derived, from which the heat-pulse trans-
mission was computed. The calculated and ex-
perimental results are compared and several fea-
tures of the scattering processes are thereby de-
rived.

In Sec. II a theoretical treatment is presented
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for the coupling between the thermal phonons and
the stress-split ground state of acceptors. This
treatment is based on the effective-mass approxi-
mation for the relevant acceptor-hole wave func-
tions. In addition, however, to the s-like parts
of the expansion of the envelopes usually con-
sidered, ' '" d-like contributions have also been
included here. By the use of a suitable hole-lat-
tice Hamiltonian, the matrix elements for the
hole transitions are calculated, from which the im-
portant phonon scattering rates are obtained.
These include a resonance absorption, for phonon
energies close to the splitting energy, and the
rates for several second-order processes. An
additional scattering mechanism of importance in
the phonon-frequency range of interest here is the
Rayleigh scattering from isotopic impurities.
This is included in a separate consideration. The
various scattering rates are combined with the
black-body-radiation model for the phonon emis-
sion from the heat-pulse generator, whereby pre-
dictions for transmitted pulse energies and phonon-
frequency distributions can be made.

An outline of the experimental technique and
procedure is presented in Sec. III. The experi-
mental data, consisting of heat-pulse amplitudes
measured as a function of power input and of stress
for several samples of Si and Qe, are presented
in Sec. IV. In the same section the experimental
results and the theory are compared and discussed.
The comparison is carried out by computer fitting
of the theoretical results to the experimental data
with the use of the valence-band-edge deformation-
potential constants as adjustable parameters,
whereby these constants are determined. The de-
formation-potential constants are considered sep-
erately in the contexts of uniform sta, tic and dy-
namic stresses. The origin of this distinction is
discussed in terms of shortcomings in the basic
description of the acceptor-hole wave functions.
Finally, several experimental features associated
with the use of the heat-pulse technique are also
discussed. These include the limitations of the
black-body-radiation model, the presence of scat-
tered phonons in the detected heat pulses, and,
particularly for propagation in samples of relative-
ly high impurity contents, resonance-broadening
effects arising from local "heating" near the gen-
erator.

II. THEORY

The valence bands in Si and Ge are quite simila, r.
The top of the band is located at the center of the
Brillouin zone and has sixfold degeneracy, a three-
fold orbital (L = 1) and a twofold spin degeneracy
(S= —,'). This degeneracy is partially lifted by spin-
orbit interaction, which splits the edge into a
quadruplet and a doublet corresponding to the J=.—,

'

and J= ~ states of the free atoms.
The bound states of shallow acceptor impurities

can be represented by wave packets made up large-
ly of the six Bloch waves chosen from the top of
the valence band, with appropriate envelope functions
to account for their localized hydrogenlike nature.
The form of the wave functions of the acceptor
ground-state quartet (J=j), specified by the mag-
netic quantum numbers M~ = —'„—,', ——,', and ——,

'
have been determined by Suzuki, Okazaki, and
Hasegawa (SOH), within the framework of the
effective-mass approximation. By including s-
and d-like envelope parts, each wave function 4~~
of the acceptor ground-state quartet can be repre-
sented as a linear combination of six orthogonal
component vectors 4&~. Of these, one (i=0) has
purely s-like entries, and the remaining five
(i = 1, . . . , 5) have only d-like entries. Thus,

5

4' ~=ZCP)~, (2. 1)
5=0

where the coefficients (amplitude factors) C, are
given by SOH. SOH also predicted explicit ex-
pressions for 4& ~ for the axis of quantization along
[001]. In the present work the corresponding ex-
pressions for the axis of quantization [111]are
also needed. These have been worked out here,
and are presented in Appendix A along with the
values of the amplitude factors C& and the effec-
tive Bohr radii as computed by SOH.

The coupling of phonons to the acceptor holes
and the splitting of the ground-state quartet by ex-
ternal stressing are dealt with in terms of a
strain Hamiltonian for the valence-band edge con-
structed from symmetry considerations by Hase-
gawa

where L is the 0. component of the angular mo-
mentum operator 1,(L = 1), o.' = x, y, or g referring
to the fourfold axes. D„",D„,and B„&are the va-
lence-band deformation-potential constants. C. P.
denotes cyclic permutation of the indices x, y, and
g. e z are the conventional strain components. '4

The strain Hamiltonian (2. 2) can operate on the
acceptor ground-state wave functions (2. 1) by writ-
ing it as a 6&& 6 matrix on the same basis as 4 ~.
When the strain produced by uniaxial stressing is
much larger than the internal strains (and the
phonon strain amplitudes), it is always convenient
to choose the external stress direction as the axis
of quantization. Thus for [001] uniaxial stress
L, 0. =1, 2, 3 are the three components L„,L„
and. L, of Eq. (2. 2), respectively. In the case of
[111]stress, n = 1, 2, 3 refer to the axes of a co-
ordinate system with the z' axis (o, = 3) along the
[111]direction. The choice of the perpendicular
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(g 2~~ j@3/8) (@1/2~~v ~@
/ ) (2. 5)

This results in the following expressions for the
splitting:

(a) stress a, long [001];

b =
q D„[Co+C,—C~ ——,'(C~ —C4) + v 2 (C2+C4)C,]

x(S„—S,~)X; (2. 6)

(b) stress along [111],
6= 3D ~ [Co g (Cy Cg) +6 (3Cz+2CzC4 —5C4)

——,
'

V 2 (C2+C4)C~+ —', Cs]S44X, (2. 7)

where the C;(i=0, . . . , 5) are the amplitude factors
mentioned earlier.

For the acceptor ground states the separation
6 is often expressed in terms of the acceptor
ground- state def ormation-potential constants D'„
and D'„.as

6 = 3 D'„(Sg,—S,2)X,
6= —,D„gS44X.

(2. 6')

(2. 7')

Expressions (2. 6) and (2. 6') and (2. '7) and (2. 7')
define D'„and D'„& in terms of D„andD„,for the
case of static uniform stress.

axes x' and y' is immaterial, but a convenient set
of directions is [110]for x' and [112] for y'.
L„andI., in Eq. (2. 2) should then be decomposed
along the new coordinate axes.

A. Stress-Induced Energy Splitting

When the magnitude of the valence-band-edge
splitting is small compared to the ionization en-
ergy of the acceptor and the spin-orbit splitting,
the effect of the external stress may be considered
as a static perturbation potential acting within the
ground-state quartet. In the following, the en-
ergy split for uniaxial compression along the sym-
metry directions [001] and [111]will be calculated.

By using the proper strain components for the
two stress directions'5 the splitting Hamiltonian
becomes, according to (2. 2),

+stratn ~u(S11 S12)X(Lz

for X a,long [001] (2. 3)

=D„,S44X(L,, ——,
' L )

for X along [111], (2. 4)

where X is the uniaxial stress and S», S», and

S44 are the conventional compliance constants for
cubic crystals. Note that Eq. (2. 4) contains the
angular momentum component I... along the [111]
direction. For stress along threefold or fourfold
symmetry axes, the quartet splits into two dou-
blets M~ =+ —,

' and Mz =a —,', with a separation 6,
given by

The deformation-potential constant D„"of Eq.
(2. 2) does not enter into the stress-splitting ex-
pressions. This part of the Hamiltonian IP«,«„
associated with D"„describes a shift of the center
of gravity of the valence-band edge (and the ac-
ceptor states), but does not contribute to the split-
ting.

1 —~( ', q~, )'+ ( ,' qr,-)'-
[1+(—,

'
qy ) ]

(2. 9)

where x2 is the effective radius for the d-like
parts. " The results obtained with the present
isotropic approximation are correct in the limits
q '«xz and q»x2. The error introduced for
q

' —x„x~maybe of some significance, as will be
discussed later.

B. Phonon Matrix Elements

The matrix elements describing the coupling be-
tween the thermal phonons and the acceptor holes
are obtained, in principle, in a straightforward
manner by substituting an expansion in normal
modes for the strain components into the strain
Hamiltonian (2. 2), and by using the acceptor ground-
state wave functions discussed earlier. The axis
of quantization is always chosen most conveniently
along the direction of uniaxial static stress. The
matrix elements will contain integrals, over all,
of space, of products between the various s- and
d-like angular parts of the wave functions, their
radial parts (see Appendix A), and a phase factor
e'~' from the expansion of the strain components in
normal modes. These integrals are, in general,
quite involved and a complete and detailed discus-
sion of their behavior is difficult. Essential in-
formation, however, is obtained by using form fac-
tors that reflect the admixture of d-like parts to
the wave functions in an average way. One such
possibility is to take the angular average over all
directions of q before evaluating the spatial in-
tegral of the matrix elements, i.e. , making the
substitution e'~'~- (sinqx)/qx. There are three
distinct types of spatial integrals possible. The
first of these involves only s-like parts; it is un-
affected by the angular averaging and has the form

(2. 8)

where y, is the effective Bohr radius for the s-like
part. ' The second type of spatial integrals con-
tain cross products between either s- and d-like
parts or between dissimilar d-like parts; these all
vanish in the present approximation because of the
orthogonality pr'operties of the spherical harmon-
ics, and there is no contribution to the calculated
coupling from the first term of H;.,„„,[Ecl. (2. 2)].
The last type of integrals contain products of sirni-
lar d -like parts. These are all identical and have
the form
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TABLE I. Quasi-isotropic model for the polarization
vectors.

kg
kg
8q3

sin8 cosf
sin& cos(t)

—cos& cosQ
sinft)

sine sinft)

sin8 cosQ
—cos8 sinft)- cosset)

cos8
cos8
sin8

0

D'.(q) = D.[f'(q)/fo(q)],

D'. (q) =D~[f"(q)/fo(q)] .
(2. 12)

(2. 13)

In the phonon matrix elements f '(q) is always
associated with the appearance of the deformation-
potential constant D„,and f '(q) with the appear-
ance of D~. For Si and Ge the numerical differ-
ence between f'(q) and f '(q) is always small;
about 10/o for Si in the static strain limit, and
still less for q IO. In fact, f'(q)/f '(q)- 1 in the
limit of large q. This suggests the following ap-
proximation, which is not unreasonable in relation
to the other approximations made previously:

f'(q) f' (q) —1/2[f'(q)—+f"(q)]=f(q) . (2. 14)

With this expression, and after expanding the strain
components in normal modes„ the matrix elements
of H,"„„,take on the form

(nfl".,.„./n')=Z [a& /2Mv ] ~o(—', D„.)

x(a„+a„)C,"," f(q), (2. 15)

where the acceptor ground states corresponding to
MJ 2p 2 2 g are labeled by n= 1, 2, 3, 4, re-

By adding the various contributions to the spatial
integrals appearing in the matrix elements, the
following two form factors (or cutoff functions) are
found:

f '(q) =Cofo(q)+[C1 —C3 2 (C2 C4)

+ v 2 (C2+ C4) C,]fo(q), (2. 10)

f '
(q) = Cofo(q) + [ —

2 (C, —Co)

+ o (3Co+ 2C,C4 —5C4)

—-', v 2 (C, + C4) C, + —,
' C,']f,(q) . (2. 11)

In previous works based on the s-like approxi-
mation to the envelopes' '3 there is an a priori
frequency dependence in the acceptor ground-state
deformation-potential constants used (D'„and D'„,)
because of the neglect of d-like and higher-order
terms. ' '7 Within the framework of the present
theory, explicit expressions for the lowest-order
contribution to this frequency dependence can be
obtained. These are, in terms of the form fac-
tors f(q), f (q), and f ~(q), 'o

v, =vs=[(C„-,C )/p]"',

v, = vr = [(C„++C")/p]"', (2. 16)

where C*=C&&—C,z
—2C44, C», C,z, and C«are

the three elastic constants for cubic crystals and

p the density of the given crystal.

C. Phonon Relaxation Rates

The thermal phonons in strained P-type Si and
Ge are scattered by various elastic and inelastic
processes. For phonon energies close to the
strain-induced gap, there is a strong resonance
scattering due to direct hole transitions. 2 Another
mechanism that is particularly powerful in the
same region of phonon energies is the second-or-
der elastic scatteri„g to, ss, so The present discus-
sion is limited to the resonance scattering and all
possible second-order processes, of which there
are two inelastic ones, in addition to the elastic
scattering just mentioned. The second-order pro-
cesses all involve transitions of holes via inter-
mediate states by elastic or inelastic scattering, or
by "thermally assisted" phonon absorption, ~

and therefore do not, in general, require resonance
conditions.

1. Resonance Scattering

A detailed treatment of the problem of resonance
scattering was carried out by Kwok~o for the case

. spectively. +« is an angular frequency and a«
and at„aredestruction and creation operators,
respectively, all for phonons of wave vector q and
in the branch t. z, is the phonon velocity in branch
t and M is the crystal mass. The C,"", are referred
to as coupling parameters. ' Explicit expressions
for these, in terms of wave-vector direction co-
sines and of the associated poIarization vectors,
have been calculated and are presented in Appendix
B for the two cases of [001] and [111]stresses
(i.e. , axes of quantization). In order to obtain
analytic expressions for the matrix elements a
quasi-isotropic model for the elastic properties
of the crystals has been adopted here. " This
model results in very simple expressions for the
polarization vectors e„for the three acoustical
modes. These are given in Table I in terms of
conventional polar angles (8, P), where (0, g) is
the [001] direction and (—,

'
m, 0) the [100] direction.

The indices 1, 2, and 3 refer to the longitudinal,
fast-transverse, and slow-transverse branches,
respectively. Appendix B also contains the cou-
pling parameters C,"," rewritten in terms of this
model. The fictitious quasi-isotropic medium
with the properties of Table I is further chosen in
such a way as to represent the true elastic prop-
perties of the given crystal as closely as possible,
on the average. This leads to the average veloc-
ities" "
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of z-type Ge. He derived the resonance attenua-
tion of phonons, in terms of level broadening, by
means of the thermodynamic Green's-function
technique. The situation in n-type Qe and in
strained P-type Si and Qe is quite similar, as was
shown by Suzuki and Mikoshiba, "and Kwok's re-
sults can be used without difficulty here. How-

ever, the expression for the resonance scattering
rate can also be derived directly by using first-
order perturbation theory (Golden Hule), with all
higher-order terms represented by the introduc-
tion of a level broadening I'. I' in turn can be cal-
culated (also by first-order theory) as the inverse
of the thermal relaxation time for the holes be-
tween the two levels. Both approaches lead to the
following expression for the phonon relaxation rate
due to resonance absorption":

+h e/kT
Ts'(q f)= 2 N

1 ~izT f'{q) {-'D")
pvf. 1+8

2 +2
N )I -haulzT

Tp, (qy f) 3
4 2 (3 D(( ) (I zl-zT
4pv, 1+e

/

2 (d (d~xf —
( ), l,z, (2 22)

45mp a)
(2. 23)

x Q Q "'
zf '( q') 6(&u .,!—&o)

PV

2. Second-Order Elastic Scattering

The first term in the perturbation series for
elastic scattering is of second order. In the sec-
ond Born approximation, therefore, the elastic
scattering rate becomes"'2

T, '(q f)= 2 (zD. )'f'{q)+N.(T)
pvt, n

x( D)((~~CT'—,
~ ,.)) Lo(h

( ) . (2. (8)

2D h u/0-1~ 3 2 2 1 —e
T (tk t)= (

4 q N( D„,)
4pv, 1+e

"f'( ) (a ri)'+r'-
where the three entries in the curly brackets are,
counted from the top, associated with t = 1, 2, and

3, respectively. D =DE„,. I" has the form
I" =I', coth(hjakT), where for this case

2 3 +g)2 (2. 20)

E(b,/g) is defined by

& is the angular frequency of the phonon (q, f) undei

consideration, N is the density of impurity atoms,
6 is the level splitting due to the strain, and

{{.. . ) ) designates angular average.
In the quasi-isotropic model, (2. 17) can be writ-

ten as follows.
For X along [001] and q along [100],

N, ,(T) = ,' N(1 + e"'*)--',

N (T) = —'N(1+e )
' .

X along [001] and q along [100]:

T, '(q, f)= 2 2 N( ,'D„)f-
20mp v, " v,

D lh +35 (d

x{ 2 2 zz ~ +(D +2)«dF(d 2 2 2 2

b, + (D +2)K (d

(a. as)

(2. 26)

X along [ill] and q along [11.0]:

T{q f) =
20

—
2
—

2
—{—D„,)4f

20gp vt
u vt

(D +2)& +(D +6D2+2)522()z

x (~z 2 2 2 M' +3(1+2D2))fz(gz

3D4g2 + 3D2 D2+ 2 I2~2( )

(2. 27)
The unphysical divergencies in Eqs. (2. 26) and

(2. 27) can be removed by once more taking into
account the finite linewidths of the acceptor states.
This corresponds to making the substitution"
(gz gz 2) 2 [(gz gz 2)2 4Fzgz]

X
Cq& f & Cqg + C~ C~g

m tI, Em En @'g Em En+ h(~ 't'
S„eEn~

(2. 24)
where N„(T)is the number of holes per unit vol-
ume in state n as given by the equilibrium Boltz-
mann distribution, i.e. ,

For X along [ill] and q along [110]

(2. 21) 3. Second-Order Inelastic Scattering

The inelastic scattering in the second order of
perturbation falls into two categories. The first
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is associated with hole transitions from the upper
to the lower level, and the other involves hole
transitions from the lower to the upper level by
"thermally assisted" phonon absorption (&d,„,„„

a/ii)orby inelastic scattering (che,„„ea/g).The ri'(C s)=(I c g('Dr) risen n g )
corresponding relaxation rates are, respectively, "'2

(2. 32)

T, (q, f) =
2

(-', D„e) (1 —e ""IT)f (q) Z N„(T)
t n

e-h co/AT

(1 e-(lt tsk(a)IkT) (1 ~ ekihIkT)

(dqiti
2 (ngs( ~ + 1)f(q ) ~ &d .(. —&d-

ql t g 2pvtt 8 xf —
~

~(n~+ ~)» ~ —~, (2. 33)
(I4) Sj

( ( n'm Cmn ( n m( mn 2

m I(Em En @ Em En+@(dq~t'

with n = 1, 4 (M ~ = + —,') and n' = 2, 3 (Mi = a -',);
v'z'(q, t)= 2 (—,'D„s) (1 —e "" )f (q) PN„(T)

pvt n

Z Z 2 f (q ) 'Eggs(el .(dgs(s + (d-
n' q&t~ PV t~

E E+(i —e)(n, ., +t)s (eh. , —ne

Cn mCmn 2

m I, Em -En - S(g) Em -En+ S(u, .to

where E is the step function

6 = 1 for &d & 6jk
= 0 for &d & b/5 .

It should be noted here that y, ' does not hold when

&d —ghh jlf (and the resonance scattering Tz' is effec-
tive) because of the nature of the second Born ap-
proximation used. However, since yz itself does
not display resonance behavior, it will usually be-
come negligible compared to 7~' near resonance,
and the error associated with retaining y2 over
the entire frequency range is very small.

In the isotropic approximation y",' and y~' are
as follows.

X along [001] and q along [100]:

'( 1)— ' ' N
20 2 2 (1 -&"~kk»kT) (I sk&g/kT)

&d l ( &') D2+3 D2 ) f
() (, If i % &d (6 +(&f&d) ff

(2. so)
3D2(2D )4 1 —g h ~/AT

T-(( 2) 8 u

I
q 8 20&P2 2g8 (1 e-(8 k()t&ikT) (1+e Itikr)'I Vt

Xf —&d(5'&d + g) y' &d y —
~

. (2. 31)
vt

X along [111]and q along [110]:

) 1 yl ikT-
q' =

20.P"',a' N (1-.-'"""""')(1""')

where the upper and lower subscripts in y»2 refer
to the upper and lower signs on the right-hand side,
respectively.

-l - 4
T] =Aco (2. 34)

where the constant A has the value 1.32&&10 ' sec'
for Siv' and 2. 40&&10 secs for Qe. 2

It can be seen that this scattering is of particular
importance at high frequencies (~ 10' Hz). The
Rayleigh scattering from the acceptor impurities
themselves is quite negligible in the range of con-
centrations of interest here.

At the experimental temperatures (4. 2 K and
less) all phonon-phonon interactions are very weak,
or are completely masked by the other processes,
and can therefore be disregarded.

Finally then, the total scattering rate for phonons
is given by

-l l -l - l -l=7++7, +7.l +7'2 +7~

E. Heat Pulses; Black-Body-Radiation Model

(2. s5)

In order to be able to correlate the preceding
theoretical findings with the heat-pulse measure-
ments, it is necessary to know the frequency dis-
tribution of the heat-pulse phonons as they leave
the source. It has been shown that the black-
body-radiation model offers a reasonable descrip-
tion of the situation (limitations of this model are
discussed later). In this model, the energy dis-
tribution is the difference between two Planck dis-
tributions defined by the generator temperature
T~ and the crystal temperature T„i.e. ,

const
& „„&» . 2 36

hv/AT@ 1 e»I ~T 0

Integration of this expression over the frequency
p gives the black-body expression for the total
radiated power P:

D. Other Scattering Mechanisms

In addition to the various scattering mechanisms
arising from the acceptor impurities, Rayleigh
scattering of phonons by isotopic impurities must
be considered. This mass defect scattering has
the form '
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I'=oS(T —T ), (2. 37)

where S is the generator-crystal interface area
and 0 the Stefan constant for phonons. From Lit-
tle's work, o can be found to be approximately
2. 0x105 erg/seccm2K for constantan on Si, and
about 6. 2x10' erg/sec cm~K for constantan on Ge
(constantan was used for the resistive generator
film in both cases). Equation (2. 37) defines the
generator temperature T~ to be used in expression
(2. 36), since P is the measured electrical power
dissipated in the generator.

By introducing the various scattering mecha-
nisms discussed previously, the resulting trans-
mitted phonon-frequency distribution becomes

dp ~ dP -x]v7

dU dv
(2. 36)

III. EXPERIMENTAL PROCEDURE

Five different samples of B-doped Si and two of
Ga-doped Ge were used. All samples were in the
shape of rectangular parallelepipeds. The im-
purity content, the stress and propagation direc-
tions, the dimensions, and the experimental tem-
peratures for each sample used are listed in Table
II.

The acceptor contents were evaluated by means
of resistivity measurements at room tempera-
ture. ~ The samples were prepared with great
care to ensure uniform straining during the ex-
periment. The crystals were x-ray oriented and
cut to within 1' of the orientations shown in Table
G. The ends perpendicular to the stress direction
mere lapped and polished to be parallel within 2'
of arc.

The apparatus used for applying uniaxial stress
at low temperatures was designed to minimize
nonuniformity of stress. The force was applied
to the sample via a high-yield phosphorous-copper
ring with two strain gauges (Type FNB 06-12 from
BI.H Electronics, Inc. ) cemented on to its inner

where x is the pulse path length and p is the appro-
priate phonon velocity.

wall for monitoring its deformation due to the
force. The ring, mith the strain gauges, was pre-
calibrated absolutely by direct loading via a simple
weight-arm system.

The heat pulses~v were generated by passing
short (10 sec) current pulses through a resistive
constantan film (1 x1-mm area and 1000-2000 A
thick) evaporated onto one face of the specimen.
A burst of thermal phonons is thereby injected
into the crystal. The phonons that passed through
the sample ballistically were detected on the op-
posite face by means of a superconducting bolom-
eter (94-at. /o In and 6-at.% Sn) kept at the onset
of its superconducting-to-normal transition by a
magnetic field. The bolometer had a thickness of
about 5000 A and covered an effective area of 1&&1

mm (for details see Ref. 27).
In the present experiments the observed heat-

pulse amplitude, measured as the peak resistance
change in the superconducting bolometer, was
used as a relative measure of the transmitted
phonon energy. This was justified by the fact that
in the nominally pure Si sample (p-Si 13) it was
found that the detected pulse amplitude showed a
clear linear dependence on the power input to the
generator, over a range of several decades. At
higher input powers (typically above 1 W) a non-
linear dependence was observed and attributed to
a shift of the emitted phonon frequency envelope
towards higher frequencies, with a resulting in-
crease in phonon scattering in the "pure" sample
(due to isotopes, phonon-phonon interactions,
etc. ). Furthermore, no stress dependence in the
heat-pulse amplitude was found. Therefore, from
measurements on the nominally pure control sam-
ple p-Si 13, the following three conclusions could
be drawn: (a) The characteristics of the detector
and generator films do not change measurably with
the application of external uniaxial stress to the
sample (at least up to 10 dyn/cm2). (b) Any de-
pendence of the transmitted heat-pulse amplitude
on stress for the other samples can be attributed to
the acceptor impurities (assuming everything else
equal). (c) The detectors can be assumed to have

TABLE II. Acceptor content, orientation, dimensions, and experimental temperature for the various samples.

Sample
Impurity content

(cm 3)

Stress
direction

Propagation
direction Dimensions b

Experimental
temperature

&1x10~4 B
»10~5 B
1x10~5 B
8x10~5 B
8x10" B
5x 10 Ga

1.7x 10~6 Ga

p-Si 13
p-Si 15A
p-Si 158
p-Si 16A
p-Si 16B
p-Ge 14
p-Ge 16

[001]
[001]
[111]
[ool]
[111]
[111]
[111

p-Si 13 supplied by Texas Instruments, p-Si 15 and p-Si
The dimensions in the stress directions are given first,

3.36—4. 01
3.36
3.36
3.36
3.80
3.36
4. 23

[100] lox4x3
[1oo] 15.4x 3.2 x2, 1

[110] 16.2 x 3.8x 2. 75
[1oo] 14.6 x4. Ox 2. 6
[11o] 16.1x3.75x 2. 7
[11o] 9. Ox4. Ox29
[1103 9. Ox4. 2x28

16 by Semimetals, Inc. , p-Ge 14 and p-Ge 16 by R.C.A.
and in the propagation direction second.
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a linear response (when measuring transmitted
pulse amplitudes) to the phonon energy in the ob-
served pulse.

IV. RESULTS AND DISCUSSION

A. Experimental Results

Typical observed heat pulses in the samples
P-Si 15k and p-Si 16B as a function of applied
stress are shown in Figs. 1 and 2. Examples of
data on the heat-pulse amplitude vs stress, for
various input power levels, are presented in Figs.
3-10. The typical experimental uncertainty in the
data is 10%, both in stress and in amplitude, but
may be as much as 30//0 in the amplitude at the
smallest signal levels shown in Figs. 7-9.

Both longitudinal and transverse waves were in-
vestigated for propagation along the [100] and the
[1TO] directions (with stress parallel to [001] and

[111], respectively). For wave propagation along
[100], the transverse branches are degenerate, but
along [1TO] there should be two separate transverse
pulses. However, because of phonon focusing, '
materials with the elastic properties of Si and Ge
have a strongly enhanced fast-transverse wave
and a reduced slow-transverse wave in the [110]
direction. Because of the small temporal separa-
tion between the two pulses as they arrive at the
detector, and the large difference in amplitude,
the slow-transverse wave becomes difficult to
measure reliably in the presence of the fast-trans-
verse wave. Therefore, only the fast-transverse
and the longitudinal pulses have been measured in
this direction.

B. Theoretical Fits for p-Si 15,p-Ge 14, and p-Ge 16

The curves drawn through the experimental
points in Figs. 3-10 are computer-fitted theoret-
ical results based on the scattering rates given in

FIG. 1. Heat pulses in sample p-Si 15A. Input power,
0.3 W (i. e. , T~„»,——6. 5 K as determined from the black-
body theory). Vertical and horizontal scales are 0. 05
V/div. and 0. 2 @sec/div. , respectively. The propagation
is along the [100]direction, a distance of 3.2 mm. a, b,
and c are pulses for external stresses 0, 5.3, and 11.4
(&10 dyn/cm ), respectively, along the [001]direction.

FIG. 2. Heat pulses in sample p-Si 16B. Input power,
3.9 W (i. e. , TpU»p 12 1 K as determined from the black-
body theory). Vertical and horizontal scales are 0. 02
V/div. and 0.2 psec/div. , respectively. The propagation
is along the [110]direction, over a distance of 3. 8 mm.
a, b, c, and d are pulses for external stresses 0, 2. 0,
4. 2, and 4. 7 (x10' dyn/cm ), respectively, alongthe
[111]direction. F. T. denotes the fast-transverse pulse
and L the longitudinal pulse.

Sec. II and on the black-body-radiation model
for the phonon emission from the generator [Eg.
(2. 37)]. The conversion from the applied uniaxial
stress to the physically important acceptor ground-
state splitting 6 is performed by using the expres-
sions (2. 6) and (2. f). These conversion formulas,
and the scattering rates due to the acceptor im-
purities, both contain the valence-band deforma-
tion-potential constants D„andDz. These con-
stants are determined by the fitting procedure.
The appearance of D„andD~ in the two contexts
arises from different physical circumstances. In
the case of the scattering rates they are associated
with the rapidly oscillating strains due to the pho-
nons, and in the conversion formulas they are re-
lated to external static stress. A rigorous treat-
ment of the problem should yield a single fre-
quency-independent value for the deformation-po-
tential constant. The best fits were obtained,
however, by using different values for these con-
stants in the contexts of static and of dynamic
stresses. It is useful, therefore, to consider the
two sets of values as independent operational pa-
rameters whose differences can be interpreted as
reflecting the shortcomings in the theory used.
In particular, the description of the acceptor en-
velopes (used here) is expected to be insufficient,
especially for Ge which has considerable anisotropy
in the envelope functions. In the case of Si the
acceptor levels are deeper than in Ge, and the ef-
fective-mass theory is not expected to give a suf-
ficiently precise description for the interactions
under consideration. The differences in the cor-
responding "static" and "dynamic" constants found
here may provide a measure of these discrepancies.

Except for the two samples p-Si 16A. and P-Si 16B,
use of the black-body-radiation model gave rea-
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sonable fits between theory and experiment for all
cases of higher pulse temperatures. This corre-
sponds with observations made by others, ~3 show-
ing that the black-body model applies well if the
pulse (generator) temperature (as determined by
this model) is sufficiently high, typically above
10 K. At these temperatures the mean free path
of the phonons in constantan is roughly of the order
of the film thickness, i.e. , an approximate ther-
mal equilibrium can be established. At lower gen-
erator temperatures the mean free path is longer
and a substantial portion of the initially produced
phonons can escape without participating in the
thermalization. Besides, in the metal film, with
decreasing temperature the fraction of thermal
energy associated with the electrons increases,
which makes the description of the phonon genera-
tion quite difficult at the lower input powers. At
the smaller pulse temperatures, at which isotope
scattering is relatively ineffective, the present
theory predicts a shift in the minimum of the pulse
amplitude-vs-stress curves towards lower stresses.
The corresponding experimental curves showed
similar shifts, but by lesser amounts. This would
indicate that the actual phonon frequency envelope
was more pronounced at the higher frequencies
than predicted by this black-body model. An Ab-

dication of the experimental phonon frequency
distribution at the low input powers might be ob-
tained in terms of an effective pulse temperature
parameter. This was done by using the (black-
body) pulse temperature as a new fitting param-
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FIG. 3. Amplitude vs stress for longitudinal heat
pulses in the [100[direction in sample p-Si 15A, with
stress along [001]. The solid curves are theoretical fits
to the experimental data. The numbers on the right rep-
resent black-body pulse temperatures for the various
curves. According to the fits, a stress of 1&&10 dyn/cm
is found here to represent an acceptor ground-state
splitting of about 4. 3 K.
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FIG. 4. Same as Fig. 3 but for propagation of trans-
verse waves. The numbers in quotation marks represent
effective temperatures (see text) referring to the dashed
fits. 1x10 dyn/cm here corresponds to a level split-
ting of 4. 8 K.

eter, while employing the deformation-potential
constants obtained at the higher pulse powers,
where the black-body model is expected to apply.
These fits are shown as dashed curves in the figures.

The relative heights of the theoretical curves
representing different input power levels (pulse
temperatures) have been adjusted to agree with
the respective experimental data sets. It was gen-
erally observed for the doped samples that the
pulse amplitude, for a given stress, grew faster
with increasing power input to the source than pre-
dicted by the present theory. This should be ex-
pected since the theory does not include secondary
effects such as the admixture of scattered phonons
to the ballistic pulse as it arrives at the detector,
the related problem of backscatter to the source
within the width of the driving pulse, and the shift
from the assumed thermal equilibrium of the local
distribution within the duration of the heat pulse.
A further possible source of discrepancy is the un-
certainty in the determination of the Stefan con-
stant o of Eq. (2. 37).

C. Results for p-Si 16

The experimental data for the highest acceptor
concentration samples used, p-Si 16A and p-Si
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16B, could not be fitted directly with the present
theory, except for a coincidence in the trends at
the highest applied stresses. The experimental
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FIG. 7. Amplitude vs stress for transverse heat
pulses in the I100J direction in sample p-Si 16A. The
numbers on the right represent the black-body tempera-
tures for the various experimental data sets.
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FIG. 6. Same as Fig. 5, but for fast-transverse
waves. The numbers in quotation marks represent ef-
fective temperatures, referring to the dashed fits.
1x10" dyn/cm corresponds to a level splitting of about
6.1 K.

data indicate that the phonon scattering is much
stronger than predicted at the lower stress levels.
Figure 2 shows that especially for small stresses
the scattering is so strong that clear ballistic
pulses are not seen. There are, however, points
of qualitative agreement between the theory and
the experiment, such as (a) the presence of a min-
imum in the stress-vs-amplitude curves, which
indicates the presence of a resonance scattering,
and (b) a strong increase in the pulse amplitude
at high stress (see Figs. 7-9).

The discrepancies at lower stresses are the fol-
lowing: (a) The experimental amplitude is con-
sistently lower than the theoretical, by up to a
factor of 5 in the case of the longitudinal pulse,
and by as much as a factor of 100 for transverse
pulses propagating along [100] with stress along
[001]. (b) Particularly for transverse waves, the
minima in the experimental curves are located
at lower stresses than in the corresponding the-
oretical curves, with the former at 30-50%%uq of the
latter. The minima of the theoretical curves are
generally wide, while the experimental curves
are rather narrow with a sharp increase on the
high-stress side. (c) Most of the experimental
stress-vs-amplitude curves exhibit a characteristic
"knee" at the high-stress side of the minimum,
where the very rapid increase in the amplitude is
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FIG. 8. Amplitude vs stress for longitudinal heat
pulses in the [110]direction in sample p-Si 16B. The
numbers on the right represent the black-body tempera-
tures for the various data sets.

followed by an increase that is in closer agree-
ment with the theory. The features listed above
are all consistent with the presence of additional
scattering. Several sources of such scattering
have been examined, and it was found that among
these sources secondary effects associated with
the strong primary scattering due to the high im-
purity content are the most likely explanation.
Such a secondary effect can be interpreted as a
broadening of the resonance interaction and is at-
tributed to the increase in phonon density near the
generator, where the phonon scattering is partic-
uIarly high. An estimate based on the assumption
that the total energy dissipated in the generator
within one pulse is used to heat up a substrate
volume of (1 xl mm) xX (1 x 1 mm is the generator
area, ) = 1 mm is the calculated characteristic
decay distance for the pulse), yields a tempera, —

ture in that region of about 10 K for p-Si 16. As-
suming a helium-bath temperature of 3. 5 K, we
find that the relative increa, se in the resonance
broadening due to this heating becomes 1',0/&3 5

ctoh(h/ 02)/ cto h( A/V) [according to Eq. (2. 18)],
where 6 is the ground-state splitting in Kelvin.
&,0/I', ., is about 2. 9 for 6=0 K, 1.9 for b, =10 K,
1.3 for 6 = 20 K, and tends to 1 for increasing b, .
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FIG. 9. Same as Fig. 8, but for fast-transverse
waves. The dotted curve is the theoretical fit to the
upper data set when local heating and the resulting level
broadening is neglected. The curve was obtained by
using the fitting parameters found for fast-transverse
waves in p-Si 15B.

FIG. 10. Amplitude vs stress for fast-transverse
heat pulses in the [110[direction in the sample p-Ge 16,
with stress along [111]. The dotted curve fitted to the
upper experimental series is corrected for internal
strains. 1&& 20 dyn/cm~ is found here to correspond to
a splitting energy of about 2. 8 K.
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D. Effects of Internal Strains

In performing the fitting of the theory to the ex-
perimental heat-pulse data for p-Si 16A and p-Si
158, p-Ge 14 and p-Ge 16, consideration should
be given to the presence of internal static strains
due to crystal defects (e. g. , the acceptor impu-
rities themselves, dislocations, vacancies, etc. ),
and to dynamic strains such as the Jahn-Teller
effects. These strains cause a splitting of the
acceptor ground state, and act in addition to the
externally applied stress. Corrections for the
internal strains can be carried out (to lowest or-
der) by approximating the (unknown) distribution
of internal stresses acting on the impurities by
a force per unit area of average magnitude p and
random direction. This is then added vectorially
to the externally applied force (per unit area) x.
By averaging over many impurities, we find that
the total stress X is given by

X=x+p'/Sx, x& p

= p+x'/Sp, x& p .
(4. 1)

p has been chosen to correspond to the theoretical
(uncorrected) pulse amplitude, when this is equal
to the amplitude measured at zero external stress.
With this correction, the theoretical and experi-
mental amplitude-vs-stress curves are made to
coincide at zero external stress. The stress cor-
rection to the theoretical curve by Eq. (4. 1) is
about 30%%uo at x=P, and drops rapidly to less than
10%%uo at x= 2p. Thus for internal stresses corre-
sponding to the low to intermediate stress region,
there will be almost no correction to the results
obtained from the higher external stresses. The
consequences of this correction for deformation-
potential parameters determined by the fitting of

This broadening will make the scattering more
effective over a wider frequency range, but the
peak scattering rate will be reduced. The total
net effect, including the cumulative effect of the
induced scattering due to the broadening, is dif-
ficult to calculate, but preliminary estimates show
an enhancement of the scattering at low stresses
in agreement with the experimental observation.
Furthermore, the effect vanishes for higher
stresses (I'qo/r3 5 1), and is consistent with the
agreement obtained between theory and experi-
ment in that region.

The strong additional scattering observed for
the p-Si 16 samples was not present for the even
more highly doped Ge sample p-Ge 16. This is
consistent with the fact that the coupling of phonons
to acceptor impurities is weaker in Ge than in Si.
This manifests itself as a generally lesser thermal
broadening of the resonance in Ge.

the theory to the experimental data, are very small,
usually less than the uncertainty in the fitting it-
self. In order to preserve clarity, the internal
stress corrections are not shown in Figs. 3-10,
except as an example in Fig. 10 (shown as a dotted
curve through the upper data set). However, P
has been determined from the various data sets for
p-Si 15k, p-Si 15$, and p-Ge 16. It should be
noted that the internal strains serve to explain
why the pulse amplitude for p-Si 16k and p-Si 16'
is depressed at zero external stress. At 6, = 0 it
should be expected that all broadening effects
would disappear, since I'(b, = 0) = 0, but with the
presence of internal strain this condition is really
never achieved.

E. Deformation-Potential Constants

By taking into consideration the matters dis-
cussed so far, the fitting of the theory to the ex-
perimental data for the samples p-Si 15A and p-Si
158, p-Ge 14 and p-Ge 16 resulted in the deforma-
tion-potential parameters shown in Table III. In
the same table is also shown the average internal
stress p, as determined for Figs. 3-6, 9, and 10.

A comparison of the deformation-potential con-
stants found for the various experimental circum-
stances indicates that there is reasonable internal
consistency between the results obtained both for
Si and Ge. In Si, however, the static constants are,
in general, higher in value than the dynamic con-
stants by about 30%%uo for D„and by 25/0 for D~. In
Ge the situation is reversed, with Dz (dynamic)
larger than D~ (static) by about 25%%uo for P-Ge 16
and 45% in the case of p-Ge 14. The spread of
values obtained for the static and the dynamic con-
stants, considered separately, was small and
usually within the fitting uncertainty.

The deformation-potential constants D„andDz
have been measured by others, with considerable
disagreement between the various values quoted.
Thus for Ge the following values for (D„,Dz) (in
eV) have been reported: (3.2, 6. 1), 3' (4. 1, 4. 1), Sa

(3. 6, 3.6), ~3 (3.9, 4. 1), ~4 and (S. 8, 3.1).~' These
were all obtained by optical methods (piezospec-
troscopy and piezoreflectance), and belong in the
category of static stress. For Si the following
values have been reported: (2. 0, 2. 7), ' (S. 2, 4. 2),
(3.6, 4. 6), (S. 2, 2. 7). The results in Table III
compare reasonably well with the various constants
quoted here, if the disagreement between the val-
ues obtained by the different authors is considered.

It should be emphasized that the present experi-
ments give the valence-band deformation-potential
constants D„andB~ only indirectly. The actual
physical system under consideration is the collec-
tion of holes bound to acceptor impurities, in-
stead of free holes at the valence-band edge, for
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FIG. 12. Same as Fig. 11, but for propagation of
transverse waves.

The computations were performed using the rele-
vant deformation-potential constants and effective
temperatures obtained in the fitting procedure.
The numerical constants used in the calculations
are listed in Table V.

V. SUMMARY

Interaction of thermal phonons with stress-split
acceptor impurity states in semiconductors at
liquid-helium temperatures has been demonstrated
by means of heat-pulse experiments. The depen-

l e0 l I I I I I

FIG. 14, Phonon frequency distributions for trans-
mitted fast-transverse heat pulses in the sample p-Ge 16,
calculated for different values of the acceptor ground-
state splitting (shown in K), and on the basis of black-
body radiation from the generator. The ordinate is nor-
malized to give an area of k T&/h under the distribution
curves when no scattering is present. In these calcula-
tions a crystal temperature of 4. 23 K was assumed.

dence of this interaction on external uniaxial stress
was studied both theoretically and experimentally.
In particular, the coupling between thermal phonons
and acceptor holes in the stress-split acceptor
ground state in Si and Ge was investigated.

The theoretical treatment is based on the effec-
tive-mass approximation for the description of
the acceptor states. d-like contributions to the
relevant wave functions have been included, as

~0.8
LLJ

N

X Q.6
IX
C)

CI04
~l-

30K

0,2

0.0 II

FREQUENCY (Hz)

I I I

ld'

FIG. 13. Phonon frequency distributions for trans-
mitted fast-transverse heat pulses in the sample p-Ge 14,
calculated for different values of the acceptor ground-
state splitting (shown in K), and on the basis of black-
body radiation from the generator. The ordinate is nor-
malized to give an area of kT&/8 under the distribution
curves when no scattering is present. In these calcula-
tions a crystal temperature of 3. 36 K was assumed.

Symbol

P

vi [100j
vi [110j
v2[100j (=v, )

v2 [110j
VI,
VZ'

Sii —Si2
S44

1"i

'V2

co
ci
C2

C3

c4
c5

A

si

2. 33
8. 48x105
9. 18 x 105

5. 87x 105

5. 87x 105

9.33 x1O'
5 42 x10~
O. 98 x 10"i~

1.26 x10 '~

1.50x 10
1.11x10 7

O. 932
—0. 014
—0.351

0. 022
0. 080
0. 004
2. Oox105
1.32 x 10 45

Ge

5.32
4. 92 x105
5. 41 x105
3. 55 x 105

3.55 x105
5. 37x105
3.28x105
1.20 x10-"
1.47x10 i2

3. 78x10 7

2. 99x10
0. 860

—0. 198
—0.318

0. 187
0. 292
0. 002
5. 20x10~
2. 40x10 44

Dimension

g/cm3
cm/sec
cm/sec
cm/sec
cm/sec
cm/sec
cm/sec
cm'/dyn
cm2/dyn
cm
cm

erg/sec cm~ K4

sec

TABLE V. Numerical constants used. p, vf, v2 Sff,
Sf2 and S44 are given in Ref. 39 . For vt and v z see
Ref. 1O. xf v2 and c~, i =O, . . . , 5 are presented in
Ref. 13. o was computed from Ref. 24. A is given in
Refs. 7 and 22.
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TABLE VI. The functions 4;~for axis of quantization along [001] [a=a -2(g +y ), b=x -y, c=z(x-iy), d=ixy], with
corresponding radial functions and amplitude factors.

1
2

3
2

Radial
parts Si

Amplitudes c~

Ge

@,Mg 1
(4„)~/2 ~0«) 0. 932 0. 860

@,Mg

C,Mg

C,Mg

@My

2Q
1

0
—b
3

0
0
0

vY c/2
v'3/2 d

0

1——a2
0

—b1

0
—b/W2

0

0
—c/2 W3

d/v 6
—v2/3 c
-2d/v 3

0

0
—c/We

d/v 3
—c/2'
v'2/3 d

v 3 c*/2

0
—V2/3 a

0
a/2W3

0
va b/4

c*/v2
0

-c/v 2
0

2C
1

d/v 2

0
0
0

W3a/2
0

—vY b/4

-c*/v 2

0
—c/~2

0
1'2C

-d/v 2

c2

0
2C
1

0
c/v 2
-d

W3b/4
0

g/2W3
0

—4273 a
0

-d/W2
g/2
0

c~/W2

0
-c/v 2

—W3bj4
0

W3a/2
0
0
0

d/v 2

2

0
c*/v 2

0
c/W2

—c*/W2
0
1
2

0
1
2C

0
0
0

—b
3

0
2Q
1

0
0
0

—43/2 d
-v 3 c*/2

0

0
—b/W2

0
4b
1

0
1
2Q

0
2d/v 3

v'2/3 c*
-d/v 6
c*/2'

0

—vS c/2
—I'2/3 d
c~/2'
-d/v 3
c*/W6

0

i/2 g (+)
4m

5 '"a,(~)

5 ' 'a3(~)
4'

(
5 «'a4(~)

4m

5 '/2a, (~)

—0. 014

—0. 351

0. 022

0. 080

0. 004

—0. 198

-0.318

0. 187

0. 292

0. 002

an extension of the commonly used s-like approxi-
mation. The scattering rates have been calculated
for resonance absorption and for several second-
order processes. Independently, Rayleigh scat-
tering of phonons by isotopic impurities has also
been evaluated. The black-body- radiation model
is used to describe the phonon frequency distribu-
tion from the heat-pulse generator. A compari-
son of the heat-pulse data obtained with theoretical
predictions based on the scattering mechanisms
discussed above yielded reasonable agreement,
both qualitatively and quantitatively, for a variety
of conditions. The comparison was carried out by
computer fitting of the theoretical results to the
experimental data with the use of the valence-band-
edge deformation-potential constants (characteristic
for bound holes) as adjustable parameters, where-

by these constants were determined. The deforma-
tion-potential constants were considered separately
in the contexts of static stress (such as the inter-
nal and the externally applied stresses) and dy-
namic stress (due to the thermal phonons). Typical
differences of 30%%uo were found between the cor-
responding static and dynamic constants. It is
concluded that since the theory does not provide
such a distinction, these differences reflect short-
comings in the basic description of the bound ac-
ceptor holes. These shortcomings include both
the use of the effective-mass approximation, which
is questionable in the case of Si, and the approxi-
mations used in its application, a source of errors
particularly for Qe.

Some problems in using the heat-pulse technique
and their possible influence on the results have
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@,Mg

0
W3A/4

iv 3 A*/4
0
0
0

IB/W6
C/v 6

—i&2 C+/W3
0
0
0

A*/2v 2

0
-A/2'

0

—iA"
] CQ

2—3B
1—3C

B/3'
C/3v 2

——,'i' C+

TABLE VII. The functions 4+&~ for axis of quantiza-
tion along [111]. A=x -y —(2i/~2[x —2(x +y ]],
B=xy+yz+zx, C=i[xy- pz(x+y)]+ 2z(x-y).

received pulse amplitude at small external stresses
is accounted for in terms of internal stresses.
Values for average internal stresses (at the im-
purity sites) have been deduced by comparing the-
ory and experiment, and are found to be typically
1-3x10a dyn/cma for the samples investigated.

APPENDIX A

Table VI shows the wave-function components

@,~ [Eq. (2. 1)] in the (Ma, M&) bases with axis of
quantization along the [001] direction. These have
been computed in the (s +d)-like approximation
according to the prescription by SOH. " Each vec-
tor in Table VI is normalized to unity when the
radial part is normalized, i.e. ,

J R, (x)r dh=1, i=0, . . . , 5 . (A1)

@NZ
5

0
-A/4W3
iA*/4v 3
-A/v 6

-iA+/vY
0

-B/We
—C/3'

—ivYC+/3'
-2C/3v 3
4iC*/3v 3

0

0
2C/3'
ic+/3'

vY C/3W3

i'd%

C+/3W3
iv 2 B/W3

-A+/2W2
0

-A/2'
0

4a1

—m4A"

0
-3C1
B/vY
C/3W~

—,'i' C*

--,'v2 C+

0
——,'W2C

0
2—3C

—AC*

The radial forms are chosen to be of the simplest
possible form with'3

(A2)

For Si and Ge SOB give the effective Bohr radii
x& = 15.0 A, x2= 11.1 A and x& = 37. 8 A, x2 = 29. 9 A,
respectively. Table VI also lists the amplitude
factors C; (i = 0, . . . , 5) obtained by SOH.

In Table VII the functions 4; ~ (M~ = —,', —,') are
presented for axis of quantization along [111].
These were obtained by decomposing the generating
operators (see SOH) along the axes of a new coor-
dinate system with z' axis along [111].

APPENDIX B

The coupling parameters C,"+ are related in the
following way:

been discussed. These include the limitations of
the black-body-radiation model, and the presence
of scattered phonons in the detected pulses. Fur-
thermore, at sufficiently high impurity contents,
a local increase in the density of phonons in the
vicinity of the generator is believed to occur and
to produce an additional broadening of the resonance.
This broadening is thought to increase the over-all
scattering of phonons in the heat pulses at low to
intermediate stresses, consistent with the experi-
mental observations on the highly doped Si samples.
A consistent overestimation by the theory of the

C»- C44= C»= C33
qt qt qt qt &

C12 C 34 C 13 C24
qt qt & qt qt t

C14 C23 0 Cnrl (Cn'nP

For the axis of quantization along [001] C,"+ is
given by

Cqs= a D+psef;, Cxe~q lycee) ~

(B1)

C,', = —,
' M3[(q, e"„+q„ef,) i(q, e'„-+q,e,',)], (B2)

C,', = a M3[D(q„Ãq—gpe', q)
—(g„e,qg), e"„)],

and for [111]

TABLE VIII. Coupling parameters C« for axis of quantization along [001] in the quasi-isotropic approximation.

Ctii
i2

Cqt

Cqt
is

—,'D (3cos'8 —1)

20 3 sin28(cos@ —i sin[I[))

2v 3D san 8 cos2&
—2 v 3 sin 8 sin2$

—4D sin28

—'v 3 cos28 (cosfIJ)-i sing)

4W3D sin28 cos2$
-4W3sin28 sin2$

—2v3 cos8 (s1nf]I)

-i cos@)

—2&BD sin8 sin2$
+2& 3 sin8 cos2fII]
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TABLE IX, Xg], X2g, Yfgs Y2f8 and Cqg in the quasi-isotropic approximation, for stress along [111].

Cqg

X(g

X„

~ sin 8 sin2$
+ 2 sin28(sin~I) + cosp)

(D/W2sint8 cos2p

(I/2W2sin28 (cos p —sing)

(D/W6 (3oos 8 —1)

—4 sin28 sin2$ —2 cos28
x (cosft) + sinft))

—(D/2W2sin28 cos2$
—(1/2vY cos28(cos&f& —sing)

qD vq sin28

-2 sin8 cos2$
-goos8(cosy

—sing))

(D/csin& sin2$

(1/2~ oos 8(cos p
+ sinft))

Y2 —0/v% (2sin 8 cos2&-sin28
&& (sin(t) + cosp}]

(1/2&) [sin28 cos2ft)
—cos28{sinf+ cosQ)]

(1/2~) f2sin8 cos2ft)
—cos8(cosp

sing) I

C,",= s [q„(et+ e', ) +q, (e"„+e'„)+q,(e"„+e'„)],

C, t= (D/v 2 )(q„e«—q, e«) +(1/2v 2 )(q,e"„+q„e,', q, et, -q„et-,) —t{(D/W6) (q„et,+q„e"„-2q,et, )

—(I/2re ) [2(q, e"„+q„e"„)(q,e'„+q—,e'„)—(q, e"„+q„et,)]),

C,'st = (D/2M3 )(q„et,+ q, e'„—2q, e'„)—(I/2 W3 )[2(q„e"„+q„e~«)

—(q, e'„+q,ett) —(q g e"„+q„et,)]

+i[ ——,'D(q„e*„—qte't, )+-,'(q, e« —q, e« q, et, +q.—et, )] ~

x, y and z here always refer to the fourfold axes
[001], [010], and[001], respectively. q is the
direction cosine of the wave vector with respect
to the ~ axis. e~ is the a component of the polar-
ization vector corresponding to a phonon of wave
vectors q in branch t. D =DE~. The coupling
parameters C,", have also been rewritten in terms
of the quasi-isotropic approximation (Table I).
These are shown in Table VHI for the three acous-

tical branches, for axis of quantization along [001].
With the axis of quantization along [111], C~~ can
be written

at X1t +xst + t (~1t + ~st) s

C,",= -(I/iY)y„+v 2 I „+t[-(I/v 2 }X„],
where X)„XB„Yj„andYg„along with C,", are
given in Table IX.
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Calculation of the Thermal Expansion for a Quasiharmonic Model of Tellurium

T. G. Gibbons
Division of Chemistry, Nationa/ Research Council of Canada,

Ottava, Ontario, Canada ElA OR6
(Received 2 June 1972)

A simple quasiharmonic model, employing a valence-force approach, is used to calculate
the GrUneisen functions and thermal expansion of tellurium. The calculations illustrate the
use of a new thermodynamic formalism for treating internal strain and reveal explicitly the
effect that an internal degree of freedom has upon the macroscopic properties. The valence-
force picture of tellurium is critically discussed in the light of a comparison of the calculations
with experiment. Sugges ions are made for further experimental work and for improvements
in the theoretical model.

I. INTRODUCTION

The present paper is concerned with the appli-
cation of quasiharmonic theory to calculate the
Gruneisen functions and thermal expansion for a
simple lattice-dynamical model of tellurium. The
structure of tellurium consists of parallel helical
chains of atoms, disposed in an hexagonal array,
and belongs to the space group Ds or D6 (see Fig.
1), in the Schoenf lies notation, equivalent to
&3,21 or Ps&21 in the Hermann-Mauguin notation,
where the alternatives represent helices of op-
posite handedness. The neighboring element in
group VIb, selenium, also has this structure but
the present calculations are applied specifically
to tellurium since this has been far more widely
studied exper imentally.

A considerable amount of experimental data are
available for compa, rison with "harmonic" lattice
models. The zone-center optic frequencies have
been measured by infrared'3 and, more recently,
Raman studies. 3' Using coherent neutron scat-
tering, Powell and Martel have measured phonon
dispersion curves along certain high-symmetry
directions and their measurements correlate mell
with the optical measurements, and also with fre-
quency spectra obtained from earlier neutron work
of Kotov et al. 6 and Gissier and Axmann7 (although
the former's value for the highest-frequency peak
appears to be a little high). Data also exist for the

elastic constants between 100 and 300 'K and the
specific heat "down to 1'K.

The thermal-expansion coefficients of a~ and
a„oftellurium have been measured by a variety
of techniques' '7 at temperatures from 2 up to
500'K, and the different measurements are in
reasonably close agreement with each other. The
data have been analyzed in terms of the Gruneisen
functions y~ and y, (, and, as for the thermal ex-
pansion, the behavior is strongly anisotropic.
The tellurium structure retains an internal degree
of freedom during thermal expansion so that an
internal expansion coefficient can also be mea-
sul ed.

Before applying quasiharmonic theory to calcu-
la, te the thermal expansion it was necessary to
begin with a harmonic model which was reasonably
compatible with experiment but which allowed an-
harmonicity to be introduced in a straightforward
and meaningful way. For this reason a model
was chosen based on that of Hulin' and using a
force field approach similar to the models put
forward by Geick and Schroder' and Nakayama
et al. ~ The shortcomings of these models are
pointed out but they are preferable to the more
successful model of Pine and Dresselhaus4 which
involves too many adjustable parameters and is
too generalized for present purposes.

As mentioned above, when tellurium expands on
heating it maintains an internal degree of freedom.






