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We show that high-energy electron injection into a polar semiconductor can lead to a spontaneous splitting
of the electron beam into two distinct groups with different velocity distributions. While one group of electrons
experiencesthermalizationin a given subthreshold field, the velocity and energy of the second group increases
with distance due to the previously unknown low-field electron runaway effect. We investigate the dependence
of the carrier distribution on the injection energy, and show that the overall distribution exhibits a partial
population inversion with a distance-dependent energy gap between the thermalized and runaway electrons.
The low-field runaway is a universal effect which is characteristic of nanoscale semiconductors where polar
optical phonon scattering predominates and there is a large intervalley energy separation as in the group-III
nitride heterostructures.
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When a strong electric field is applied to a semiconductor,
the steady state of the electrons is determined by specific
scattering mechanisms. In a polar semiconductor where scat-
tering is dominated by optical phonons, it is well known that
this steady state ceases to exist for a range of electric fields
above some critical value.1,2 Such an effect is related to the
Coulomb nature of the electron–polar-optical-phonon scatter-
ing. The rate of this scattering is inversely proportional to the
square of the momentum change during a scattering event
and, thus, decreases for the electrons with high momenta and
energies. Above the critical field, the electron momentum
and energy gained from the field cannot be relaxed to the
lattice when a sufficiently large number of carriers streams
into the high-energy states with a relatively low scattering
rate. The carriers then accelerate toward higher energies, giv-
ing rise to the so-called runaway effect(RAE). In a bulk-like
sample, the electron runaway is eventually stabilized by such
factors as nonparabolicity, transfer to upper valleys, addi-
tional scattering mechanisms triggered at high energies,
breakdown due to the impact ionization of impurities or
across the bandgap, etc. These stabilizing factors have been
studied in detail for a number of polar materials.3–5 In a short
sample, however, the runaway can play an important role.

In most publications, the RAE was studied with the use of
the Boltzmann transport equation(BTE) under an electron
temperature approximation. An exception was made in the
seminal paper by Thornber and Feynman.6 Applying the
path-integral technique, Thornber and Feynman derived the
dependence of electron energy loss per unit length on the
electron drift velocity. The dependence, schematically pre-
sented in Fig. 1, has a maximum indicating that no steady
state exists above the critical field«th. For each field«* ,«th,
two steady-state velocities can be found. One velocity, de-

noted asvs, corresponds to the stable steady state, while the
other, denoted asvu, is the unstable solution. This result en-
abled Thornber and Feynman suggest that a carrier injected
into a sample with a velocityvi .vu can be accelerated infi-
nitely (i.e., run away) even in a subthreshold field. Although
this low-field runaway effect has a fundamental character, it
has never been observed nor investigated in detail.

To observe the low-field runaway, the energy of the in-
jected carrier must not exceed the intervalley separation in
the conduction band. On the other hand, the relationvi .vu
has to be satisfied. These two requirements cannot be
achieved simultaneously in most of the conventional polar
semiconductors. However, the progress in growth, fabrica-
tion, and characterization of group-III nitride semiconductors
revealed that these wide-gap polar materials can satisfy all
the requirements of the low-field runaway. Electron–polar-
optical-phonon coupling in group-III nitrides is much stron-
ger than that in III–V compounds.7 The Fröhlich coupling
constants are estimated to be 0.22, 0.41, and 0.74 for InN,
GaN, and AlN, respectively(compare to 0.075 for GaAs).
Thus, high-field electron transport is mainly determined by
the interaction with polar optical phonons. The intervalley
separation and breakdown fields in these materials are in the
range of 1–2 eV and MV/cm, respectively. In addition, the
recent application of the Thornber and Feynman formalism
has suggested the possibility of low-field runaway in group-
III nitride materials.8

In this paper, we calculate the steady-state carrier distri-
bution function in a nanoscale sample operating in the low-
field runaway regime. The results demonstrate that a well-
developed low-field runaway can be achieved in the wide-
gap semiconductors such as group-III nitrides causing
spontaneous formation of a two-beam distribution: namely,
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the splitting of the injected electron beam into two distinct
groups of carriers, each with different dynamics. In the first
group, the carrier velocity reduces to the thermalized value
vs that corresponds to the stable steady-state velocity in a
given subthreshold field. In the second group, the average
velocity and kinetic energy increase with the distance. The
spontaneous formation of the two-beam electron motion in a
short sample is a previously unknown effect which is in-
duced by the instability of the momentum and energy loss–
gain balance of hot electrons in subthreshold fields.

To obtain the electron distribution, we solve the BTE ana-
lytically using the following assumptions: Electrons are in-
jected into the sample over an emitter barrier with the distri-
bution functionf sinjdsv' ,vzd= fsv' ,vz,z=0d=dsv'

2 ddsvz−vid,
wherez is the real-space coordinate andvz and v' are the
parallel and perpendicular projections of the electron veloc-
ity with respect to the applied field; the electric field is per-
pendicular to the barrier heterointerface; the concentration of
the injected electrons is small enough to neglect the
electron–electron interaction; and emission of the longitudi-
nal optical(LO) phonons is the only scattering mechanism.
Since the BTE is linear, the insignificant normalization factor
in the distribution functionf is omitted. To carry out the
analysis, we use the following dimensionless variables: the
electron energye in units of LO phonon energyELO="v;
electron velocityv in units ofVO=Î2ELO/m, wherem is the
effective mass; electric field« in units of ELO/elO, where
lO="2k0k` /e2msk0−k`d with the low-frequency and high-
frequency permittivities of the crystalk0 and k`; and the
distancez from the injection point in units of«z/ lO. In such
a representation, the results are dependent only on two di-
mensionless parameters: the initial electron velocityvi and
the field«.

Emission of dispersionless LO phonons leads to the elec-
trons descending down the ladder of the energye: e0=vi

2,
e1=vi

2−1, . . . ,es=vi
2−s, wheres enumerates the stairs of the

energy ladder. Then, the distribution function takes the
form: fsv' ,vz,zd=os=0 fssv' ,vz,zd=os=0 dsv'

2 +vz
2−z−vi

2

+sdFssv' ,vz,zd. The factorsFs can be obtained recursively
from the BTE.9 A detailed description of the recursion pro-
cedure was published elsewhere.10 In general, we utilize an
approach similar to that previously used for the analysis of
high-field RAE.11

It is convenient to discuss the results by classifying them
in terms of the diagram of Fig. 1. In the model under con-
sideration, the threshold field«th for the RAE is approxi-
mately 0.5 andvth is the velocity corresponding to«th. We
found solutions of the BTE for the subthreshold field«
=0.44 with three different initial velocities:vi,A=0.9,vi,B
=1.9, andvi,C=2.9. The calculated distribution functions are
presented in Figs. 2(a)–2(c), respectively. For the carriers
injected withvi,As,vthd, the functionsFssvz,zd nearly repeat
themselves at each sublevels.1 and show hot electron ac-
cumulation near the band bottom. In this case[Fig. 2(a)], a
strongly dissipative(thermalized) transport regime occurs as
expected for a subthreshold electric field. The self-repeating
Fs at differents stairs is in sharp contrast to the case shown
in Fig. 2(d), where«@«th and the RAE is well developed.
Although the latter distribution is obtained for the same
vis=vi,Ad, it is characterized by an increase of average elec-
tron kinetic energy with distance, focusing of the carrier ve-
locity along the direction of the applied field, and dominant
population of the highest-energy stairs.

The distribution depicted in Fig. 2(b) exhibits the pres-
ence of both thermalized and runaway carriers. As shown in
Fig. 1 by the solid arrows, carriers with a velocity close tovu
can either accelerate or decelerate until they reach the veloc-
ity vs. As a result, a two-beam velocity distribution forms at
the same subthreshold field asvi increases. For the casevi
=vi,B, the contribution of high-energy carriers quickly decays
with distance, so that thermalized carriers predominate
throughout most of the sample. Only a small number of car-
riers run away, indicating the proximity ofvi,B to vth. Nev-
ertheless, due to the presence of the runaway carriers, the

FIG. 1. Energy loss per unit length vs drift velocity. In the
dimensionless units, the magnitude of this energy loss rate coin-
cides with the magnitude of field«. For example, in the steady state
an electron experiences energy loss ofW=eFZ while traveling a
distanceZ in an electric fieldF. When this dimensionless energy
lossW/ELO is divided by the dimensionless distanceZ/ lO, the re-
sulting expression(i.e., loss per unit length) matches exactly the
definition of the dimensionless field«. Solid arrows indicate ex-
pected changes in the average velocity near the pointssvs,«

*d and
svu,«*d.

FIG. 2. Distributions of electrons injected with velocities indi-
cated in Fig. 1 by(a,d) vi,A; (b) vi,B; and (c) vi,C.
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average drift velocityvd [shown for this case in Fig. 3(a)] is
not as small as that obtained for the electrons injected with
vi,A. In this case,vd is not only higher everywhere in the
sample, but it also has a tendency to increase with distance.
The oscillations invd are obviously caused by nearly peri-
odic emission of the phonons typical for thermalized elec-
trons. The presence of high-speed carriers also manifests it-
self as a weak broadening in the high-energy part of the
carrier energy distribution given in Fig. 3(b).

When vi increases tovi,C, the contribution of runaway
carriers increases significantly. As shown in Fig. 2(c), the
high-energy part of the distribution function decays much
more slowly with z and becomes comparable to its low-
energy counterpart only atzù10. The drift velocity, when
averaged over both electron groups, has a well-pronounced
main minimum atz<8 [Fig. 3(c)]. The value of this mini-
mum is higher than the drift velocities obtained for the case
shown in Fig. 3(a) after the first few oscillations. Moreover,
for z.8, a clear increase invd is observed. Since the relative
contribution of the thermalized carriers is smaller for this
case, we also observe a weaker velocity oscillation atz&8.
The increased role of the runaway carriers transforms the
high-energy tail into a strongly pronounced additional peak
as shown in Fig. 3(d). The shape and position of this peak is
distance dependent. As the distance increases, the peak shifts
to higher energies and becomes broader.

The development of the high-energy peak continues asvi
increases. The distribution function with the highest injection
energy under consideration(vi,D=3.6) is shown in Fig. 4. In
this distribution, the details of the low-field runaway can be
readily seen. Even atz.15, the energy stairs=1 remains
highly populated with the velocity of most of the carriers
focused along the direction of accelerating field. When scat-

tered from this stair, electrons tend to populate the stairs
=2 rather than to thermalize. The shape of the distributions at
stairs 2 and 3 is similar to that for runaway carriers in Fig.
2(d). The redistribution of the carriers between the high-
energy stairs occurs more slowly than the growth of their
energies leading to the runaway of high-energy carriers. Note
that the low-energy part of the distribution is always present
regardless of the injection energy. It becomes suppressed
only when«.«th.

The group-III nitrides and their alloys are suitable mate-
rials for the observation of the subthreshold runaway effect.
For GaN, we obtainm=0.18m0 (m0 is the free-electron
mass), k0=8.9,k`=5.35, ELO=91 meV,12,13 lO=35 Å, and

FIG. 3. (a,c) Averaged electron velocities vs distance and(b,d) carrier energy distributions at different distances. Electrons are injected
with velocities(a,b) vi,B and (c,d) vi,C. In (d), DECB is an estimate of the lowest possible value of intervalley separation in GaN.z=7 and
z=15 correspond to 0.055 and 0.118mm, respectively.

FIG. 4. Distribution of electrons injected with velocityvi,D (see
Fig. 1). The applied field« is 0.44 as in Figs. 2(a)–2(c).
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the threshold field«th=130 kV/cm.11 Then, the subthreshold
field «=0.44 corresponds to 115 kV/cm[Figs. 2(a)–2(c), 3,
and 4] and the field«=3.0 to 770 kV/cm[Fig. 2(d)]. The
velocity VO in this material is 43107 cm/s;z=7 andz=15
in Figs. 3(b) and 3(d) correspond to 0.055 and 0.118mm,
respectively.[The dimensionless diagram of Fig. 1 used the
estimates made for GaN in Ref. 8.] Thus, the required pa-
rameters can be achieved in nanoscale GaN-based hetero-
structures where the high-energy electrons are injected from
the wide-gap AlGaN barrier with an appropriately selected
Al composition. Our results are obtained for electrons in a
single valley with a parabolic energy dispersion. For the
well-developed two-beam distribution presented in Fig. 2(c)
and 4, a group of fast electrons occupies the states with quite
high energies. Two factors—nonparabolicity and upper
valleys—can affect the results. We made corrections for non-
parabolicity in GaN by incorporating the standard depen-
dencev2=«s1+a«d, wherea is the nonparabolicity factor,13

and found that, despite the visible effect, the nonparabolicity
does not prevent formation of the two-beam distribution as
shown in Fig. 3(d). The other qualitative features of the low-
field runaway are also preserved. The energies of the injec-
tion barriers used for our calculations as well as the energies
of runaway electrons shown in Figs. 2(a)–2(c) do not exceed
the energy splitting between the central and satellite valleys
in GaN.

Formation of the bimodal distribution by the low-field
runaway is qualitatively different from the results obtained in
ultrashort devices where the intercontact distance is of the

order of the electron mean-free path. In the latter case, a
finite number of electrons indeed can move ballistically
through the device, which also results in a second peak in the
distribution (see, for example, Ref. 14). The energy of this
peak obviously corresponds toeU with the applied voltage
U. The effect studied in our paper is found for essentially
dissipative electron transport with strongly inelastic optical
phonon scattering and for distances considerably larger
than the mean-free path(i.e., the low-field runaway is not
ballistic).

In summary, our results show that the subthreshold run-
away can be observed in polar materials with high values of
intervalley separation. The effect manifests itself in the spon-
taneous formation of a two-beam electron distribution and
other nontrivial features in the electron dynamics. Low-field
runaway is a complex phenomenon characterized by the
smooth development of the runaway distribution as the in-
jection energy increases.15 Due to the transient nature, this
phenomenon can occur only in nanoscale structures satisfy-
ing a number of stringent conditions. Experimental observa-
tion of the low-field runaway16 can be achieved in group-III
nitride-based three-terminal heterostructures similar to the
electron-energy spectrometer.17 This can open opportunities
in novel nanoscale devices for high-frequency generation,
tunable excitation of intracenter luminescence, and other ap-
plications.
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