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We study field-induced magnetic order in cubic lattices of dimers with antiferromagnetic Heisenberg inter-
actions. The thermal critical exponents at the quantum phase transition from a spin liquid to a magnetically
ordered phase are determined from stochastic series expansion quantum Monte Carlo simulations. These
exponents are independent of the interdimer coupling ratios, and converge to the value obtained by considering
the transition as a Bose-Einstein condensation of magngjs—= % The scaling results are of direct relevance
to the spin-dimer systems TICuChnd KCuC}, and explain the broad range of exponents reported for
field-induced ordering transitions.
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A quantum spin liquid is characterized by a finite mag- The suggestion that this transition may be described as the
netic correlation length, which is inversely proportional to Bose-Einstein condensati¢BEC) of hard-core bosorishas
the energy gap\, between the singlet ground state and themotivated extensive experimental and theoretical studies of
owest triplet excitation. Application of an external magnetic the critical properties of such systems. Particular attention is
I ipl itati Applicati f I icth itical ti f h t Particul ttention i
field causes a linear reduction &f, by the Zeeman effect. At given to the scaling exponeatwhich determines the power-
zero temperature there is a field-induced quantum phase trataw dependence
sition (QPT), at a lower critical fieldhg;=gugHc1=A0, Ve
from the spin liquid to a magnetically ordered state. In this Te(h)<c[h—h| 1)
phase the uniform magnet_ic polarization ther_1 _rises_ continuas the ordering temperature on the fiidn the vicinity of
ously from.z.ero to saturation at a sec;ond crlltlcal field. the QPT's ah.=h,, andh,,. Different experimental studies
Such transitions have been observed in a variety of quantumjicate that the precise value of this exponenhat de-

i i i 1 23 . . .
antlferromagrzl?‘tés, including G(CsH12N;),Cly, ™ KCUCl, pends on the material as well as on the measuring technique.
and TICuCL,>™> which consist of weakly coupled, Iow- The exponentse~1.8-2.3 extracted from experimental
dimensional structural units such as spin ladders or dimersy gies of KCuG) and TICuC} (Refs. 2—5 are all larger
In the ordered phase, the uniform magnetization is aCCOMPgx 4y the valuengec=3/2 obtained from the BEC scenario
nied by a long-ranged antiferromagnetiF) spin ordering o 3p systems in which the magnon modes have quadratic
in the plane perpendicular to the field, which persists up to %Iispersion at the band minimumThe analytic bond-
finite 'transition temperaturé@, determined by the sma!lest operator approach, applied with the parameters of KGuCl
coupling constant between the magnetic st(uctural units. 44 TICUC), also yields the respective values 2.6 and®1.8,

The compounds KCugland TICuC} provide an excel- \phije recent quantum Monte Carlo simulations for weakly
lent illustration of the field-induced QPT from a dimer spin coupled dimerg, suggest thatz~2.3. In both experiments
liquid to a _three-d_lmensm_naBD) ordered phase- Thes§+sys- and simulations, precise extraction of the critical exponent is
tems consist of dimer units formed by pairs®t1/2 CU"  ompjicated by the fact that typically only rather few data
ions with significant _|nte(d|m§r superexchange interactions,ints are available close to the QPT. In addition, the expo-
in all three spatial directions’ Because these interactions o may not reflect universal critical behavior if the tem-
are considerably weaker in KCuCthan in TICUCL, the  horaqre exceeds danknown upper bound for the validity
magnon modes of the former have a narrow band and a largg we BEC approach. However, it is also possible that the
spin gap Qo=2.6 meV), while the latter represents a wide- gcgjing behavior is simply not universal, in that the exponent
band system with a small gap\¢=0.7 meV). The wave gepends on certain system parameters, most notably the
vector Q of the 3D AF order is the location in momentum strength of the interdimer interactions.
space of the band minimur,, of the triplet magnon exci- 1o analyze the scaling behavior associated with field-
tations, which are gapped in the disordered phase. The fielgyqyced magnetic order, we study a Heisenberg model of

induced QPT may be regarded as a condensation of magnopgypled spin-1/2 dimers with the Hamiltonian
in the lowest triplet branch, which becomes the gapless ex-

citation, or Goldstone mode, corresponding to rotations of

the staggered magnetic moment about the field axis and re- H=2 J;S-§-hX §. )
flecting the broken symmetry of the syst&ihe continuous L '

evolution of the ordered moments is then equivalent to arhe AF coupling constants) and J’ between nearest-
field-dependent density of condensed magnons, and the mageighbor sites andj denote, respectively, the intradimer and
netic field represents an experimentally accessible tuning panterdimer superexchange interactions for the cubic geom-
rameter for the QPT. etry of which a planar section is illustrated in the inset of Fig.
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FIG. 1. (Color onling Phase diagram of 3D AF coupled dimers
in a magnetic field. The solid line represehts and the dot-dashed
line hg,. Circles and triangles are zero-temperature fits obtaine
from SSE QMC results. Inset: one layer of coupled dimers.

FIG. 2. (Color online Scaled staggered magnetization at con-
c?tant fieldh=0.8] and interdimer coupling’ =0.25], for a range
of system sizesT, is determined from the intersection of the four
curves(main panel, and its error from the extremal intersection
) points (insed.
1. Because the K/TICuglstructure has no magnetic frustra-
tion, the AF cubic dimer system is expected to illustrate thep(3) symmetry corresponding to the phase fluctuations of
same generic similarities and differences between large- anfle staggered moment. The uniform magnetization varies
small-gap systems as those obtained in the experimentgbntinuously with applied field from zero in the DVBS phase
studies to date. (h=<h,,) to full polarization ath=h,. In the ordered phase
We take as the order parameter the component of staghe staggered moment first increases witheyondh,; (also
gered magnetization perpendicular to the applied field, for 3’>J!) before falling continuously to zero &t,.

- The values ot,, obtained from SSE QMC simulations
S,
Lo/
e~ \[

(triangles in Fig. 1 coincide with the exact result, which is
classical because quantum fluctuations are entirely sup-
wherelL denotes the linear system size a@dthe perpen-
dicular staggered structure factor defined as

()
pressed in the saturated regime. By contrast, quantum correc-
tions are essential to the determination lnf;, where a
straightforward perturbative expansitashed ling departs
from the numerical datécircles for J'>0.08]. However,
the self-consistent bond-operator soluti@olid line) pro-
vides an accurate description of the numerical results at all
interdimer couplings, including those closeXp. The quan-

fitative success of this theory for KCuCand TICuCk may

1 L
Si=75 2 (~1)T(ES). @
L= @)

This quantity is calculated using the stochastic series expa ;
sion guanu%n Monte CarICSSEgQMO method of Refs. 10IO be ascr_lbed to t_hg 3D nature of the °rdefed pliase. o
and 11. The staggered structure factor is sampled “on the 1uming to finite-temperature properties, the transition
run” as loop updates are constructédwith implementation te_:mperat_ures for the ordered phase are determ.lned by finite-
of the directed-loop algorithf to minimize bounce prob- SiZe scaling of the order parameteén. Figure 2 illustrates
abilities within a loop. This procedure yields a significantly this procedure: in 3D and at the critical temperatumg, at
higher sampling efficiency than the conventional operatorfixed field is expected to obey the scaling relation
loop update: close to criticalityJ(=0.2J and h<0.73),  «L®"#" 72 where the dynamical exponents zero for a
where the maximum number of runs is required, autocorrethermal transitiort* For a system with spontaneous breaking
lation times are reduced by factor of up to 8. Simulationsof the residual @) symmetry the correlation exponent can
were performed for cubic clusters of up to 8000 spins, ande taken from the classical 3BY model, for which »
for temperatures down t©=0.03], except at very small’  =0.03812)." In the vicinity of the critical temperaturd,,
where smaller values are readily obtainable. the scaledm; is linear in T,'® and the intersection of the

The zero-temperature phase diagram of the coupled-dimeurves obtained for different system sizedeterminesT at
system is shown in Fig. 1. In the absence of a magnetic fieldll fields he[h¢,,he,] for a given interdimer coupling’.
the computed quantum critical point, separating the spinMagnification of the intersection regigmset Fig. 2 reveals
disordered, dimer valence-bond-solipVBS) phase from a set of intercepts within a temperature windaiwT
the ordered AF phase, occurs at'fJ).=0.2555). Both  ~0.000%, which determined(h) to very high accuracy’
phases are unpolarizedtat 0. Their elementary excitations Figure 3 shows the critical temperaturégh) obtained
have the same fundamental difference as for the fieldfor four interdimer coupling ratios,J(/J)=0.07, 0.15, 0.20,
induced QPT, except that the coupling-induced orderedind 0.25:" which span the range from narrow-band, large-
phase has two Goldstone modessociated with the broken gap systems to the wideband, small-gap paradigm. Each cou-
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FIG. 3. (Color onling Critical temperature for field-induced or-
der in 3D systems of coupled dimers for a range of valued’of 1.0 L ' ' '
Symbols are taken directly from finite-size scaling of SSE QMC 0.00 0.0 O‘IOX 0.15 020 025
simulations, except for th& =0 points which are extracted from 12

fits of Te(h). Solid lines are guides to the eye. FIG. 4. (Color onling Critical exponentsy, ath., (a) anda, at

pling ratio corresponds to a vertical section in Fig. 1 wherehC2 (b), shown as a function of the fitting range(see text. Filled

the values oh¢; and hc.z in Fig. 3 mark the boundaries of the fﬁtlf:smt(agf?;z ?Eg“&iztr?;t?ﬁé from Ref. 5. Dashed fines mark
ordered phase.; vanishes fod’>J; . The weak asymme-
try of T.(h) about the midpoint field,H¢1 + h¢»)/2, becomes L ) . ) .
more pronounced for stronger couplings due to changes éﬂml!al‘ sensitivity to window size and congstency with EEC
the extrema of the magnon dispersion relations determininﬁfa“”g only close to the QPT. The nonuniversal behavior of
the transition$. The values off .(h) obtained by the system- the exponenty; beyond the BEC regime is naturally differ-
atic scaling procedure confirm, within the error bars, the lo€nt from the numerical data because of differences in the
cation of the dips in uniform magnetization reported in pre-geometry of the magnetic system.
vious numerical studiel, and used to construct the  Results fora, are shown in Fig. &), and are again con-
experimental phase diagram of TICyC| sistent with the BEC description as— 0. Here the spread
We now focus on the scaling propertiesTafh) close to  Of data points is smaller than far;(x;), and the slope of
he; andh,. The scaling exponent in Eq. (1) is obtained as(X,) is less steep. These results may be attributed to the
by fitting the data shown in Fig. 3 with, and « as free less significant role of quantum fluctuations nbgy, which
parameters_ We fit this data within a Varying WindOW, i_e.’ forleads to smaller deviations from a mean-field Scaling I’egime.

givenJ’/J we define It must be emphasized that the universal scaling behavior
is obtained only for very narrow windows, meaning very low

—hgy he;—h temperatures. From Fig. 4, our results may be interpreted as
x1(h)= hop—he;’ Xo(h) = hep—hoy’ (5 indicating that BEC scaling emerges below a temperature

~0.53" in the vicinity of h;,, but that such an upper bound

as normalized measures of the proximity to the lower andtannot be determined fdr,,, where the BEC regime is ap-
upper critical fields. Using a minimum of six data points in aproached only a3 —0. At both critical fields, the physical
given windowx; or X,, the exponentsy; and «, are then origin of departure from universal scaling is found in the
determined by nonlinear curve fitting. The fitted exponentsapproximations inherent to the BEC descriptigorimarily a
are crucially dependent both on the number of points and otemperature-driven renormalization of the quasiparticle ef-
the exact critical fieldFig. 1).*® fective masgcurvature in reduction at the band minimum

The dependence on window sixg of the exponenty; is  and of the effective chemical potentigdand narrowing with
shown in Fig. 4a). A first, unambiguous conclusion from concomitant increase in spin gap
Fig. 4 is that the fitted exponents become smaller as the In summary, we have used an unbiased numerical tech-
window size is decreased, and, in particular, a large windowique to study field-induced magnetic ordering transitions in
leads to overestimation af;. It is also clear that the ex- cubic systems of antiferromagnetically coupled dimers. The
trapolated values approactyec= 3. Higher exponents sug- phase diagram contains two quantum critical lirlgg(J’/J)
gested by previous results are seen to be a product of trend he,(J'/J). Both transitions are continuous, as is the
fitting procedure employed, and are in fact consistent withvariation in physical properties of the intermediate AF phase,
the BEC scenario at the transitipRig. 4(a)]. Most remark- ~ as a function of applied magnetic field. The critical scaling
ably, the lines for all interdimer couplings not only scale toexponentsy extracted for the transition temperature close to
the same limit but do so with the same slope fonallem-  h.; andh., are found to be independent of the interdimer
onstrating that the critical behavior is truly universal for all coupling ratio, demonstrating that, despite large quantitative
ratios of bandwidth to spin gap. We have performed the samdifferences in their magnon dispersion relations, the physical
varying-window fit to the experimental data fdr.(h) in properties of the coupled-dimer systems KCuCind
TICuCl;:>*8 the results shown in Fig.(d) demonstrate a TICuCl; display the same universal scaling behavior. The
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