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We have measured the ferromagnetic resonance of three garnet films with the approximate composition
E,E Fue 04„, where 8 =Y or t.u andN= Al or Ga, grown by liquid-phase epitaxy on 001 and (111)
gadolinium gallium garnet substrates. The anisotropy has a growth-induced component which anneals out
at 1250'C. Measurements from 0 04TC to 0.92T.C on a [111) film with TC=404 'K show that this
component is proportional to the calculated uniaxial anisotropy of a Eu ion in garnet, up to 0.75 Tc. This
proportionality is predicted by the site-preference theory of the growth-induced anisotropy. The calculation
is based on the Wolf—Van Vleck model of europium iron garnet, extended to include spin-correlation
effects on the d sublattice in a heuristic manner. Anisotropic exchange is found to be the dominant source
of the anisotropy. We find site preferences of about 20% in all three films. The calculation also accounts
reasonably well for the temperature dependence of the magnetostriction of europium iron garnet.

I. INTRODUCTION

Mixed rare-earth-iron garnets grown from solu-
tion often show a noncubic magnetocrystalline an-
isotropy related to the growth direction. This an-
isotropy is believed to be due to the differential
incorporation of rare-earth ions into sites which,
while crystallographically equivalent, are inequiv-
alent during the growth process. ' It has proved
difficult to make quantitative predictions of this
effect. The size and form of the anisotropy de-
pends not only on the site preferences but also on
the anisotropy of the magnetic energy surface of
the individual rare-earth ions.

Only Qd', Eu ', and perhaps Yb3' have ground
levels in garnet which are sufficiently simple and
well understood to permit a meaningful calculation
of the anisotropy of the magnetic energy surface
for a single rare-earth ion. In Qd ' this anisotropy
is almost entirely dipolar in origin. While it can
be calculated with reasonable accuracy, it is quite
small and is liable to be obscured by other contri-
butions to the bulk noncubic anisotropy, which we
do not (at present) know how to calculate. For this
reason only partial agreement with the data on
mixed-YQd garnets has so far been obtained.
Ytterbium has not been found to give an appreciable
growth-induced anisotropy. Europium, on the
other hand, gives a large anisotropy, and many of
the garnets of technical interest for bubble-domain
devices contain europium as their main anisotropy-

producing constituent.
The magnetic anisotropy of the Eu" ion arises

from two causes: anisotropic exchange interaction
with the nearest-neighbor Fe' ions, and the non-
cubic crystal field splitting of the excited states.
The anisotropic exchange and the crystal field
splittings are known from NMR, 4 Mossbauer ef-
fect, ' and optical spectroscopy. Since we also
know the d-sublattice magnetization from NMR'
and Mossbauer data on yttrium iron garnet (YIG),
we have all the information needed for a molecular-
field calculation of the anisotropy as a function of
temperature. This calculation will follow the lines
of the Won-Van Vleck calculation of the magnetiza-
tion of europium iron garnet (EuIG). ' We can at-
tempt to go beyond the molecular field approxima-
tion by taking spin correlations on the d sublattice
into account in a heuristic, but reasonably success-
ful, manner.

The growth-induced anisotropy is predominantly
due to the nonrandom occupancy of sites on the e
(dodecahedral) sublattice, this being the sublattice
occupied by rare-earth ions. The contribution of
the iron on the g (octahedral) and d (tetrahedral)
sublattices is relatively small. These site occu-
pancies can only be altered by annealing at tem-
peratures above 1200'C. It follows that the ex-
perimental noncubic anisotropy should be propor-
tional to the magnetic anisotropy of the Eu3' ion
as a function of temperature. The constant of
proportionality should give us the magnitude of
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the site preference.
The liquid-phase-epitaxy (LPE) growth method

enables us to obtain films of high quality in virtual-
ly any crystallographic orientation. ' In particu-
lar, {001}and 1111}films are desirable since their
growth-induced anisotropy is uniaxial. The anisot-
ropy of such films can readily be obtained by fer-
romagnetic resonance. We correct for the contri-
bution of magnetostriction and cubic anisotropy to
the observed anisotropy field by measuring its
change on annealing at a sufficiently high tempera-
ture to randnmize the site occupancies. Concur-
rent measurements of the magnetization enable us
to obtain the anisotropy energy from the corrected
anisotropy field.

II. EXPERIMENTAL

Measurements were made on single-crystal gar-
net films of the composition (Eu„Rp „}(Fe, Mp, )
[Fe,Ms, ]O», where R= Y or Lu, M=A1 or Ga,
and the brackets indicate the site according to Gel-
ler's notation: lcj, (d), [a].' The two nearest
neighbors of the c site are d (tetrahedral iron)
sites, all other cation sites being too far away to
interact appreciably. " These films were grown by
the "dipping" technique, in which an oriented sub-
strate is dipped for a few minutes into a super-
cooled flux containing the constituent oxides in the
required proportions. ' The starting material con-
tained less than 10 ppm of unwanted impurity.

The parameters x, y, and z were obtained from
the lattice constant of the film go, the Curie point
T~, and the saturation magnetization extrapolated
to O'K, M(0). Tc is a function primarily of
(y+z), ap of x and (y+z), " and M(0) of x and

9, 14

Resonance measurements were made at 13150
MHz by standard methods. The resonance is quite
sharp and the field for resonance can be determined
within a few gauss. If the fields for resonance
perpendicular and parallel to a (ill} film are FI,
and H„, respectively, we have

striction to H„ from Eq. (2), we annealed the films
for 30 h at 1250'C in an O, atmosphere. This re-
moves the growth-induced contribution without af-
fecting the others appreciably. '5 The growth-in-
duced anisotropy is then

Ke 3M[ (Hll HJ)before (Htl Ht)atter ] (3)

500

400-

This procedure not only eliminates H, and the mag-
netostrictive contribution, but also, to a very good
approximation, cancels out the error due to the
linearization, by which Eq. (2) was obtained from
Eqs. (1). For the largest observed K„, with any
reasonable values of Kf, the residual error is less
than 2/p. Dispersion corrections to K„are small,
since the relaxation time is quite isotropic. '

Equation (3), though not Eqs. (1), applies equally
to a f001}film. However, whereas H„ is indepen-
dent of azimuth for a (111}film (since Kz is very
small), this is not the case for a (001}film. The
value of Hp to be used in Eq. (3) is that correspond-
ing to the [100] and [010]directions; since Kt is
negative, this is the maximum H„, found by rotating
the field in the plane of the film.

To obtain K„ from H„we need the magnetization.
This was obtained with a vibrating-sample mag-
netometer. Great care had to be taken to extrap-
olate the data to zero field because of the very large
paramaga. etic susceptibility of the gadolinium gal-
lium garnet substrate. Its magnetic moment is
as large as that of the film at low temperatures
and moderate fields.

Measurements were made from 16 to 368'K on
a (111}film with R = Lu, M = Ga, Tc = 403 ' K,
x= le47, y=2. 02, and x=1.73. Its magnetization

tc/y = Ht +H„—4 ' + p Ht,

(tc/y) = Hp(Hp H&+4wM+Ht)

(la)

(lb)

300—

Here &c/2v is the resonant frequency, y is the gyro-
magnetic ratio, M is the magnetization, H„= 2K„'/M
is the total uniaxial anisotropy field (including the
magnetostrictive contribution), and Ht = -Kt/M is
the cubic anisotropy field. Equation (lb) is only
accurate to first order in H&/He .

Since H„ is usually large relative to the other
terms inside the parentheses, we can linearize
Eqs. (1) to obtain

H 3 (Hp HJ ) +4' gHt-2 5

To eliminate Hf and the contribution of magneto-

200—

100—
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FIG. 1. Magnetization curve of a {111)garnet film
with the composition {Lut 53Eut 4t) (Fep p2Gap, pp)

tref, '$3G80, 2$~ Of2 ~
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FIG. 2. Circles: K„ for the {ill)film of Fig. 1 de-
duced from ferromagnetic-resonance data with the aid of
Eq, (3). Solid line: molecular-field calculation of the
[Egs. (6), (9), and (10)j, normalized to K„at 16'K.
Dashed line: corrected theoretical curve, in which the
effect of spin correlations on the d sublattice is taken in-
to account [Eq. (15)]. This theory is not valid for T
& 0.8Tg.

500

In this section we will calculate the second-rank
tensor which, to a good approximation, represents
the magnetic energy surface of a Eus' ion in a c
(dodecahedral) site of an iron garnet. The aniso-
tropic part of this tensor is defined by two param-
eters, u and ze, where the magnetic free energy
per ion is'~

~, = gc'(n,' —,') + u
" ('n„' —n,') + const (4)

Here n is the direction of magnetization referred
to the local principal axes of the site. Only u en-
ters K„ for a, {001)film; only gg for a {ill) film.

The calculation is based on the Wolf-Van Vleck
theory of the magnetism of the isolated Eu' ion.

is shown in Fig. 1. The corresponding K„, de-
duced from Eq. (3), is shown by the circles in
Fig. 2

Two films with the approximate composition
VsEuFe4 sAlc sO, s were grown successively from a
single melt on {111)and {001)substrates. They
were measured at 300'K only. It„ for the {001)
film became too large to measure as the tempera-
ture was lowered. Their composition corresponds
to 7.'& =440'K. These both had 4aM = 700 Q at
300'K, and the values of K„obtained from Eq. (3)
were +2. 8x10 erg/cm3 for the {ill[film and —V. l
X10' erg/cms for the {001}film.

III. THEORY

The lowest level of Eu' is 'Eo, and there would be
no magnetism at low temperatures if it were not
for the admixture of the 'E, level (350 cm ' above

Eo) into the ground level by a magnetic field. In

EuIQ an effective field is provided by the strong
antiferromagnetic exchange coupling between the
Eu ' ion and its two nearest-neighbor Fe ' ions,
which are on the d (tetrahedral) sublattice.

Anisotropy in this system has two main causes.
The exchange field itself may be anisotropic, that
is, it depends on cy, the direction of the magnetiza-
tion relative to the local axes; and also, the crys-
talline field splits the 4=1 and higher levels so
that the degree of admixture of these states into the
ground state (and into each other) depends on n.
This contribution is of third order in the exchange
and crystalline fields, regarded as perturbations
on the dominant (isotropic) spin-orbit coupling, but
is nevertheless found to be quite substantial.
There is a third contribution, from the dipolar in-
teraction of the induced Eu ' moment with the Fe '
moments; however, this is very weak because of
the small Eu ' moment. To a good approximation
it is included in our calculation of the effect of
anisotropic exchange, since we use empirical data
on this anisotropy in EuIQ, and these data include
a dipolar contribution.

A. Anisotropic Exchange

In the molecular field approximation, exchange
is represented in the single-ion Hamiltonian by a
term

X~x —2 /AH'Sg ] @AH —— A. Sp (5)

Here S~ is the spin operator for the Eu' ion, H is
the effective exchange field, S~ is the spin of an
Fe' ion on the d sublattice (Sz = —', ), and y is a sec-
ond-order tensor. Equation (5) has been found to
give a good description of the angular dependence
of NMR frequencies in EuIQ. The principal values
of A. at O'K were found in Ref. 4 to be X, =0. 97XO,

A, = 1.22Xo, and X, = 0. 81Xc, where —,'Xc is the mean
molecular field at 0'K (16 cm ' ~4) and z is the
local (001)-type axis. The contributions of aniso-
tropic exchange to. .co' and &" are, respectively,

tU, = ts, (7)(2Xg —X„—X~)/Xo,

go,
"= w (T)(X„—q)!Xc,

u, (T)

—16(ps Ho) {1—u[l —(at/16 AT) —(15m,i/86s) fy

a, (1+3 u)

(6)'

and g =e ~ ~ . Here 6, and 6~ are the energy in-
tervals between successive Z levels (At from
J'= 0 to 1, 4s from g= 1 to 2), and gsHc is the ef-
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fective molecular field. At 0 'K, p, ~Hp = Ap its
temperature dependence will be discussed later.

Equation (6) is only accurate to first order in
the anisotropy. The contribution of the Curie sus-
ceptibility of the Z= 1 level is (A)/16kT)e ster
(relative to the O'K anisotropy). This is always
a small number, which is fortunate, since there
is really no justification for assuming that the ef-
fective anisotropy of ) is the same for this di-
agonal term as it is for the off-diagonal terms.

If we substitute for the h's and X's in Eq. (6) we
find, at O'K,

t(),'(0) = 6. 6 cm '/ion,

~

gs, (0)
~

=2. 9 cm /ion .
The sign of zg, is ambiguous because the assign-
ment of x and y axes to the NMR spectra of Ref.
4 is arbitrary.

B. Crystal Field Effects

We only consider the second-order orthorhombie
crystal field, which can be written

$C, = 2 Vs Cs+ (s) Vs(Cs+ Cs ),
where the C& are Racah's tensor operators and the
numerical coefficients are chosen to make the
crystal field parameters V~ and t/'2 agree with
those used in Ref. 4. Fourth-order contributions
to X„while vital to the understanding of the cubic
anisotropy of EuIQ, ' do not contribute appreciably
to the growth-induced noncubic anisotropy.

The matrix elements of X, are calculated from
the following formula, readily derived from Eqs.

(1.15), (1.25), and (2. 20) of Ref. 19:

(L,sJ'm' c,
~
md')

=( 1)~'+~+ + +& s'
[(2J'yl)(2gyl)]&~

For a single hole in the half-filled f shell, the re-
duced matrix element is given by' '

( I I I Ci II I ) = (- I) "(2I.+ I)
I

and L =8= 3. The corresponding formula for the
matrix elements of S„used here and in Sec. IIIA,
is
&mz'ivy

~

s, I.st) =(-1)'"""-"
x [(2J +1) (2g+1)S(S+I) ]'"

"((-M o I) Is s sI
Since X, connects levels with 6J—2, and the J= I
level is partially occupied over the temperature
range of interest, we have to include all levels
up to J= 3 in our third-order perturbation calcula-
tion. The matrices of K=X,„+X,for these levels
are given in Table I. Only matrix elements which
contribute to the anisotropy in third order are in-
cluded. The matrices are given for the ease
H II z. The corresponding matrices for H lfx or y
are obtained by simply substituting ——,'(Vz+ Vz) for
V', and --,'(V,'+ &V',) for V,'.

To third order, the crystal field contributions to

TABLE I. Matrix elements of X,„+Z, in a IZM) basis.

(a)

(0 0I

(1 Ol

(2 0I

(2 2I

(2 —2I

(3 0(

i0 0)

0

[1 0)

—V2
2 0
5

I2 0)

4V/5 W3

2vSB
rl ~2 V2

N. C. ~

N. C.

2H- —V2105

l2 -2)

, VYV2

N. C.

N. C.

—2H ——V2i05

(3 0)

2o'6 v2/5&

6vYH/Wv

N. C.

N. C.

N. C.

(1 -1I
(2 1 I

(2 -1 I

(3 —1I

I1 1)
H-pv2

(1-1)
1 2-yV2

-H--V2
5

I2 1)
3H+y V2

-I'~ V2

~~ ff Vp
105

I2 -1)
j 2

T5

3H-pV2

-m V2
ii

-H+—"0
105

i3 1)
4v', /5 Wv

2V'/15 WV

8H/v 7

¹ C.

¹ C.

l3 -1)
2V2/15 Wv

4702/5V 7

N. C.

8H/WV

iC. C.

N. C. , not calculated.
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zo and u are, respectively,

w,
' = w, (T)(3V',/2b, ,),

w,
"= w, (T)(V',/2a, ),

where

32(p.,H, )'(W —Bu)
5b,i(1+3u)

Here,
-a j/kT

2 = 1+ 2k~/(by+ 4g),

B= 1+2n.g/r g
—b ~~ /2b ~2 —30 b g~ /14 &g(r g+ hs),

and 1ssaE3 is the J= 2 to J= 3 inte rval. Substituting
for the 6'se we find A= 1.75 and B= 1.75 (the
equality is coincidental) so that

( )
11.2(peHO)'(I —u)

b,i(1+3u)
(9)

Reference 4 gives 'I/'~= VV cm ', P~= —82 cm ',
whence w, (0) = 2.8 cm '/ion and I w, i = 1.0 cm '/ion.

We do not know the sign of zo, or gg,", since the
assignment of x and y axes to the data of Ref. 4 is
arbitrary, but we do know that they have opposite
signs. The crystal field contribution is less than
that of the anisotropic exchange, but is quite ap-
preciable.

eter (L,/kT) also enters.
Since sv, and sv, vary somewhat differently with

temperature, and their contributions add in gg and
subtract in gg, zv varies somewhat faster than
sv . However, the difference is not great, and at
temperatures below about 0.Sg~ it is quite a good
approximation to take

I 'll
sv (x: zo c(- M&Mz

where M~ is the d-sublattice magnetization and

M~ that of the Eu' sublattice [given by Eq. (1) of
Ref. 9].

D. Effect of Spin Correlations in d Sublattice

So far we have made the assumption that the Eu '
ion only interacts with one Fe ' ion. In fact we
know that this is incorrect; there are two nearest-
neighbor Fe ' ions which contribute equally to the
effective exchange field H at the Eu ' ion. Since
the anisotropy is proportional to (H ), we have to
take into account correlations between the spins on
the two Fe3' ions.

Let us label the ions 1 and 2, and assume for
the moment that their instantaneous contributions
to H are strictly additive. Then we should replace
Eq. (10) by

C. Temperature Dependence of Anisotropy j.o =-

To calculate w, (T) and w, (T) at finite tempera-
tures we need the mean-square value of the effec-
tive field. We cannot simply replace p, ~HO by
ROM~(T), where Mz(T) is the d-sublattice mag-
netization, because of spin fluctuations. The mag-
netization is proportional to (Sz), the average
projection of the Fe ' spin on the direction of mag-
netization. The anisotropy, on the other hand,
depends on the anisotropy of the mean-square pro-
jected spin, which we call (S~ ). For a single Fe~'
ion,

0.8—

CL
O
i-
(n 0.6
z

hJ

I-
~ 04
IJJ
CL

(S„')=(Sz) —a(Sx) -a (Sr)
=-,'(3S', -S(S+1)), (10)

0,2—

where 8 now refers to the Fe ' ion (S= —', ).
The temperature dependence of this quantity is

well known; it varies as M ~ at low temperatures
and as M~ near T~. The exact dependence is a
function of S and is given in Fig. 2 of Callen and
Callen. ' If we substitute (S„(T))/(S„(0))for
(peH) in Eqs. (6) and (9), we obtain w, (T)/w, (0)
and w, (T)/w, (0), shown by the full and dashed lines
in Fig. 3. In this calculation, T~ is taken as
560'K, corresponding to the composition
Y3 „Eu„Fe,Oqp ~ The temperature dependence is
not a universal function of T/Tc since the param-

0
0 100 200 500 4 00

TEMPERATURE ( K)
500 600

FIG. 3. Solid line: molecular-field calculation of m"
anisotropy of Eu + due to anisotropic exchange, normal-
ized to unity at O'K [Eq. (6)]. Dashed line: the same
for the crystal fieM anisotropy [(Eq. (9)]. Dotted line:
correction term for spin-correlation effects on the d sub-
lattice [Kq. (15)]. This correction is to be subtracted
from the solid and dashed lines. The points are the mag-
netostriction data of Iida (Ref. 39) on EuIG, corrected for
the Fe + contribution and normalized to theory at 77'K;

~100& O~ ~111'
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X'=a'u'(&S'& -&S &')/» (13)

This is in principle a measurable quantity,
though in practice it is difficult to measure in a
ferrimagnet. In MnF~, which is an almost ideal
Heisenberg antiferromagnet, the observed longi-
tudinal susceptibility24 can be approximated by the
following empirical expression, valid for 0. 5
&BC&1:

= 0. 13g pa S(S+1) (1 m' )/kT, —

where m is the reduced sublattice magnetization.
Thus we have, in MnF2 well below the Noel tem-
perature,

(S,') -&S,)'=0. i3(i m'")S(S+ i), -
or, for S= —,',

&Sz& -&Sz&'
0 2(1 i.67)

& SA(0) &

(i5)

since &S~z(0)) = —,'[3S —S(s+1)]=S(S——,'). If we as-

&s„'& =-,'
& (s»+s»)'& --,'& (s„+s»)')

- -,'
& (S„,+ S»)'&

= z &3Sz —S(S+1))
—H&Sz') -&S»S„&)-z(&S,'& -&S»S»&)

2 (( sr) & 'SY1 sr2& )1 ~ (»)
where the index labeling the Fe ' ion has been
dropped where irrelevant. The first term is sim-
ply the right-hand side of Eq. (10); the term in
the square brackets represents the effect of spin
cor relations.

The question of the range of spin correlations is
discussed in a review by Marshall and Lowde 3

and in more detail by Mori and Kawasaki. Al-
though the two Fe ' ions which are nearest neigh-
bors to the Eu ' ion are only 6 A apart, they are
well separated magnetically; there are two inter-
vening a-site (and one d-site) Fez' ions in the
shortest exchange pathway connecting them (assum-
ing that exchange only connects nearest neighbors).
Except near Tc, longitudinal correlations have a
very short range; we can therefore replace
& S»S «& by its value at infinity & Sz) .

Transverse correlations, on the other hand,
have a very long range in a Heisenberg (low-an-
isotropy) system such as this. Hence & S»szz)-

& Szz&, and except near Tc the transverse terms
in the square brackets are small relative to the
longitudinal terms. Thus for temperatures not
too close to T& we have

(S„)= —'&3S —S(s+1)) —&S )+&S ) . (12)

Since the range of the longitudinal correlations is
short, the bulk longitudinal susceptibility per Fe '
ion is given approximately by

sume that Eq. (15) holds for the d sublattice in YIG,
we obtain the dotted curve in Fig. 3. Equation (15)
should hold so long as the longitudinal correlation
length is much less than the smallest Fe '-Fe '
distance; this is true for T/To&0. 85 according to
a molecular field calculation. ' It is obvious from
Fig. 3 that we will get absurd results if we use Eq.
(15) for T/Tc~0. 8. For T/Tc greater than this,
not only does Eq. (13) fail, but transverse corre-
lations must be taken into account.

Even at very low temperatures the exact validity
of Eq. (10) is not assured. Since we are dealing
with a ferrimagnet, we should take zero-point spin
deviations into account. However, the correction
appears to be very small; at most a few percent in
the exponent of rn. '

Another problem in using Eqs. (12) and (15)
arises from the fact that the assumption that the
effective fields of the two Fe3' ions are simply addi-
tive is not justified. So long as Eq. (10) holds
there is no problem, but when spin flucutations be-
come important we cannot assume that the anisot-
ropy remains the same. This leads to an uncer-
tainty of the coefficient in Eq. (15); it should not
affect the temperature dependence.

IV. COMPARISON OF EXPERIMENT WITH THEORY

A. Temperature Dependence

The uniaxial anisotropy energy K„ for a(111)
film should be proportional to gg = zo, +so, . This
function is calculated (neglecting spin-correlation
effects) from Eqs. (6), (9), and (10) and compared
with experiment in Fig. 2 (full curve). The pa-
rameters are w, (0)/w, (0) = —0.43 and Tc =403 'K.
The theoretical curve is normalized to the data at
16 'K. The data fall consistently below the theory
as the temperature is raised. If instead of Eq. (10)
for &S~z) we use Eq. (12), with the spin-fluctuation
term given by Eq. (15), we obtain the dashed line
in Fig. 2. Over its range of validity (T~ 320'K)
this curve agrees with the data within experimental
error, which tends to increase at the lowest tem-
peratures.

In this comparison of experiment and theory we
have ignored the contribution of the Fe ' ions to
K„. It is known that iron garnets with no magnetic
ions whatever on the c sites can still show growth-
induced anisotropy, with IK„~ - 5m10z erg/cmz at
300'K. ' This might affect the absolute magni-
tude of K„by up to 25/0. However, it is unlikely
to make much difference to the temperature de-
pendence, since it depends on the same function of
temperature, (S„), which is the dominant term in
the temperature dependence of the Eu3' contribu-
tion.

%e conclude that there is no significant devia-
tion of the data from the theoretical temperature
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It is convenient to write the site occupancies c;
in a form analogous to Eq. (3)'7:

c, =co+c (p, ——,')+c (p„—p, ), (16)

where P is the growth direction referred to the
principal axes of the ith site, cQ is the average
concentration of the magnetic ion, and c and c
are parameters which may vary with growth direc-
tion and from one film to another.

It can be shown that for a (001}film of garnet,
containing only one type of magnetic ion on the c
sites,

t t
Kg EjQQ EQQf 3KQc so

while for a (Ill) film
tt tt

K+ —EggQ Eggy = 31VQc 26 ~ (IVb)

Here E», is the free energy when the magnetiza-
tion lies along [heal]; NO=1. 25x10 cm ', the den-
sity of c sites, and the parameters zo and sv ap-
pea, r in Eq. (3). Thus, if we measure K„ for {001)
and (lllj films and can calculate w and u, we
can deduce the site-preference parameters c and

tlc
The saturation magnetization of a garnet of com-

position Y, „Eu„FegOgp is too high for use as a bub-
ble material, and it is customary to reduce the
magnetization by substituting Al or Qa for Fe. The
fraction of d sites occupied by Fe3' ions is 3y, and
only a fracticn —,'y' of the Eu" ions see the full ex-
change interaction. A further fraction ~y(3 —y)
has one nearest Fe3' neighbor instead of two.
Again assuming that the contributions of these two
Fe ' ions to the molecular field are additive, then
(psIIO) and, consequently, gg, and gg„are reduced
by a factor of —,

' for these sites. %e ignore the
effect of spin correlations on this correction.
Hence the average values of zg, and gg, are reduced
by a factor ~8(3+y). This is typically 0. 6 in our
films. Including this factor, we have for the val-
ues of ge and gg at 0 'K, from Sec. III, Q

so (0) =+ 5. 6 cm

~

~"(0)
~

=1.2 cm-'.

The (111)film of Lu~Eu iron garnet measured to
low temperature has K„(0)= 1.06@10' erg/cm',
when I c I =0.06. Since cQ

——0.49, the relative
site preference is I

c' l/co=0. 12. If we use the
theoretical temperature dependence to obtain K„(0)
from K„(300) for the (III) film of Y2Eu iron garnet,
we obtain c /co= 0. 16. With the same assumption,

dependence. Furthermore, we tentatively con-
clude that the data provide at least qualitative evi-
dence for the validity of our heuristic approach to
spin correlations (Sec. IIID).

B. Determination of Site-Preference Parameters

the (001) film has c /co=+ 0. 2.
Thus we find site preferences of the same order

in (001) 2nd (111)films and in films of different
composition. If we extrapolate to zero concentra-
tion, using Callen's formula for the concentration
dependence" we obtain c'/co- I

c" I/co-0. 25

(c,-0) for Eu" in YIG or LuIG. These numbers
can be compared with the results of spin-resonance
measurements on films of YAG (yttrium aluminum
garnet) dilutely doped with Nd '. There c'/co is
so large that Eq. (16) breaks down and must be re-
pla, ced by an equation of the form

1 ( / o) =( '/ o)(P,
' - -')+( "/ ) (P'. P,'-)

with c /co-1. 3. On the other hand, c /co is small
and uncertain: A typical value is 0.05. We are
unable to account for this great difference, which
suggests that the mechanism of site selectivity is
different in the two systems.

The fact that c /co is much the same in the LuEu
and YEu garnets is surprising. The ionic radii of
Eu and Lu differ by 0. 042 A, those of Eu and Y by
only 0.023 A. 33 The data on growth-induced an-
isotropy in facetted bulk crystals~' and direct mea-
surements of site occupancies by spin resonance34
have shown that c //cQ depends strongly on differ-
ences in ionic radii. It appears that this may not
be true of c /co.

C. Grow th-Induced Anisotropy in Other Garnets Containing
Europium

The growth-induced anisotropy of a (Ill) film
with the compositj. on Er~EpQaQ ~ AlQ. 7 F 3.6O~a be-
tween 98'K and the Curie point of 370'K was re-
ported earlier. ' If we normalize these data to our
present data at 300 K we find that the temperature
dependence of K„ is the same for films with or
without Er down to 160'K, as shown in Fig. 4.
Even at 100'I there is only a 20% deviation. It
appears that Er makes very little contribution to
the anisotropy except at low temperatures. This
agrees with the general result of Qyorgy el; al.
that the rare-earth ions heavier than Tb do not give
a large growth. -induced anisotropy at room tem-

peraturee.

Measurements of the bubble parameters of (111)
LPE films of several garnets containing europium
have been reported. 36 The measurements cover
the range 0-100 C. The relation between these
parameters and E„ is indirect, but the data are in
qualitative agreement with those reported here.

Recently, an ingenious optical technique for ob-
taining the anisotropy of a bubble material directly
has been devised. " This technique has been used
to obtain K& and K„, between room temperature and
the Curie point, for (111)films of the following

QaQ. VFe4.3O1& Eu1.SsY&YbQ ~ 5Al( ~

Fe3 9 Ozz, and Eu&, Erz 3 AlQ ~QaQ BFe .50' p ~
' The
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data are in reasonable agreement with our theory,
and the site-preference parameter e has the same
order of magnitude as in our films. However, the

200 500 400
TEMPERATURE ( Kj

FIG. 4. Comparison of the molecular-field theory of
the anisotropy of Eu3'(solid line) with the data (circles) on
a (111)garnet film of composition ErszuFes sGap tAls t Ots
(Ref. 35). The theory is normalized to the data at 300'K,

theory does not claim to be accurate in this tem-
perature range, and the fit cannot be regarded as
particularly significant.

D. Magnetostriction in EuIG

If the magnetostriction is dominated by a single
mechanism (crystal field or anisotropic exchange),
it should vary with temperature according to tst, (T)
or w, (T) in Fig. 3 (appropriately corrected for spin
correlation effects). We plot Iida'ss' results for
~100 and ~111 of EuIG, corrected for the Fe contri-
bution by subtracting the values for YIG, and nor-
malized at 7V'K, in Fig. 3. The VV'K point is
subject to a +15% experimental uncertainty. With-
in this uncertainty agreement with theory is good,
although we cannot say for certain which curve,
after correction for spin correlation effects, would
give the better agreement.
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A quantum-mechanical theory is given for the transition temperature and the nature of the ordered state
for a system of spins interacting through general magnetic forces. The transition temperature and the
ordered state below it are found to be, respectively, the lowest eigenvalue and the corresponding eigenvector
of an Hermitian matrix derived quantum mechanically, within the framework of the molecular-field
approximation. The method is then applied to the pure dipolar systems dysprosium ethyl sulphate and
cerium magnesium nitrate.

I. INTRODUCTION

The low-temperature thermal and magnetic
properties of some rare-earth salts, e. g., dys-
prosium ethyl sulphate (DES) and cerium mag-
nesium nitrate (CMN) indicate the predominance of
magnetic -dipole interactions between the rare—
earth ions. '~ The ordered state of such crystals
has been predicteds'4 using the classical method
of Luttinger and Tisza for minimizing the dipole-
dipole interaction energy. One hopes that the pre-
dicted configuration of minimum energy is a good
approximation to the actual ground state. How-
ever, no direct estimate of the transition tempera-
ture T~ has been given.

The purpose of this paper is to present a quan-
tum-mechanical estimate of T~ within the frarge-
work of the molecular-field approximation. The
ordered state below T~ will also be given. A mo-
lecular-field theory on magnetic structures has al-
ready been published by Villain who considered
however only isotropic -exchange interactions. In
the following we shall assume a general type of
pairwise interaction. The results will then be ap-
plied to pure dipolar systems.

II. THEORY

We start with the Hamiltonian

z=- Z Z e",„s*',s'„, (1)
VV

where S~ is the ItL component of an operator which
is localized on the ith position in the lattice. This
operator may have rather general properties, but

for an easy understanding of the sequel it would
best be regarded as a spin operator of the jth atom
having 8 = S(s+ 1). Now p, , v run over x, y, z and
g" is a general interaction between i and j.

In the molecular-field approximation the Ham-
iltonian in Eg. (1) is approximated by

z=ZZ U*,'„(s„')s', ——ZZ v*,'„(s*„)(s„').
Zg PV f J VV

The Hamiltonian in Eg. (2) can further be written

3C=Z H; e

where

H,. =Z Z ~',~„(s„')s'„-—Z Z b'„'„(s*,)(s„') .
PV j gv

(4)
Thus we have reduced the problem to that of inde-
pendent noninteracting single particles, each of
which is described by the Hamiltonian in Eg. (4).
The partition function is a product of the partition
functions

where

Z, =Pe exp —llE E e'„(S„')S'„)
PV

x exp —,
' v'„'„S'„8'„

gv

and p= 1/pT. The free energy of the system is


