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A quantum-field theory of inelastic low-energy-electron diffraction (ILEED) is applied to
examine four significant limitations on the uniqueness and precision with which the dispersion
relation of electronic surface excitations can be determined from a model analysis of experi-
mental ILEED intensities. The example of surface plasmons on Al (111) is described in de-
tail. A grid size of 6gtf —= 0. 050 eV in the loss energy and gg ' = 0. 5' in the final-state polar
angle is established as being sufficiently small to provide a precise distinction between differ-
ing surface-plasmon dispersion relations, yet sufficiently large to permit the use of a two-
step model of the diffraction process rather than a complete dynamical calculation in the anal-
ysis. Comparison of two-step with dynamical isotropic-scatterer inelastic-collision model
calculations reveals that plots of the scattered intensity in a given exit direction as a function
of the loss energy (i.e. , "loss profiles" ) provide the most appropriate method of data presen-
tation for theoretical analysis via a two-step model. The loss-energy (dzv-1eV) and angular
(48'-2') resolution of present ILEED spectrometers is shown not to be a limiting factor of
the precision of our analysis. Finally, we demonstrate that within the context of both the
two-step and dynamical model calculations, the conservation laws fail to provide a sufficiently
detailed description of ILEED intensities to permit a determination of the surface-plasmon
dispersion from kinematical considerations alone. This dispersion can be extracted accurate-
ly from observed ILEED intensities only via a complete analysis of the loss profiles for vari-
ous values of the incident-beam parameters using a two-step (or more complicated) model.
These four results are combined to propose an analytical procedure which provides an ac-
curate yet economical determination of the surface branches of the electronic excitation spec-
tra of the valence-electron Quid in a solid.

I. INTRODUCTION

The principal objective of modern surface spec-
troscopy is the determination of the chemical, geo-
metrical, vibrational, and electronic structure of
the upper few layers of a solid inahigh-vacuum en-
vironment. ' The three major techniques for deter-
mining those features of the electronic excitation
spectra associated with solid surfaces are inelastic
low-energy-electron diffraction (ILEED), ion-neu-
tralization spectroscopy (INS), and photoelectron
spectroscopy (PES). This paper is devoted to an
examination of the precision and accuracy of the
first of these techniques with emphasis on the spe-
cial case of the determination of surface-plasmon
dispersion on Al (111). All three techniques require
the intermediary of a microscopic theoretical mod-
el to convert experimental measurements into a
quantitative parametrization of the excitation spec-
trum. Therefore the adequacy of these models,
as well as that of the experimental measurements,
determines the precision and accuracy of the char-
acterization of the surface achieved using a given
technique. Consequently, the specification of the
nature and sophistication required of a model of
the ILEED process is the focus of our attention here-

in.
The example that we use to illustrate our results

is the determination of the surface-plasmon disper-
sion relation (SPDR) on Al (111). This SPDR, i.e. ,
the energy and reciprocal lifetime of collective ex-
citations of a bounded-electron fluid associated with
a surface charge on the fluid, ' reflects the micro-
scopic electronic surface properties of the fluid
(e. g. , its charge-density profile). The problem of
calculating it has been tackled by various theoreti-
cal approaches, ranging from microscopic quantum-
mechanical models to hydrodynamical ' ' and
semiclassical phenomenological theories. '3' Its
extraction from experimental II RED intensities,
using a quantum field theory of this process, ' '
has been discussed previously by Bagchi, Duke,
and co-workers. Our analysis is an extension
of theirs in which we critically assess the selec-
tion of the data to be analyzed, the adequacy of us-
ing a two-step model" "as the basis for the analy-
sis, and the accuracy of the parameters in the re-
sulting expression for the SPDH.

The central problem in analyzing II RED data is
the correlation between the extent of the data, the
instrumental resolution, and the uniqueness with
which excitation dispersion relations can be deter-
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mined. Analysis of ILEED experiments on Al (111)'7
reveals that inevitable uncertainties occur in the
SPDR. For example,

%,Q„)=K,(+0. 2 eV)+ C,(+2. 5)P„+C,(+5. 5)P'„,
(1)

if Porteus's data for the incident-beam parameters
E=—50 eV, 8=15', g =60' are used as the basis for
the analysis. ' '9 Confronted with such uncertain-
ties, in this paper we examine four specific issues
involved in their reduction: the magnitudes of the
energy and angular grids necessary to distinguish
between different SPDR's; the minimal level of the-
oretical sophistication required to perform the mod-
el analysis; the sort of profiles to be analyzed;
and the effect of finite instrumental resolution on
the results. The definition of the various "profiles"
used to present the ILEED intensities is given by
Larmore and Duke. '

The major result of our study is that the SPDR's
can be determined optimally by a two-step model
analysis of the loss profiles alone [i.e. , plots of
scattered intensity versus loss energy cv =E —E'
for fixed incident-beam parameters (E, 8, P) and
exit-angle parameters (8', g' =(+v)]. In this analy-
sis we can employ any loss-energy grid Vsse &50
meV and exit-angle grid 58 & 0. 5 . The 5ao = 50
meV, 58'=0. 5 increments are the minimal pos-
sible values compatible with the use of the two-step
model and current uncertainties in the electron-
solid force law. They are indePendent of the ex-
perimental resolution (bw, 48 ) of the ILEED spec-
trometer provided ~seg2 eV and 40'& 2 . In the
special case of Al (111), the maximal size of these
grids compatible with a clear distinction between
differing SPDR is 5zo & 100 meV and 58'& 1 .

We proceed by first reviewing in Sec. II the mod-
el parameters that are used in the calculations.
The results of a sample analysis of Porteus's ILEED
experiments on Al (111)used to determine the re-
gion of ambiguity in the SPDR are presented in Sec.
III. The rest of the paper is devoted to questions
associated with the reduction of the ambiguity be-
tween different SPDR's. Assuming ideal resolution,
we establish in Sec. IV the necessary energy-loss
grid size, discuss the effects of multiple-scatter-
ing phenomena and diffraction conditions on the po-
sitions of the peaks in the loss'profiles, and de-
scribe the difficulties encountered with an analysis
of angular profiles. The effects of finite resolution
on the conclusions drawn in the previous sections
are studied in Sec. V and those of phonon-assisted
diffraction are examined in Sec. VI. Finally, we
present in Sec. VII a procedure for extracting SPDR
from an analysis of experimental ILEED intensities,
which exhibits the merits of being economical in the
amount of data to be measured and analyzed while
enabling a substantial reduction of the uncertainties
in the resulting dispersion relation.

II. DEFINITION OF MODEL PARAMETERS

The detailed definition of the quantum field the-
oretical two-step model has been described else-
where. " Moreover, a complete derivation of the
expressions for the inelastic scattering cross-sec-
tions based on an improved version of this model,
which embodies a more accurate treatment of the
electron interaction with the surface plasmons, has
been given recently by Bagchi and Duke" for the
isotropic-scatterer rigid-lattice version of the
model. Therefore we simply recall those defini-
tions that must be specified in order to make the
results shown in the figures well defined, and pre-
sent the minor extension of the isotropic-scatterer
model necessary to specify our treatment of higher-
partial-wave phase shifts in the electron-ion-core
interaction. [Equations in Bagchi and Duke s paper"
will be designated as BD(1), BD(2), etc. ]

The elastic scattering of the electron from the
solid is given in terms of a one-electron proper
self-energy Z and electron-ion-core phase shifts
5&. The consequences of the electron-electron in-
teractions are described by the real part of the one-
electron proper self-energy ("inner potential" ) Vo

and the inelastic-collision damping length X„via

Z(E) =- V, -ir(E),
h' 2m r/2

I'(E) =- —(E+ V )'
mh, ee 8 0

(2a)

(2b)

t(k,'k, E) = . h (2l+1) (e2"~'s~ —1) P, (cosy),
4&Zum, 0 (4)

where P, (cosy) is the lth Legendre polynomial,
the scattering angle given by

(5)

and 5,(E) are the partial-wave phase shifts obtained
by Laramore and Duke from Snow's APW potentiel.
The calculations presented in this paper were per-

as originally given by Duke et a/. ' ' We designate
by g the reciprocal-lattice vectors of the (periodic)
two-dimensional atomic layers parallel to the sur-
face (out of which the solid is constructed). We let
k and k' denote the electron momenta before and
after scattering, their components parallel to the
surface being given by k„and k,', , respectively.

'

In
terms of these quantities we define the normal com-
ponent of electron momentum inside the metal,
associated with a beam characterized by k~', = k„+g,
via

u, (g, E) =(2m [E —Z (E)]/a'- (k„+g)']'".
The extension to the multiple-phase-shift descrip-
tion of the elastic scattering is achieved by replac-
ing the isotropic scattering amplitude BD(3) by the
angular-dependent partial-wave expansion of the
scattering amplitude given by
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formed using four partial waves (I & 3) for each en-
ergy

Calculations of the inelastic scattering cross
sections require that we specify the plasmon dis-
persion relations as well as elastic and inelastic
electron-solid interaction vertices. The latter
are given in BD(4-10). The bulk-plasmon dis-
persion is given by

h~ ~(P) = 14. 2+ 3. 048P ) (6a)

dEdQ dEdQ» dEdg „' (8)

where the surface and bulk contributions are given
by BD(16-20), with t(E) replaced by t(k', k, E) as
given in Eq. (4). Insepection of the model used by
BD reveals that for loss energies (w) greater than
~,, the shape of inelastic cross sections as a func-
tion of the exit-beam parameters (w, 8'} is insensi-
tive to the form of the model used for the inelastic
electron-surface-plasmon vertex. Consequently,
although for our analysis in this paper we utilize
the semiclassical excitation of surfac plasmons
as an illustrative example, our general conclusions
are valid for any surface branch of the electronic
excitation spectrum (i.e. , branches exhibiting ex-
citation energies which depend solely on P„). Of
course, in each individual case the numerical work
analogous to that illustrated in subsequent sections
must be repeated. The methodology we use here,
however, is applicable to the examination of any
surface excitation.

III. ANALYSIS OF ILEED DATA: Al(111)

Since this paper is devoted to a systematic study
of the precision and accuracy of a data-analysis
procedure, it is appropriate to begin our presenta-
tion by recalling the definition of this procedure
and illustrating the uncerta, inties in the dispersion
relations of surface excitations to which its applica-
tions can lead.

I', (t ) = 0. 63+ 0. 103P'+ l. 062P'. (6b)

Energies are measured in eV and momenta in A '.
Except for the threshold value of 14.2, all of the
parameters are obtained from keV thin-film trans-
mission experiments as described by Bagchi and
Duke. " For the surface-plasmon dispersion and
damping, respectively, we use the forms

(7a)

(vb)

The threshold, Am, , and the coefficients C, , C~,
I", , and B& are regarded as parameters to be de-
termined by the best fit" between the experimental
and theoretical intensity profiles.

The expression for the inelastic scattering cross
sections is given by

The fundamental concept underlying the proce-
dure' ' is that of exploiting a parametrization of
resonances in the elastic low-energy-electron dif-
fraction (ELEED) intensities to determine the elas-
tic electron-solid interaction. This in turn is used
in the two-step model to determine the dispersion
relation of a surface excitation. We proceed by
first isolating a prominent resonance in the ELEED
intensities, then selecting Vo and X« in Egs. (2)
to "fit" this resonance, and finally using the two-
step model for (E, 8, t'ai) in the neighborhood of the
resonance to "predict" the ILEED intensities as
functionals of the surface-excitation dispersion re-
lation, Eqs. (7). By adjusting Vo and X« to fit the
ELEED intensities a posteriori, we avoid confront-
ing the embarassing fact that they cannot be de-
scribed adequately by existing microscopic models
of the electron-electron interaction-induced elec-
tron-solid optical potential. ' This parameter
adjustment is, of course, a potential source of er-
ror in the analytical procedure. Unfortunately, we
cannot check its consequences within the frame-
work of our model and, of necessity, neglect them
in our present considerations.

Another source of systematic error that we can-
not examine explicitly is the functional form of the
inelastic-loss vertex. Presumably, the weak de-
pendence" of this vertex on p„(and only on p„ in
simple models ) renders errors from this origin of
negligible importance.

Given the elastic and inelastic electron-solid ver-
tex functions, however, the major factors deter-
mining the uniqueness and accuracy with which a
surface-excitation dispersion relation can be ex-
tracted from measured ILEED intensities are the
extent of the data and the instrumental resolution.
To illustrate their effect on the surface-plasmon
dispersion relations, we compare sample theoreti-
cal calculations with experimental measurements
of loss and angular profiles characterized by a
mesh of 0. 4 eV in the loss energy (6ao) and 2' in
the exit angle (68') and by an instrumental resolu-
tion of 1 eV in the loss energy and 2 in the exit
angle.

For reference we present in Fig. 1 the energy
profiles (plots of the scattered intensity versus in-
cident electron energy E for fixed initial and final
angular parameters, and fixed energy loss w) of the
(00) beam of electrons scattered from Al (111) at
an incident polar angle of 8 =15' and in an azimuth-
al plane with P = 60'. The elastic energy profile
has maxima at E~ = 50 eV and E~ = 103 eV. The en-
ergy profiles for sv =12 eV, calculated with three
different dispersion relations varying from a lin-
ear to a quadratic dependence on the plasmon mo-
mentum p j, exhibit a peak splitting of 12 eV, which
corresponds to the processes of elastic diffraction
before energy loss (i.e. , the low-energy component
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of the doublet which occurs at the same energy as
the peak in the elastic profile) and of energy loss by
the electron followed by elastic diffraction (the high-
energy component occurring at Ee+w). In Fig. 2

we compare experimental and theoretical loss pro-
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FIG. 2. Experimental and calculated loss profiles for
the {00)beam of electrons scattered from Al (111) for
two exit angles (8'= 20' and 26') and primary energy E= 50
eV. The three lower (solid) curves are the profiles
corresponding to three dispersion relations the coefficients
of which lie in the region of ambiguity (see, e. g. , Fig. 4).
The top points with error bars are the experimental re-
sults. The vertical dashed lines are drawn at values of
the loss energy (m) corresponding to the peak positions
in the experimental results, and indicate the agreement
between the peak positions of the experimental and the cal-
culated loss profiles for the three different dispersion
relations. A four-phase-shift two-step model was used
with the values of the parameters indicated in the figure.
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FIG. l. Elastic (iU = 0) and zu = 12 eV energy profiles
for the (00) beam of electrons scattered from Al (111)
associated with three dispersion relations the coefficients
of which lie in the region of ambiguity {see, e. g. , Fig.
4). A four-phase-shift two-step model was used with the
values of the parameters indicated in the figure. Vertical
dashed lines are drawn to guide the eye in locating the
positions of the primary Bragg maxima.
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FIG. 3. Experimental and calculated angular profiles
for the (00) beam of electrons scattered from Al (111)for
three values of the loss energy (zv = 8, 10, and 12 eV)
and primary energy E= 60 eV. The three lower (solid)
curves are the profiles corresponding to three dispersion
relations the coefficients of which lie in the region of
ambiguity (see, e. g. , Fig. 4). The top points with error
bars are the experimental results. The vertical dashed
lines are drawn at values of the exit angle (8') correspond-
ing to the surface-plasmon peak positions in the experi-
mental results, and indicate the agreement between the
peak positions in the experimental results and the calcu-
lated angular profiles, A four-phase-shift two-step
model was used with values of the parameters indicated
in the figure.

files for two angles of exit, 8'= 20' and 26'. The
evident agreement in peak positions between the
theoretical curves corresponding to the three rep-
resentative dispersion relations and the experi-
mental profiles prevents the differentiation be-
tween the different SPDH. This conclusion holds
also for the angular profiles shown in Fig. 3 for
values of the loss energy (zo = 8, 10, and 12 eV)
spanning the surface-plasmon peak in the loss pro-
files (Fig. 1).

A detailed analysis, sample calculations in which
were shown above, reveals the occurrence of un-
certainties in the SPDR given in Eq. (1). Such un-

certainties are inevitable consequences of the finite
energy and angular resolution of an II EED spec-
trometer. We incorporate them into our analysis
by introducing, via Fig. 4, the concept of a region
of ambiguity. " This concept reflects the observa-
tion that any dispersion relation whose coefficients
lie in the shaded region yields adequate agreement
between the theoretical and the observed loss and

angular prof iles.
IV. REDUCTION OF SURFACE-EXCITATION AMBIGUITY:

IDEAL RESOLUTION

Realizing the indistinguishability of a whole fam-
ily of SPDR's, we next focus our attention on the
conditions necessary to reduce the number of dis-
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FIG. 4. Region of ambiguity in the surface-plasmon
dispersion relation of Al {111)[see, e. g. , Eq. (1) in the
textj. Any dispersion relation whose coefficients lie in
the shaded region yields a good theoretical description
of the observed loss and angular profiles. The calcula-
tions were performed using the two-step model with four
phase shifts derived from Snow's AP% potential four the
(00) beam of electrons with an inner potentia, l V0=14. 7 eV,
mean fl"ee path ~ee='6 A~ and damping I', =-1.4+ 0. 74 p)(.
The loss and angular profiles used in the analyses were
obtained fol" incident encl"gles E= 50 Rnct 60 eV with 0= 15
Rnd ~jj =- 60 . The grid sizes IQ the angular RncI loss pro-
files used to construct the particular region of. ambiguity
shown in this figure are ~KG = 400 xneV Rnd ~8 =2,

responds to the evaluation of the diagrams shown
in Figs. 8(a) and 8(b) for the cases of diffraction
before loss (DL) and the loss before diffraction
(LD), respectively. Dynamical (i.e. , multiple
scattering) processes in which the electron has
scattered elastically from the lattice an arbitrary
number of times, but has undergone only a single-
loss event, introduce a limitation concerning the
use of the two-step model. '6 It is convenient to
dlv1de the diagrams contx'1butlng to the dynRm1cRl

scattering cross sections of II EED into three
classes. First, we sum all of the diagrams in
which one or more elastic scattering events occur
before the loss process. The sum of these dia-
grams defines a. generalized diffraction-before-loss

LOSS PROFILES: 4l (ill)

8=la 8'= lo'
0 ~a )=60 =f'

l 05

persion relations in that family. We divide the
analysis into two parts. In this section we study
the ideal resolution case. The discussion of the ef-
fects of finite resolution is given in Sec. V.

A. "DistiriguishabBity" Grid Size: I.oss Profiles

To examine the grid size required to distinguish
bebveen the loss profiles associated with various
SPDR's characterized by the shaded region in Fig.
4, we present in Figs. 5-7 sample calcul, ations of
the loss profiles of the (00) beam of electrons scat-
tered from Al (ill) for the three angles of exit (6'
=- 18' + 8', bracketing the specular direction) for
two representative dispersion relations the coeffi-
cients of which lie inside the region of ambiguity
shown in Fig. 4. The calculations were performed
using the four-phase-shift two-step kinematical
model with a. fine grid of 0.050 eV of the loss ener-
gy u. The peak positions corresponding to the two
SPDR's are separated by 50 meV or more for both
primary energies (E = 5Q and 80 eV, bracketing a
peak in the elastic profile). Hence a grid size of
5zo = 50 meV permits R substantial reduction in the
volume of the region of ambiguity shown in Fig. 4.
Presumably a smaller value of 5u would reduce
this volume still further. The next question,
therefore, is how small can 5m' be.

8. Dynamical Effects

The above calculations were performed using the
two-step model in which contributions from the two
lowest-order diagrams describing both elastic and
energy-loss processes are added coherently. In
the complete scattex'1ng tl1eox'y this model cor-

l.o

O.sl

IO.O l0.5
w (eV)

PIG. 5. Loss profiles associated with an exit angle of
0'=10' for the (00) beam of electrons scattered from Al
(111) for two dispersion relations the coefficient of which
lie in the region of ambiguity shown in Fig. 4. Results
of the calculations for E= 60 (top} and E= 50 eV (bottom)
are given. A four-phase-shift two-step model was used
with the values of parameters indicated in the figure.
Vertical arrows indicate the positions of the peaks.
Dashed vertical lines indicate the separations between
peak positions. Shifts of 50 meU (or more) between the
positions of peaks at a fixed primary-beam energy and
of - 150 meV corresponding to different primary-beam
energies are indicated.
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consequencies of such dynamical effects." Sample
results are presented in Fig. 9. In this figure we
compare the kinematical and dynamical loss pro-
files corresponding to the quadratic dispersion re-
lation for E = 50 and 60 eV. A peak shift of 50 meV
between the two is observed for the lower energy.
Since the separation of the peaks corresponding to
different dispersion relations in the loss profiles
is -50-100 meV (using a 50-meV grid mesh for
the abscissa; see, e. g. , Figs. 5-7), we conclude
that given the present knowledge of the electron-
solid force law, dynamical effects set a lower lim-
it on the grid sizes useful in two-step model cal-
culations by introducing intrinsic uncertainties of
-50 meV in the loss profiles (and -1' in the angu-
lar profiles'6).
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FIG. 6. Loss profiles associated with an exit angle of

8' =16' for the(00) beam of electrons scattered from Al
(111)for two dispersion relations the coefficients of which
lie in the region of ambiguity shown in Fig. 4. Results of
the calculations for E =60 (top) and E =50 eV(bottom) are
given. A four-phase-shift two-step model was used with
the values of the parameters indicated in the figure.
Vertical arrows indicate the positions of the peaks. Dashed
vertical lines indicate the separations between peak posi-
tions. Shifts of 100 meV between the positions of peaks
at a fixed primary-beam energy are indicated. Since
the exit direction is close to the specular direction, no
shift is expected for the peak positions corresponding to
different primary-beam energies.

(DL) process, indicated diagrammatically in Fig.
8(c). Second, we sum all of the diagrams in which
one or more elastic scatterings occur after the loss
event. This sum defines a generalized loss-before-
diffraction (LD) process indicated diagrammatical-
ly in Fig. 8(d). Finally, we sum all of the dia-
grams in which the incident electron experiences
one or more elastic scatterings both before and af-
ter the loss event. The sum of these diagrams de-
fines a generalized diffraction followed by loss
followed by diffraction (DLD) process indicated in
Fig. 8(e). The final expressions for the dynamical
ILEED cross sections given in Eqs. (28)-(41) of
the first of Refs. 16 were used in an analysis of the

os
0.08—r

M

0.07

8
0.35

0.I3

O. I2 0.30—5w =IO.3+ 2p
II

—-bg =I0.5-0.7p + 6p
2

r, =I.~+ O.7

Vo 14 7eV "ee 64
Snow Potential)» I ) «) I

IO.O IO.5 I I.O
w (eV)

FIG. 7. Loss profiles associated with an exit angle
of 8 =22' for the (00) beam of electrons scattered from
Al (111) for two dispersion relations the coefficients of
which lie in the region of ambiguity shown in Fig. 4. Re-
sults of the calculations for E=60 (top) and E= 50 eV
(bottom) are given. A four-phase-shift two-step model
was used with the values of the parameters indicated in
the figure. Vertical arrows indicate the positions of the
peaks. Dashed vertical lines indicate the separations
between peak positions. Shifts of - 50 meV bptween the
positions of peaks at a fixed primary-beam energy and of
-100 meV of the positions of the peaks corresponding to
different primary-beam energies are indicated.
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that differentiate between the two SPDR's. This
result clearly indicates that a line-shape analysis
based on a microscopic model is required to ex-
tract precise surface-excitation dispersion rela-
tions. Moreover, analytical methods based on the
conservation laws alone, such as that proposed by
Porteus, ' ' ' introduce unnecessarily large uncer-
tainties into the resulting dispersion relations. "

D. Angular Profiles

I ~ -IIIk

p~~

k~, E~'~ P, td

I kl, EI

k, E , E

(e)

FIG. 8. Diagrams contributing to the scattering ampli-
tudes of ILEED: (a) two step, diffraction before loss;
(b) two step, loss followed by diffraction; (c) multiple
elastic diffraction before loss; (d) loss followed by mul-
tiple elastic diffraction; (e) multiple elastic diffraction
both before and after loss. The perturbation-theory def-
inition of the expressions for the cross sections associ-
ated with these diagrams is given by Duke and Laramore
(Ref. 11). The shaded circle indicates the summation of
an arbitrary number of individual elastic scattering ev-
ents (Hef. 16) Idesignated by the circled cross in Figs.
8(a) and 8(b)],

LOSS PROFILES: Al (III)
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Having established criteria for distinguishability
in the loss profiles, we next examine the angular
profiles. In Fig. 10 we present the angular pro-
files for three values of the loss energy spanning
the surface-plasmon loss in Al (111), with a grid-
size of 0. 2' of the exit angle. The shifts in peak
positions increase with increasing loss energy.
However, three major obstacles occur in analyz-

w = h(o, (p„), (9a)

(9b)

without the intermediary of any microscopic theory
at all. Such a determination requires that in the
case of surface excitations li. e. , h&u, (p) depends
only on p„] the loss energy of the peak in the loss
profile be independent of the elastic diff&"action con
ditions (i.e. , E, e, g, 8', p').

In order to determine whether Eqs. (9) suffice to
determine surface-excitation dispersion, we com-
pare peak positions at the two primary energies of
50 and 60 eV for the loss profiles shown in Figs.
5-7. Diffraction phenomena in the elgstic vertex
cause shifts 4'-0. 1 eV which are larger than those

C. Dependence on Diffraction Conditions

Another important question is how sophisticated
a model of the ILEED process must be used to ex-
tract surface-excitation dispersion relations from
measured intensities. We have argued that to with-
in an uncertainty of hu - 50 meV, the use of a two-
step "kinematical" model is as adequate as that of
a complete dynamical calculation, provided see an-
alyze only the loss profiles. This raises the
question of whether or not we can go one step fur-
ther to obtain the surface excitation dispersion re-
lation solely from the conservation laws' ' '

ocf
0.0300

O

0.025—

I II
+6p

/ 0
Vo = l4.7eV Ape= 6AJ~

IO. I I 0.3 l0.5 l0.7 I 0.9 I I.O

w (eV)

FIG. 9. Comparison between kinematical and dynami-
cal loss profiles associated with an exit angle 8' = 10' for
the (00) beam of electrons scattered from Al (111) at
two incident energies, i=60 (top) and E=50 eV (bottom).
The calculations were performed using the s-wave ver-
sion of the inelastic-collision model using the parameters
indicated in the figure. Vertical arrows indicate the
positions of the peaks. Vertical dashed lines indicate
the shifts in the positions of the peaks both for a given
incident-beam energy (0 and 50 meV at 60 and 50 eV,
respectively) and for different incident-beam energies.
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FIG. 10. Angular profiles for
the (00) beam of electrons scat-
tered from Al (111)for three
values of the loss energy (zo) for
a primary-beam energy E= 60
eV. Comparison of the profiles
corresponding to bvo dispersion
relations is shown. Vertical
dashed lines indicate separation
of the positions of the peaks.

, A four-phase-shift two-step
model was used with the param-
eters indicated in the figure.

r =I.4+ 0.77I
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ing the angular profiles.
(i) The grid size enabling a clear differentiation

between different dispersion relations, i.e. , 58'
p 1', is difficult to achieve experimentally.

(ii) Dynamical effects are more prominent in the
angular profiles than in the loss profiles. They in-
troduce an uncertainty Ag'-1' in the peak angle.

(iii) For higher values fo the loss energy the sur-
face plasmons do not lead to distinguishable loss
peaks (because of their short lifetime). Thus con-
sideration of values of I

8' —8 l
~8' (for the specu-

lar beam) does not reduce further the uncertainty
in the dispersion relations.

Because of these effects, we base our analysis
on the study of the loss profiles alone and do not
examine the angular profiles further.

V. REDUCTION OF SURFACE-EXCITATION AMBIGUITY:
FINITE RESOLUTION

The results presented in Sec. IV were construct-
ed assuming ideal resolution. A critical issue in
formulating a procedure for the use of a theoreti-
cal model to extract physical quantities (surface-
excitation dispersion relations in our case) from
experimental data is the correlation between the
model calculations and the experimental procedure
and uncertainties (absolute experimental uncertain-
ties and instrumental resolution). The latter effect
can be included in the model calculation procedure
by convoluting the theoretical predictions with a
function representing the experimental resolution.
In view of the fine grid size necessary to achieve

distinguishability between peak positions associated
with different SPDR's, we address ourselves to the
question: How important are the effects of the ac-
tual experimental resolution on the results derived
in Sec. IV for the ideal (infinite) resolution case'?
We respond to it by examining an average over
our previously predicted intensities. For each
value of M the average intensity was calculated us-
ing a five-point (equally spaced) Simpson-rule inte-
gration over the interval from se —de eV to M + de
eV which was then divided by the integration inter-
val. In the figures we use the notation &so = 2dM)

for the width of the interval over which the average
is taken. The same averaging procedure was per-
formed for the angular parameter in the interval
[8' —d8', 8'+d8']. For the measurements analyzed
by us"' (see Sec III), dko.=-0. 5 eV and d8'=1'.

In Figs. 11 and 12 we compare ideal-resolution
loss profiles for the two representative dispersion
relations for two primary energies (E = 50 and 60
eV) and for two angles of exit (8'=10' and 22') with
their finite-resolution (averaged, dge =0. 5 eV, d8
=1') analogs. This comparison reveals that the
combined effects of large energy (hso- I eV) and
angular (68'-2') resolutions do not shift peak
positions in the loss profiles even on the fine grid
of 5zv =0.050 eV.

In addition, in Fig. 13 we compare the ideal-
resolution loss profiles associated with one of the
dispersion relations for a primary energy E = 50
eV and for three angles of exit with their finite-
resolution analogs. Two sets of averaging parame-
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FIG. 11. Comparison of in-
finite-resolution (solid curves)
and finite-resolution (dashed
curves) loss profiles associated
with an exit angle 8' = 10' for
the (00) beam of electrons scat-
tered from Al (111). Results
of calculations using a four-
phase-shift two-step model with
two different dispersion relations
(left and right panels) and bvo
primary-beam energies, E= 60
(top) and E=50 eV (bottom) are
shown. The values of the param-
eters used are given in the fig-
ure. Vertical arrows indicate
the positions of the peaks, and
vertical dashed lines are drawn
for ease in determining shifts
in the positions of the peaks.
As indicated, . only shifts due to
changes in diffraction conditions
are observed. The averaging
was performed using a proce-
dure corresponding to the experi-
mental one. For each value of
zv the intensity was calculated
using a five-point (equally spaced)
Simpson rule in the interval from
zg —0. 5 eV to zv + 0. 5 eV, which
was then divided by the integra-
tion interval. The same aver-
aging procedure was performed
over the exit angle in the inter-
val [8' —1', 8'+1'].

ters are used to construct this figure: dao =0. 5 eV,
d8' = 1' (dashed curves) and dav = 0.025 eV, d8' = 1'
(dot-dashed curves). These results illustrate
the negligible effect that almost any reasonable de-
tector resolution has on the positions of the peaks
in the loss profiles.

Another important instrumental effect is the fi-
nite angular width 68 of the incident beam as it
strikes the sample. In typical experiments, "' '
68 & 1'. The consequences of averaging the 8'
=10' loss profiles over (square) incident-angle
distributions of various widths (68) are shown in
Fig. 14. As expected, this average introduces
minor alterations in the shape of the loss profiles,
but no shift in the energy of the loss peak.

Finally, for the sake of completeness, we show
in Fig. 15 the results obtained by averaging the
8'= 10' loss profiles over both the initial beam an-
gular divergence 48-1' and detector angular res-
olution h8'- &' —2'.

The effect of combined averages over both 68
-68'-1' and Am-1 eV is to broaden the ideal-
resolution line shapes. Indeed the use of even
larger values of 68- 68'-2'-3' doesnotpercep-
tibly shift the energies of the peaks in the loss pro-

files on our energy scale of 50 meV. Therefore,
useful data can be taken using grids much finer
than the angular and energy resolutions of the mea-
suring instrument. In fact, all of the conclusions
drawn in Sec. IV hold equally well in cases charac-
terized by typical experimental uncertainties.

VI. PHONON-ASSIS'i'ED DIFFRACTION

One last mechanism exists that can spoil the re-
sults of our analysis: the emission of phonons by
the electron when it scatters from the ion-core
potentials in the solid. The effects of electron
energy loss to phonons usually are insignificant
because typical metallic phonon energies are neg-
ligible (W,„-10meV) relative to typical a~ -1 eV
loss-energy resolutions. The phonons do, how-
ever, destroy the simple parallel momentum con-
dition (9b) by inserting additional phonon momenta
on the right-hand side of this equation. In this
section we argue that although in principle this ef-
fect could be severe, in practice phonon-assisted
diffraction either causes an incoherent background
(which can be subtracted out) or augments the "ef-
fective" instrumental angular widths by 48 „, 68'„
-1', or less. In any of these cases, the conclu-



sions drawn in the preceding sections remain
unaffected.

Our entire analysis is based on an examination
of the detailed behavior of clearly defined maxima
in the angular profiles (fixed E, w, 8, and vari-
able 8 ) in the vicinity of the elastically diffracted
beams. These inelastic diffraction beams are
clearly evident in Porteus's data. 1 ' They are su-
perimposed, however, on an incoherent background
which decreases with increasing 8 for fixed values
of E, 8, and u, The theoretical. loss and angular
profiles shown in Figs. 2 and 3 are evaluated by
adding to the cross sections given by Eq. (8) an in-
coherent background of the form

do' A(E, zv, 8)
dQ g,~h 8'+ 8O(E, te, 8)

'

The parameters A and 80 are obtained by phenom-

enologicaDy fitting the background intensity in
the angular profiles away from the prominent dif-
fraction maxima (i.e. , beams). Therefore, to the
extent that phonon-assisted diffraction contributes
to this lncohelent background) 1t has been e11D11-
nated from the data analysis. Unfortunately, the
temperature dependence of this incoherent scattered
intensity has not been examined experimentally.
Therefore its microscopic origin is unknown. The
variability of the background intensities from one
sample to another, however, suggests that surface
morphology~ not pllonon-RS81stecl scatter1ng~ ls
their predominant cause.

%e evaluate the consequences of phonon emission
within the framework of the two-step model by fol-
lowing Duke and Laramore's theory of phonon-
assisted diffraction at the electron-ion-core "elas-
tic" vertices. The details of the calculation of the
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PIG. 12. Comparison of infinite-resolution (solid curves) and finite-resolution (dashed curves) loss profiles associated
with the exit angle 8' = 22' for the (00) beam of electron scattered from Al {111). Hesults of calculations using a four-
phase-shift two-step model with two different dispersion relation. (left and right panels) and for .wo primary energies,
E=60 (top) and E=GO eV (bottom), are shown. The values of the parameters used are given in the figure. Vertical ar-
rows indicate the positions of the peaks, and vertical dashed lines are drawn for ease in determining shifts in the positions
of the peaks. As indicated, only shifts due to changes in diffraction conditions are observed. The averaging was performed
using a procedure corresponding to the experimental one. For each value of xU the intensity was calculated using a five-
point (equally spaced) Simpson-rule integration over the interval [~ -{).5 eV, gg+ 0, 5 eVj, which was then divided by the
integration interval. The same averaging procedure was performed over the exit angle in the interval I&' -1', ~'+1'].
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FIG. 13. Comparisons of infinite-resolution (solid
curve) and finite-resolution loss profiles associated with
the exit angles (0'=10, 16', and 22') for the (00) beam
of electrons of incident energy E= 50 eV scattered from
Al (111). The finite-resolution profiles were obtained by
using the averaging procedure described in the caption to
Fig. 11 for two sets of averaging intervals de = 0. 5 eV,
d8'=1' (dashed curves) and dke=0. 025 eV, d8'=1' (dot-
dashed curves). Vertical dashed lines were drawn for
ease in determing the positions of the peaks. As is
indicated, no shift in the postions of the peaks is observed
between the ideal- and finite-resolution results for any
of the three angles of exit (bracketing the specular di-
rection). The calculations were performed using a four-
phase-shift two-step model with the dispersion relation
and parameters indicated in the figure.

quasielastic scattering cross sections, i.e. ,

are given in the Appendix. The quantity Azv is the
range of loss energy averaged over by the instrument.
Our analysis is based on the assumption that hzu
(-1 eV) is much larger than typical phonon ener-
gies (&»-10 meV). Phonon-assisted diffraction
has been discussed recently in the literature also

I 0.4 l0.8 I l.2 10.6 l0.8 I l.2

w(ev) W(eV)

FIG. 14. Comparison of infinite-resolution and finite-
resolution loss profiles associated with an exit angle 8' = 10'
for the (00) beam of electrons scattered from Al (ill),
Results of calculations using a four-phase-shift two-step
model with two different dispersion relations (left and
right panels) at the primary-beam energy E= 60 eV are
shown, The values of the parameters used are given in
the figure. Vertical arrows indicate the positions of
the peaks, and vertical dashed lines are drawn for ease
in determining shifts in the positions of the peaks. The
averaging was performed using a procedure correspond-
ing to that for the exit angle. For each value of so the
intensity was calculated using a five-point (equally spaced)
Simpson rule in the interval [zg —0.5 eV, go+0. 5 eV], which
was then divided by the integration interval. The same
average. ng procidure was performed over the entrance
angle in the interval t8.—2 68, 8+~D8].
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by several other authors " in whose papers com-
plete references to earlier work may be found.

In the Appendix we examine the emission of two

types of phonons at the quasielastic electron-ion-
core vertices: Einstein phonons described by the
dispe rsion relation

@~,h(p) = @~0 (12a)

I03+2S '
ll

+6&)~
and Debye phonons described by the dispersion re-
lation

I.05
@g,„(p) =hv, P, (12b)
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FIG, l5. Comparison of infinite-resolution and finite-
resolution loss profiles associated with an exit angle
8'= 10' for the (00) beam of electrons scattered from Al
(ill). Results of calculations using a four-phase-shift
two-step model with two different dispersion relations
Qeft and right panels) at the primary-beam energy
i=60 eV are shown. The values of the parameters used
are given in the figure. Vertical arrows indicate the
positions of the peaks, and vertical dashed lines are
drawn for ease in determining shifts in the positions of
tiie peaks. The averaging was performed using a pro-
cedure corresponding to that used earlier. For each
value of ze the intensity was calculated using a five-point
(equally spaced) Simpson rule in the interval [av-0. 5 eV,
xv+0. 5 eV], which was then divided by the integration
interval . The same averaging procedure was performed
over the exit angle in the interval [8' —2 68', 8' +~ b,8']
and the entrance angle in the interval [8—2 48,
8+2 48].

in which v~-10' cm/sec for both longitudinal (X = 1)
and transverse (X =2, 3) phonons. Emission of
surface phonons changes only the value of numeri-
cal constants used in the model analysis. ~ The
use of a discrete-lattice model rather than an
elastic-continuum model of the phonon spectra
has, thus far, led to different results for acousti-
cal phonons because the finite slabs used in the
numerical calculations do not provide enough long
wavelength phonon modes normal to the slab. Avail-
able experimental data agree only with the pre-
dictions of the elastic-continuum model.

Our examination of the Born-approximation de-
scription of the emission and/or absorption of
phonons at the quasielastic vertices in the two-step
model leads to three important conclusions. First,
the emission (absorption) of an arbitrary number of
Einstein phonons and of two or more Debye phonons
contributes only to the incoherent background in-
tensity. Second, the emission (absorption) of a
single Debye phonon causes a contribution to the
scattered intensity which diverges for scattering in
the elastic specular direction as Ik', —k„) or
ln~k, ', —k„ I in the high- (xT&@g„)and low- (xT«h~„)
temperature limits, respectively. The h&„- 10
meV is the maximum acoustical phonon energy.
Third and finally, the emission of two Debye

I
phonons diverges as lnlk( k, I in the high-tempera-
ture limit but contributes to a relatively uniform
(i. e. , incoherent) background in the low-tempera-
ture limit.

These three results illustrate an important fact:
Phonon-assisted diffraction either is strongly
peaked in the elastic-specular direction or else is
nearly uniformly spread over momentum space.
In the latter case (e.g. , Einstein phonon, multiple
Debye phonon emission), the phonon-assisted con-
tributions to the ILEED intensities are eliminated
from our analysis via the background subtraction
procedure ti. e. , Eq. (10)j. In the former case,
they act as a beam-broadening mechanism in 8

(diffraction before loss) or 8 (loss before diffrac-
tion). Experimentally, the beam broadening is
known to be Ag'- Dg' —1 —2'.~' " We demonstrated

explicitly in Sec. V, however, that beambroadening
mechanisms do not affect our extraction of surface-
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100 meV and more is predicted for all angles in
the region of maximum sensitivity. Use of the
above procedure permits us to reduce the uncer-
tainties in Eq. (1) by a factor of about 4, i.e. ,

f«(L)~(p~t) %I)~(+ 0 050 eV) + C)(k 0 V)pg + C2(+ 1.2)p'„

(13)
The ultimate determination of the surface-excita-

tion dispersion and damping is based upon using
such a fine-grid analysis for incident-beam parame-
ters (E, 8, () associated with several prominent
resonances in the elastic energy profiles. The re-
gions of ambiguity associated with the various elas-
tic resonances overlap but are not identical. This
overlap both assures us that systematic errors in
the parametrization of the elastic electron-ion-
core vertices are not overwhelming and permits
us to reduce further the uncertainty in the surface-
excitation dispersion relation.

Summarizing, we have extended earlier analy-
ses' ' of surface excitation dispersion via ILEED
by examining systematically the sources of theo-
retical and instrumental error in the analytical pro-
cedure. We find that the two-step model of ILEED
constitutes a necessary and sufficient level of de-
scription of the inelastic scattering process Pro-
vided we confine our analysis to loss profiles using
a loss-energy grid 5w & 0.050 eV. Neither reason-
able instrumental resolutions («tw - 1 eV, «) 8- I '-3',
«) 8' - 1'-3') nor phonon-assisted-diffraction pro-
cesses affect the energies of the peaks in the loss
profiles on this loss-energy scale. Based on these
results, we propose a practical yet accurate pro-
cedure for determining surface-excitation disper-
sion relations from measured ILEED intensities.
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APPENDIX

In this appendix we discuss the probability of
(multiple) phonon emission at the elastic scattering
vertex in the two-step model of ILEED. Following
a recapitulation of the necessary general formulas,
we show that an Einstein model of the phonon spec-
trum predicts that phonon-assisted quasielastic
scattering events contribute only to the incoherent
background (i.e. , not to the coherently diffracted
beams) We concl.ude by demonstrating that a
Debye model of the phonon spectrum leads to an
infrared catastrophe in the quasielastic scattering
cross section so that the emission of Debye-phonons
can be interpreted as the broadening of the zero-

phonon 5 function in momentum space into a beam
of finite angular width, 68'-1'.

Our starting point is the expression given by
Duke and Laramore for the quasielastic single-
scattering cross section of an electron from a
vibrating lattice [Eq. (49) in Ref. 26]:

(
do' szvq g ( ~)

(2) 2

dQ, 2gh

&& g &
6'(I -R«) «0 «) «)(«)a (Al)

lyte

D„,(I, m) = (- ia6., /2i)f)

(A2)

(As)
In these equations we use R to designate the

equilibrium position of an ion core of mass M at
the site labeled by m, a)(I)) to denote the dispersion
relation of the phonons, c«and P to indicate Car-
tesian components, v, to specify the Fourier trans-
form of the electron-ion-core interaction, and xT
to indicate Boltzmann's constant times the tem-
perature. The Debye-Wailer factors are given by

2W, (q) =iq D.,(f, I)q'. (A4)

(o(p) =(oo, p&p =(6)«'n)'«' (A6)

in which n is the atomic density of the model mon-
atomic lattice. We obtain the phonon propagator
from Eq. (AS):

ih coth(1&@0/2«(T)6«
Cit3 ( t 2M

(A6)

Because the (d(p) terms are independent of p, only

Therefore it is evident that in the diagonal term in
the sum over I and m in Eq. (Al)& the e"
factor precisely cancels the e '" term in the pre-
factor. For simplicity, we are considering a mod-
el in which all of the ion cores exhibit identical
vibrational amplitudes, although the analysis can
easily be extended to more realistic cases without
altering anything but the numerical value of the con-
stants in our formulas. ~~

The usual approach to phonon-assisted diffraction
consists' ' of expanding thefactor e"
in Eq. (Al) and considering each term separately.
The first term in the expansion (i.e. , unity) is
called the elastic term; the term linear in D(I, m)
causes thermal diffuse" scattering; and higher-
order terms in D(l, m) are referred to as multipho-
non terms. W'e see below that such an expansion is
misleading for Debye phonons because terms in the
series diverge.

The dispersion relation describing an Einstein-
phonon spectrum is
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the diagonal term in D(l, m) is nonzero. Conse-
quently, the quasielastic scattering cross section
is given by

(
(2)

=
I
mv, e ~'+/2mb

dQ

1 + e ~'«r-&m~ A7
lcm

The second term in Eq. (A7) describes the co-
herent diffraction of the electron from the lattice.
It is unaffected by the phonon-assisted scattering
events which serve only to cause the incoherent
background scattering from the total lattice of N
ion cores described by the first term in Eq. (A7).
Thus Einstein phonons extract spectral density from
the coherent elastic intensity and place it in a com-
p/etely incoherent bachground which is uniformly
distributed throughout the Bxillouin zone. In a term
by-term expansion of Eq. (Al), this result is re-
flected in the fact that the nth order terms (except
that for n = 0) depend on q only via the [q ]"prefac-
tors of the rigid-ion model.

The dispersion relation describing a Debye-pho-
non spectrum is

&(p)=v p p p (A8)

for one longitudinal (X = 1) and two transverse (&

=2, 3) branches. We define an average speed of
sound v, via

1-2 —
~
—5 2 (A9)

For purposes of illustration, it is convenient, but
not necessary, to work in the high-temperature lim-
it

coth [htdz(p)/2KT]. = 2g T/h&g~(p) (A10)

for all three branches of the spectrum. In this lim-
, it

D~g(l, m) = (- 9i~T/Me~)5, „
—(9~ixT/2M~„'p„I a, —a. I) [1 —6,.], (A11)

m =pmV S (A12)

=
I, mv, e '"/2m@'~'

dQ ~,,

&& y «+ ~&'&~t-Rm& ~&+ i'~~t"~ t A13a.

n(q) =mw(q)/2p . (A13b)

A difficulty is encountered in expanding the sec-
ond exponent in a power series because the terms

Therefore the emission of multiple low-energy phon-
ons causes a 8 ' long-range correlation between
ion cores separated by a distance R. The quasi-
elastic Born cross section is given by

=Q s, (q). (A16)

The sum over t designates terms in the power-
series expansion of the latter exponent in Eq. (A15).
For a single layer of scatterers we obtain

S,(q) =-N„(2~)'a-'6(q„- g), (A16a)

4';, (q) + 1, , p„

(A16b)

S,(q)=- — " q Qln(P /(q-g)). (A16c)

The S2 term is calculated presuming lq„—g I to be
small in order to isolate the divergence as lqII g
-O. The higher-order 8, are convergent functions
(i.e. , u" 2lnu) of Iq, [ gl when qp g. It is evident
from Eqs. (A16), however, that the one- and two-
phonon contributions to S(q) both diverge as q„- g,
i.e. , as a reciprocal-lattice rod is approached
by varying the external-beam parameters. Be-
cause they result from an infrared catastrophe,
these phonon-assisted diffraction divergences are
more severe for KT&h~D than for zTgh~a. In the
low-temperature limit (xT«h&D) they are re-
duced by one order. That is, the S~(q) is proportion-
al to ln(p /I q„—g I) . Since S2(q) is proportional
to i q, I

—g I ln I q„—g I, it converges as q„-g.
These divergences do not disappear when multi-

layer diffraction is considered. In the case of the
single-phonon term (i.e. , thermal diffuse scat-
tering), we obtain for q„«P„and a' T & ~D the re-
sult

=&It ~Vq

(A»)
2m'& &

Aq„

for the specular-beam (i.e. , q =k' —k„) cross sec-
tion predicted by our simple model. The expected
(and observed~') linear dependence on q2, T, and
q"„all are present. A more sophisticated model
of the lattice dynamics would change only the nu-
merical constants. Note that departures from the
specular direction (i. e. , q„W 0) act to damp out

in this series diverge. This fact may be illustrated
by the familiar case of scattering from a single
layer of N„ ion cores. Using the identity

dsp iye( R )-Rm)

'„I (2~)' p'

in Eq. (A13a), we can write

S(~) Q + 471'( B~

lcm

~dp ' ™
xexp 4zn q 2'') p
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further, not tune, the Bragg resonance associated
with coherent multilayer scattering. In prac-
tice, ' either typological disorder on the surface
or the q

' factor in Eqs. (A16) and (AlV) lead to a
beam of angular width b,8'-1' when the intensities
are plotted for fixed incident-beam energy as a
function of the exit angle on a linear scale.

From Eqs. (AV), (A13), and (A1V) we discern
two types of phenomena associated with phonon-
assisted diff raction. The flat higher-f requency
phonon modes give rise to short-range correlations
in the D(f, m). These correlations extract intensi-
ty from the coherent scattering and place it in the
incoherent background. The low-frequency (long-
wavelength) acoustical modes introduce long-range

atomic correlations which emanate from an infra-
red catastrophe associated with the copious emis-
sion of low-energy phonons. Such correlations
lead to the broadening of the coherently diffracted
electron beams, rather than the enhancement of the
incoherent background intensity. Often, the in-
strumental angular resolution Ae is wider than the
phonon-induced beam broadening. In this case,
which is that emphasized in the text, phonon-assist-
ed diffraction affects the absolute ILEED inten-
sities but not our peak-position analysis. Even if
the instrumental and phonon-assisted Ee are com-
parable, our analysis is valid provided that a suit-
able temperature-dependent angular-averaging func-
tion is used.
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