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Entanglement in mesoscopic structures: Role of projection
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We present a theoretical analysis of the appearance of entanglement in noninteracting mesoscopic structures.
Our setup involves two oppositely polarized sources injecting electrons of opposite spin into the two incoming
leads. The mixing of these polarized streams in an ideal four-channel beam splitter produces two outgoing
streams with particular tunable correlations. A Bell inequality test involving cross-correlated spin currents in
opposite leads signals the presence of spin entanglement between particles propagating in different leads. We
identify the role of fermionic statistics and projective measurement in the generation of these spin-entangled
electrons.
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Quantum entangled charged quasiparticles are perceivadition, “filters” may be used to inhibit the propagation of
as a valuable resource for a future solid state based quantuamwanted components into the spatially separated fedds,
information technology. Recently, specific designs for mesothus enforcing a pure flow of entangled particles in the out-
scopic structures have been proposed which generate spgeing leads. The successful generation of entanglement then
tially separated streams of entangled parti&fédn addition,  is measured in a Bell-inequality-type setifpA surprising
Bell-inequality-type measurements have been conceivefi€W feature has been recently predicted with a Bell inequal-
which test for the presence of these nonclassical and nonidly test exhibiting violation in a noninteracting systénf.the
cal correlations:* Usually, entangled electron pairs are gen-duestion arises as to what produces the entanglement mani-
erated through Specific interactiofmg_, through the attrac- fested in the Bell inequa"ty violation and it is this question
tive interaction in a Superconductor or the repulsiveWhiCh we wish to address in the present work. In order to do
interaction in a quantum doiand particular measures are SO, We describe theoretically an experiment where we make
taken to separate the constituents in spéeg., involving ~ Sure that the particles are not entangled up to the point where
beam splitters and appropriate filtersiowever, recently it the correlations are measured in the Bell inequality setup;
has been predicted that nonlocal entanglement as signalégvertheless, we find them violated. We trace this violation
through a violation of Bell inequality tests can be observed?@ck to an entanglement which has its origin in the conflu-
in noninteracting systems as weif The important task then
is to identify the origin of the entanglement; candidates are g
the fermionic statistics, the beam splitter, or the projectionin  ,
the Bell measurement itséff:® ’V

Here, we report on our study of entanglement in a nonin-
teracting system, where we make sure that the particles en
counter the Bell setup in a nonentangled state. Nevertheles:
we find the Bell inequality to be violated and conclude that
the concomitant entanglement is produced in a wave
function projection during the Bell measurement. This typew
of entanglement generation is well known in quantum YY
optics* where entangled photons are generated through pro -H
jection in a coincidence measurement. Also, we note that ) , :
wave-function projection as a resource of nonlocal entangle- ~'C: 1. Mesoscopic normal-metal structure with a beam splitter
ment is known for single-particle sourcéBock state)slo a generatlng two streams of electrons with tunaplg correlatlons in the
scheme working for both bosons and fermions. What is dif W outgoing arms u and d. The sourdeft) injects polarized
ferent in Refs. 5—9 and in the present work is that the source, alc-mg thez axis eIeCt-rons into the Source-leads -S-anabe beam

» . . ~-splitter mixes the two incoming streams with a mixing angleThe

are many-pgrtlcle states in Ioca! therma_ll equilibrium. It _'Sscatterec{or outgoing beams are analyzed in a Bell type coinci-
then essential that one deals with fermions; wave-functiojence measurement involving spin currents projected onto the di-
projection Cannog create entanglement out of a t|f‘e"m"3Y|ectionsia (in the u leadl and =b (in the d lead. The injection
source of boson: reservoirs are voltag¥ biased against the outgoing reservoirs. The

The generic setup for the production of spatially separateg@ell inequality test signals the presence of entanglement within the
entangled degrees of freedom usually involves a source innterval |9—45°<12.235°. We relate this entanglement to the
jecting the particles carrying the internal degree of freedonpresence of spin-triplet correlations in the projected part of the scat-
(the spirt*"9or an orbital quantum numbt®® and a beam  tered wave function describing electron pairs distributed between
splitter separating these particles in space, see Fig. 1. In athe arms.
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ence of various element§) the Fermi statistics provides a polarizing field H; the incoming electron streams then are
noiseless stream of incoming electrofis), the beam splitter fully polarized (the magnetic field is confined to the reser-
mixes the indistinguishable particles at one point in spac&oirs).

removing the information about their origifiji ) the splitter The spin correlations between electrons in leads x and y
directs the mixed product state into the two leads thus orga@re conveniently analyzed with the help of the two-particle
nizing their spatial separatioriv) a coincidence measure- density matrix(or pair-correlation function

ment projects the mixed product state onto {&pin-) Xy P - - -

entangled component describing the electron pair split be- 95 (XY) =Tr(pWy, ()W (Y)W yo (¥)Wie, (X)) (1)
tween the two leaddy) measuring the spin-entangled state ) « )

in a Bell inequality test exhibits violatiofthe stepgiv) and ~ With trace over states of the Fermi sea. Helg,, are field

(v) are united in our setdpNote that the simple fermionic ©OPerators describing electrons with spirin lead x andp is
reservoir defining the source in Ref. 9 injects spin-entangled® density operator. The pair-correlation functi@his con-

pairs from the beginning; hence an analysis of this syster?{ex';iemly expgesseg through the one-particle correlators
cannot provide a definitive answer on the minimal setup pro-G(r;(X:y)E(‘I’XU(X)‘I’yE(y)%

viding spatially separated entangled pairs since both the xy XX W Xy x
source and/or the projective Bell measurement could be re9s (X,Y) =Gy (0G5 (0) =G, (x=Y)Gg 4, (Y = X).
sponsible for the violation. (2

Below, we pursue the following strategy: We first define arypo e particle correlators can be written in terms of a
particle source and investigate its characteristic via an analy- : . xy _
roduct of orbital and spin parts, G’ (X,y)=

sis of the associated two-particle density matrix. We thergxy(x V)x¥(o,5), and split into equilibrium and excess
define the corresponding pair wave functi@hus reducing terms, X o

the many-body problem to a two-particle problerand ’
determine its concurrence following the definition of Xy _ Xy, T Xy, T
Schliemanret al*®for indistinguishable particlegnore gen- CorolXY) =Ced XY Xeg 7:0) + e X:Y) Xl 0,0, 3)
erally, one could calculate the Slater rank of the wave func-

tion, cf. Ref. 13; here, we deal with a four-dimensional one-with G,(x,y) vanishing at zero voltag¥ and zero polariza-
particle Hilbert space where the concurrence provides &on field H.

simple and quantitative measure for the degree of entangle- In order to find the two-particle density matrix in the
meni. For our specially designed source we find a zero consource leads s, we make use of the scattering states
currence and hence our incoming beam is not entangled. We

then go over to the scattering state behind(thaable beam ‘i’s= 2 e*a, +e *(cosde 148, +sin e ¢akg),
splitter and reanalyze the state with the help of the two- ko

particle density matrix. We determine the associated two-

particle wave function and find its concurrence; comparing . ol ik oA ) g

the results for the incoming and scattered wave function, we ‘I’s_—kE e™*by,+e " (cosde'?dy,—sinde '"Cy,),

will see that the concurrence is unchanged, a simple conse- 7

quence of the unitary action of the beam splitter. Howeveryhere 3, , Bka denote the annihilation operators for elec-
the mixer removes the information on the origin of the par-trons in the source reservoirs s andish momentumk and
ticles, thus preparing an entangled wave-function componenfsin - {1,|} polarized along the axis and time evolution
in the output channel. Third, we analyze the component Otxexp(—iekt/ﬁ), e.=12k2/2m; the operatorg,,, andakg an-

the wave function to which the Bell setup is sensitive andyjpjate electrons in the reservoirs attached to the outgoing
determine its degree of entanglement; depending on the mifa sy and d, respectively. Also, we make use of the stan-
ing angle of the beam splitter, we find concurrencies betweeq,y narametrization of a reflectionless four-beam splitter,
nally, we determine the violation of the Bell inequality as u

measured through time-resolved spin-current cross correla- (d) =

the degree of entanglement of the projected state as eXiith the anglesd e (0,7/2), @, e (0,21); without loss of
pressed through the concurrence. generality we will assumep= =0 in what follows. The
voirs with opposite polarization directed along theaxis. —G(x—y) takes the form

The polarized electrons are injected into source leads s and s

0 (no entanglemeitand unity(maximal entanglementFi-
e'cosd —e'’sind) (s
: O “ising e 1®cosd : (4)
tors and find agreement between the degree of violation and € "Sinu € TCosU/\S
Our source draws particles from two spin-polarized resery pital part of the one-particle correlatoG™(x—y)
and are subsequently mixed in a tunable four-channel beam

splitter, see Fig. 1. The outgoing channels are denoted by u Ged X) = SmkF, (5)
(for the upper leadand d(the down leagl The spin correla- mX

tions in the scattering channels u and d are then analyzed in )

a Bell-inequality test. The polarized reservoirs are voltage G )a(x):e*i(k,ﬁkv)xsmkvx ®)
biased witheV= ugH/2 equal to the magnetic energy in the e X
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with ky=ke(eV/er) and er (ke) the Fermi energywave  [gii(x,x)]e=|Gex 0)| cos (ol 1){T|oa)(oal 1){ 1| rs)
vectop in the unbiased system. The spin factors for the equi-

librium and excess parts read, +sin9(ay| | )(Loa) (a2l T){T]o3)
+coS st 91| 1)(Toa) (o2l L)(L]os)

B - — B +coS 9 sit o] L ){(L|og) (oo 1)(T|oa)].
Xal 0, 0)=(a|1){(1]o),  xado.0)=(all)(l]o), (7) (10)

the latter describing the injection of polarized electrons intoHence, a symmetric splitter(= m/4) produces the spin cor-
the leads s and. §inally, the cross correlation function be- relations of a triplet state % ={1)Jl | Ya+|1)d1)d/ V2 in-
tween the source leads vanish€s,(x—y)=0, and the fi- volving two electrons separated in different leads u and d but
nal result for the excess part of the pair-correlation functiorat equivalent locations=y. The general case with arbitrary
between source leads reads mixing angled results in a density matrix describing a pure
B state involving the superpositiofyy® +cos 2|y of the
(950 ]ec= |Gel 0K sl 1)(1aa) (o2l 1)( L] os). (8)  @bove triplet state and the singlet stdtekg)=I11)ul 1)
—|1)d1)d/ V2. The analogous calculation for the two-
This result then describes the injection of two uncorrelatecparticle density matrix describing electrons in the same out-
streams of polarized electrons into the leads s afdigher-  going lead x equal u or d points to the presence of singlet
more, statistical analysistells that the Fermi statistics en- correlations,
forces injection into each lead of a regular stream of particles

Xe(o.0)=(0]a),

separated by the single-particle correlation time=7%/eV. [G5(X,Y) Jex= |Gex(0)|X 01| o) T5| 73)

The full many-body description then is conveniently reduced

to a two-particle problem where the two reservoirs inject a —|Ged X=X o1 og) {0zl o). (1)
sequence of electron pairs residing in the wave function

Tﬁfﬂ(ﬁi@%‘%(ﬁé]/\/ﬁ with ¢¢ (¢5) the single- Again, the above results can be used to reduce the prob-

particle wave functions associated with electrons in the upl€M from its many-body form to a two-particle problem.
per (lower) source lead. This wave function is a simple SlaterGiven the incoming Slater determinait;;” we obtain the
determinant and hence nonentangled according to Ref. 13.scattered stateW.5 through the transformationg
Next, we extend the above analysis to the outgoing leads~Cosv ¢, +sind¢y, describing scattered spih electrons
u and d. The scattering states in the outgoing leads take ttefiginating from the source lead s anfls — —sindd,,
form +cosd¢y for excess spinl- electrons from gthe wave
functions ¢,,= ¢4x, describe electrons with orbitabpin)

wave functiong, (x,) propagating in lead x The resulting

V= kE e G, +e'*(cosa,—sindby,), scattering wave function has the form
Woi=sindcosd[ didixs;— badixsgl + Puaxy’
1 —ikx ikx R S ga _
= + + .
v, kzo e~ kxd, +e**(cosdby, + sin Iay,) +cos 2002, 12

The excess particles injected by the source leads now amghere the first two terms describe the propagation of a spin-
mixed in the beam splitter and thus nonvanishing cross corsinglet pair with the wave functiopes= (x1x°— x[x))/V2

relations are expected to show up in the leads u and d. Thie the upper and the lower lead. The last two terms describe
one-particle correlation function assumes the fd8nwith ~ the component where the electron pair is split between the u

the orbital correlator$5) and(6) and spin correlators and d leads; it is a superposition of singlet and triplet states
B B [xe’=(xTx*+ xxD)/\2] with corresponding symmetrized
Xedo,0)=(olo), xeu.d, and antisymmetrized orbital wave functiomsii= (5 b3
B B B + pip2)12 and P la=(pLdi— pLp2)/2. The entanglement
Xol(o,0)=cogH a|1){1|a)+sitHa| | ){||o), present in these wave functions is easily determined using
the formalism developed by Schliemaenal:!® The wave
dd, = _ o — — function associated with a pair of electrons can be written in
o,0)=sifHo o)+ cogH o g), P
Xel 0:0) (elD{Tlo) (elh{llo) terms of a single-electron bas{ss}, V=3 ¢iw;; o7,
udr = du . — : — where the antisymmetric matriw;; = —w;; guarantees for
Xex(0,0) = Xex( 07,0) = oS sind[{a|T)(T]0) the proper symmetrization. The analysis simplifies drasti-
—(a|I){(]]a)]. (9) cally for the case where the one-particle Hilbert space is four

dimensional; then theconcurrence C(WV)=8detw(W¥)
Evaluating the excess part of the two-particle cross correlagives a quantitative measure for the entanglement present in
tions between the leads u and d at the symmetric position the wave functionV', C(W)=0 for a nonentangled state and
=y we find C(W¥)=1 for a fully entangled wave function. For our setup
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the one-particle basis is defined sy, , ¢y , da; , bq;} and leads, we determine the irreducible current cross correlator
the matrixw(¥,,) describing the scattered statg?) as- and factorize into orbital and spin partsC, ,(X,y;7)

sumes the form =Cyy(7)Fap, with F, ;, accounting for the spin projections.
Using standard scattering theory of notS@ne obtains the
0 —sin 29/2 0 cogd orbital cross correlatofonly the excess part gives a finite
1| sin2072 0 sirfo 0 contribution)
RUERNC B — sin2d 0 sin29/2 | 2sif29  eV(r—r.)
—co9 0  —sin20i2 0 Cxy(1)= = — 5—sif ————a(r—7..0),

The concurrence of the scattering stét8) vanishes, hence (15
Yo is nonentangled and takes the form of an elementaryith «(r,6)=7260%/sinkf[wordh], v =(x*=y)lvg, 6 the
Slater determinant. Next, let us analyze the concurrence aémperature of the electronic reservoirs, andthe Fermi
that part of the scattering wave function to which our coin-velocity. In order to arrive at the res\lt5) we have dropped
cidence measurement in leads u and d is sensitive. The corterms small in the parametés’ — €|/ e.*° The spin projec-
ponent describing the two_particles split between the leadgion F,, assumes the form

readsW ;3= ® 3y >+ cos 20 Dy, cf. Eq. (12). This pro-

jected state is described by the matrix Fap=(a T){T[b)(b[T){T]ay+(alL){L|b)blL){]|a)
0 o 0 oo (@) (1IbXbl 1)(L1a)—(al 1)(Lb)(bI T)(1])-
1 0 0 sirt 9 0 We express this result in terms of the angigsand ¢, de-
WiU.d:_ ) , scribing the direction of magnetization in the u lead filters
2 0 —sif9 0 0 and 6y, ¢, referring to the filters in the d lead and find that
—cogY 0 0 0 Fa,b:F—a,—b:F;—,bv I:—a,b:Fa,—b:FaT,b' and
from which one easily derives the concurrenéé\lfﬁﬁ) F§b=(ltcos¢9acoseb1 COS@4pSiN ,5iN6)/2,

=sirf29; we conclude that the compone#it; detected in a
coincidence measuremelis entangled Furthermore, the
concurrence is equal to unity for the symmetric splitier + -
= /4 where we deal with a maximally entangled triplet state E(a,b)= 2Cxy(DIFap~Fapl+ A ,

[note the loss of information about which electi@om s or 2C, y(T)[FaptFapl T A

's) enters the lead u orJdWe conclude that a Bell inequality ~ ~ A - .

test sensitive to the split part of the wave function will ex- With ~ A==[{la)=(l_»][{ls)=(I-p)]. Evaluating the
hibit violation. We attribute this violation to the combined prolecé'ted current  averages  one zobtamsAz,
action of(i) the splitter where the information on the identity = — € (2€V/h)“cosé, cosé, 0052219 and A, =e“(2eV/h)*.

of the particles is destroyed and the entangled componert"€ triplet state is rotationally invariant within the pladg
\Pﬁs is “prepared” and(ii) the wave-function projection in- — 0b=7r/_2 and _choosmg filters within this equatorial plane
herent in the coincidence measurement and “realizing” the"e Bell inequality(Bl) takes the form

entanglement.

with ¢,,= ¢.— ¢ . The correlatoiE(a,b) takes the form

The Bell-type setulf in Fig. 1 measures the correlations Cry(7)LCOS@an— COSgat COSpa + COSPal <1.
in the spin-entangled scattered wave functib?,. It in- 2Cxy(1)+ A, |
volves the finite-time current cross correlat@g,(X,Y;7)  Its maximum violation is obtained for the set of angles
=((l4(x,7)1p(y,0))) between the spin-currentg(x,7) pro- =0, ¢,=7/4, g= /2, ¢,=37/4,
jected onto directions (in lead Y and partners,(y,0) (in

lead d projected ontob. These correlators enter the Bell £ 2C, y(7) _ 1 1
inequality @ andb denote a second set of directipns BIT 2C, (1) +A L - E (16)
|E(a,b)— E(ab)+E(ab)+ E(EE)| <2 (13)  Evaluating the above expression in the limit of low tempera-
) _ turesf<eV and at the symmetric positioo=y, we arrive at
via the current difference correlators the simple form
1) —1_a(D)][15(0)— 1 _4(0) i i
E(a,b)=<[Aa( (D60 1 b ]>. (14) sirP2:9 sirt(eVr/h) _ i an
([Ta(n)+1_(1)][15(0)+1_5(0)]) 2(eVrlh)2—siP29 sirk(eVrlh) 2

The cross measurement in different leads implies that thgve observe that the violation of the Bell inequality is re-
setup is sensitive only to the spin-entangled split-pair parttricted to short times< 5= ry=7#/eV (Ref. 9; the rel-
W3 of the scattering wave function and hence the Bell in-evance of a coincidence measurement involving the short
equality can be violated. Making use of the field operatorsime 7, was noticed in Refs. 6 and.4At high temperatures
V¥, and V4 describing the scattering states in the outgoingé>eV the Bl is violated as well, although the time interval
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for the violation shrinks torg,=#%/6, cf. Eq.(15). The de- freedom. For example, the pair of edge channel states in the
gree of violation strongly depends on the mixing anglef  quantum Hall devices of Refs. 5 and 8 assume the role of our
the beam splitter, with a maximal violation realized for aspin-up and spin-down states with particles injected from
symmetric splitterd=m/4 generating a pure triplet state independent reservoirs as required in our setup. In Ref. 5 a
across the two arms. The Bell inequality cannot be violatedHall bar is divided up through a split gate electrode playing
for asymmetric splitters withd — /4| >0.2135(correspond-  the role of the tunable«) splitter in our setup. The device
ing to an angular widthd —45°|>12.235°): evaluating the described in Ref. 8 involves a Mach-Zehnder geometry,
Bl (17) at zero time differencéi.e., in a coincidence mea- where the tunable splitter is implemented through a combi-

surementwe find the condition nation of constrictionglabeled C and D in Ref.)8and an
additional flux penetrating the loop. Alternatively, a setup
sik29 1 where the mixing is realized in a chaotic quantum dot has
P (18)  been described in Ref. 6.
2—si29 2

It is interesting to analyze the setup described in Ref. 9 in
from which one derives the critical angled, the light of the findings reported here. The setup in Ref. 9
= (arcsii2/(y2+1)]¥3/2=0.572 (or 9,=32.765°). The involves a simple normal reservoir injecting pairs of elec-
appearance of a critical angle naturally follows from the facttrons into a source lead which are subsequently separated in
that the measured wave-function compondrﬂﬁ assumes space by a beam splitter. The injected pairs reside in a spin-
the form of a simple Slater determinant in the limifs  singlet state involving the identical orbital wave function,
=0,7/2 and hence is not entangled. Note that the product off’ ;’= ¢:pZxss; the entanglement observed in a Bell in-
average currentd , is the largest term in the denominator of equality test then has been attributed to the entanglement
Eqg. (16) and hence always relevant. A similar setup with associated with this spin-singlet state. One may criticize that
bosonic thermal reservoirs does not violate the Bl at anyhis incoming singlet, being a simple Slater determinant,
time, a consequence of the sign change in the irreduciblgg not entangled according to the definition given by
current-current correlator implying the addition of two posi- Schliemanret al'® However, after the beam splitter the or-
tive terms in the denominator of EGL6). Qualitatively, the  pjtal wave functiongs is delocalized between the two leads,
absence of the BI violation for thermal bosons follows from ¢ . & =t ¢+ tehg, With tg, and tey the corresponding
the property of Bose statistics allowing for the simultaneousscattering amplitudes. While the scattered state remains a
emission of two identical particles by the same r.eserc{/ow. Slater determinanﬂ}éﬁt:q)]-(pzxég, the singlet correlations

In conclusion, we have described a mesoscopic setup Withoy can be observed in a coincidence measurement testing
a source injecting nonentangled electron pairs into tWGhe cross correlations between the leads u and d. Hence the
source leads s and Subsequent mixing of these particle gpin entanglement is produced by the reservoir, but its obser-
streams in a four-channel beam splitter does not generaigtion requires proper projection. It is then difficult to trace a
entanglement between the particles in the two output leads gnique origin for the entanglement manifested in the viola-
and d. However, proper mixing of the incoming beams in thejoy of 4 Bell-inequality test. The appropriate setup to ad-
splitter removes the information on the path of the incomingyress this question should involve a reservoir injecting par-
particles and generates a wave function component descrifjzjes with opposite spin residing in a Slater determinant of
ing electrons split between the leads u and d which is eng . (). ‘I’%12=[¢§¢§l—¢§l¢§]/\/§, which is not en-

ta".‘g"?g- It is this compor;erfn Véh'l(l:h mannﬁstts |ttselfd|n thetangled in the spin variable. Such an analysis has been pre-
coinciaence measurement ot a sell-inequality test and propely o4 pere with the result that the orbital projection in the

violation is observed at short times. This analysis answers iy igence measurement is sufficient to produce a spin-
the question regarding the origin of entanglement observe ntangled state

in the Bell inequality test applied to the present noninteract-
ing system. A modified setup where the particles propagate We acknowledge discussions with Atac Imamoglu and fi-
downstream after a coincidence measurement lends itself amncial support from the Swiss National Foundation
a source for spin-entangled particles, cf. Ref. 10. (SCOPES and CTS-ETHZthe FZ Jlich, the Russian Sci-
Experimental realizations may be more simply imple-ence Support Foundation, the Russian Ministry of Science,
mented using entangled orbital rather than spin degrees @ind the program “Quantum Macrophysics” of the RAS.
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