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Entanglement between two superconducting qubits via interaction with nonclassical radiation
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We propose a scheme to physically interface superconducting nanocircuits and quantum optics. We address
the transfer of quantum information between systems having different physical natures and defined in Hilbert
spaces of different dimensions. In particular, we investigate the transfer of the entanglement initially in a
nonclassical state of an infinite dimensional system to a pair of superconducting charge qubits. This setup is
able to drive an initially separable state of the qubits into an almost pure, highly entangled state suitable for
quantum information processing.
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I. INTRODUCTION transfer of quantum correlations from the two-mode field to
Control of the dynamics of a complex quantum systemthe qubits. The joint state of these latter, once the field modes

requires a trade-off between tunability and protection againsdre traced out, turns out to be entangled. We quantify the
noise. To this end one can be interested in processes whepgount of entanglement between the qubits and find the cor-
some physical properties of a subsystem are reliably trangesponding degree of mixedness of the state. Finally, in Sec.
ferred onto the state of a second ofwé perhaps different 1V, we investigate about the variations in the amount of
naturg where information can be manipulated. The conneciransferred entanglement as the initial preparation of the qu-
tion between the two subsystems is effectively realized via &its is changed. We find that the transfer process is optimized
physicalinterface An interface is a communication channel if the qubits are initially in their computational ground state.
used to connect the elements of a quantum register to per-

form quantum information processing or a physical mecha- II. THE HAMILTONIAN
nism that gives full access to the system under investigation
and allows to manipulate it. A scheme of principle of the system we consider is

To investigate this problem, in this paper we describe thesketched in Fig. @). In details, a pair of SQUIDs is exposed
coupling between a nanoelectronic circuit implementing ao a two-mode correlated state of radiation. In order to cap-
pair of quantum bits and a two-mode electromagnetic fieldture the essence of this interaction, each field mode is mod-
We discuss a mechanism for the transfer of entanglememled as an LC circuit coupled to the corresponding SQUID
from a two-mode squeezed state to the pair of qubits. Herejia the capacitanc€., as shown in Fig. (b). The SQUIDs
the information sheltered in the electromagnetic mediuncan be individually addressed by gate voltaggsvhereas an
may be manipulated, using just single-qubit operations, wheexternal magnetic fluxp.,, allows to change the Josephson
transferred to the solid-state subsystem. This may offer adzoupling E;(¢ey) (Ref. 1) and to modulate the interaction
vantages with respect to integrability and scalability. In par-among the subsysterds.We first analyze a single SQUID
ticular, we consider the field modes to interact with a pair ofplus LC oscillator. We introduce the phase drop across the
(initially independentsuperconducting quantum interference SQUID (¢,) and across the LC circuitp,). The conjugated
devices(SQUIDs that embody two charge qubitsDirect  variables are the excess charge on the SQUID isl&@y)
experimental evidence of the use of these systems as contreind the charge on the oscillator's capacitari€g). The
lable coherent two-level systems has already beepamiltonian describing the system is
provided®® We find that a nearly maximally entangled state

of two qubits can be tailored, with our interaction model, via (Q,—C,V,)? e
an effective process of transfer of quantum correlations. Th&! =Hsquip* Hem* Hc = oC ~ Ey(¢exicO 7 fa
entanglemenpouredinto the joint state of the qubits can be ) )
regulated controlling the interaction times between qubits Pb . @ , Po(Qa—CgVy)

; : S ; — 4+ 4 . (1)
and field modes. At the interaction time corresponding to the 2C, 2L, C,

maximum of the transferred entanglement, the qubits are in
an almost pure state that may be used for efficient quantuwhere
information processing.

This work is organized as follows. In Sec. Il we introduce C=DI(Cy+Cyp),
the system we consider and derive the effective model for the
coupling between a superconducting charge qubit and a field
mode. Section Il is devoted to the study of the process of Cr=DI(Cy+ 25+ Co), Co=DIC,
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SQUID 1 SQUID 2 per pairs in excess in the island, and implements a charge

Josephson qubtt.Typical values ofC, =10*°F and C,
=10 F guaranteee?/2C~1 K>E°~1OO mK. In th|s
system, the main sources of decoherence are noise of elec-
trostatic origin, voltage fluctuations of the circufitor stray
polarization due to charged impurities located close to the
device! If we setCyV,=e, |0)s and|1)s have the same elec-
trostatic energy and the SQUID is not affected, at first order,
by this charge nois&® At this working point, HS UID
=1/2E)(¢ex)d,s_With a computational basig|+),|- >}s,
where |+)=(1/2)(|1)+|0))s are eigenstates ofr,s, the
z-Pauli matrix, splitted bye;/# ~ 10 GHz. We introduce the
operators & and &' ([3,a']=1) via Pp=(fhwC,/2)Y3a

+a"), op=i(h/20Cy)Y%(a-a") and we getH =fo(a'a
+1/2). TakingC,=1 pF andL,=10 nH, achievable by
present day technology, we hawe=10 GHz. The coupling
between the SQUID and the field mode can be tuned on and
. off resonance by modulating the energy splitting of the qubit
Microwave Via oyy If Es( ey /i is Set to be much different from, the
Generator coupling is effectively turned off and the qubit evolves inde-
pendently from the field mode. On the other hand, for the
quasiresonant conditiol;(¢geyx) =hw, We useQ,=2edys,
with o s=(|+)s(=| +|-)s(+]) the x-Pauli matrix, so that

Ho=hO[(A0, s +aTo 9 + (@', s+a5 9], (2

whereQl=ey 2wC2/hC2 is the Rabi frequency of the interac-
tion anda, s=5" (=|+)-|. The Hamiltonian Eq(2) is fre-
quently found in quantum optics problems. The first and sec-
ond term preserve the total number of excitations in the
system and allow for the restriction of the computational
basis to{|-,n),|+,n=1)}sem Where |n)er, is an n-photon
Fock staté®. The other(counter-rotating terms induce leak-
age from this subspace. They can be neglected in the rotating
wave approximation. This can be used whefl

FIG. 1. (Color onling (a) Setup for an entanglement transfer < w,E (e, /%, achieved if we takeC.=10"1"F (weakly
process via the interface between quantum correlated field modespupled subsystems so that C1z10‘11 F and Q
and a pair of charge qubits. Each SQUID is threaded by an externak 0.1 GHz. In this regime, the eigenstates of the SQUID
magnetic flux to modulat&(¢e). (b) Equivalent circuit for the  pjys field mode system are entangled states forming a series
single SQUID capacitively coupled to a single field mode, modeledyf qoublets splitted bﬁQ\ n. It is worth stressing that, at the

as a LC oscillator. working point V,=e/C,, intradoublet transitions are
forbidden? The system |s thus protected, to a certain extent,
D=(Co+Co)(Cq +2C;) +CcCo, from decoherence.
and

IIl. TRANSFER OF ENTANGLEMENT TO THE QUBITS

— 0
Eo(dex) = 2E,c0828ex(h), We now consider both the SQUIDs of our system and

with EJ the maximum Josephson energy. He@, is the  describe their interaction with a two-mode nonclassical state
single junction capacitance. The SQUID Hamiltontg,yp  of radiation. We consider the two-mode squeezed %tate
can be tuned by, and ¢, The field mode, described by the |S(r)).,==r-o7:(r)IN,N)ap Wherer is the squeezing param-
oscillator Hep=Pg/2C,+ <p§/2Lo, has effective frequency eter and #,(r)=(tanhr)"/coshr. This is a quantum-
w=(L,Cp) "2 which comes from the inductandg, and the  correlated state of modesandb and the above expression is
total capacitanceC, seen by the charg®,. The coupling the Schmidt representation of their joint state. The entangle-
Hamiltonian H,=P,(Q,—~CyV,)/C, describes the Coulomb ment between the modes is a functionroSqueezed micro-
interaction between the charg@g and Py, waves can be generatedf-line using Josephson parametric

We assume large charging energgl2C>Ej(¢.,), and  oscillators in nondegenerate configuratibasmd then used
low temperature§ <e?/2C. In this regime the SQUID can for our protocol. The SQUIDs can be integrated in the
be described by the statgs)s (m=0, 1) representingn Coo-  waveguides used for the transmission of the si§neith the
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gate-plates orthogonal to the direction of propagation of the
fields. Quality factors~10* for a superconducting transmis-
sion line are within the state of the art. For- 10 GHz, this
gives photon lifetimes-1 usec, allowing for a coherent dy-
namics. The SQUIDs are prepared in a pure separable state
p12(0)=p1(0) ® po(0). The interaction between each SQUID
and a field mode is driven by the corotating part of E).

The joint time-evolution operator is the tensorial product

O(t)zoal(t)®0b2(t) where, in the single-qubit basi$-),
[+)}, the unitary operatoﬂal(t) is given by

FIG. 2. (Color onling Eyprvs 7=Qt andr. Iff Eypr>0, there is

. [~ AT,
ATA _ATsm(Q\r’aaTt) entanglement between the superconducting qubits. A local maxi-
~ codhaay - —ia vaa' mum Eypy=0.87 is achieved for=0.86 andr=3m/2.
Uar(t) = == 3
2 __sin(Qva'at) = . .
B e coqQvaa') K7 is responsible for zero and two-photon processes that
va

leave the two field modes with the same number of photons.

. ) ~ K3 and kg“ describe single-photon processes in which one of
An analogous expression can be writtentp(t). However, s SQUIDs absorbs an incoming photon. Using E8js.the
the reduced state of the SQUIDs(t), is in general insepa- density matrix of the SQUIDs, in the ordered basis
rable because the joint evolution with the field modes could|— -y |- +) |+ -),|+,+)},, takes the form

have transferred quantum correlations to the qubits. To give a

complete picture of the dynamics of the qubits, we derive the _
) ; A(r,t) 0 0 D(r,t)
operator-sum representation of the SQUIDs evolution 0 By 0 0
~ ~ . r,
$(P12)3P12(0)lez(t):EﬂKﬂplz(o)KL, with $ the superop- poAr,t) = 0 0 Bt 0 , (6)
erator that takes the density matyix,(0) to pyo(t) and{K} .y
the set of Kraus operators correspondindto). Each Kraus -bry 0 0 Cr.v
operator projects the state of the SQUIDs into a pure state. lishere
there are two or more terms involved in this representation, -
the initially pure state evolves into a mixed state. We have Ar =S xnn(r)coé(ﬂv'ﬁt),
n,0
p120) = Trap{ U(1)p10) @ pa(0)UT(1)} .
S A B(r,t) = > xun(1)SIF(Q VNt co&(Q/nt),
= 2 (2 ﬂn(r)ab<myp|u(t)|nan>ab> plZ(O) n,0
m,p=0 \ n=0
h (E () a1 10T R)m, p)ab) : (4) D(r,1) = 2 X (DSIFA(QN + 1t)cog(Q ),
=0 n,0
Calculating the matrix elements bf(t) over the Fock states Cr,t) =1-2B(r,t) ~A(r,1). )

of the field modes, a set of five Kraus operators is found. lfjere, y, . (r)=7,(r) 7,(r). To quantify the entanglement be-
the initial state of the two SQUIDs is specified, a simplifica-yyeen the qubits, we choose the negativity of partial trans-
tion is possible and the number of Kraus operators is reposition (NPT). NPT is a necessary and sufficient condition

duced. We assuqu((_)):|—,—>12<—,—|, that can be prepared for entanglement of any bipartite qubit stateThe corre-
using standard techniquésle get the effective representa- sponding entanglement measure is defined &=
tion plz(t)inzlE;i:OKlﬂ—,—)12<—,—|KmT, where -2\7(r,t), where\~(r,t) is the unique negative eigenvalue

of the two-qubit partially transposed density ma]ﬂ'i]aqg (the
~ — transposition is with respect to qubif.2in our case, just
KT'= 7,C0S(QVMY| =, = )12~ = | = 7t A (r,t)=B(r,t)-D(r,t) can be negative for some value rof
XSiﬁ(Qv’rﬂt)|+ )y - andt and it is used to compute the entanglemefijpr is
shown in Fig. 2 as a function of the degree of squeezing
and the rescaled interaction time Qt. It turns out thatyprt
kg‘: nmcos(m’ﬁt)sin(()\s’ﬁtﬂ— k==, never becomes negative and only asymptotically goes to zero
asr is increased. Once the interaction starts, the entangle-
. _ — ment is transferred to the qubitsollapsingandreviving as
K3 = nmcodQVmsin(Qyvmi)|+,— )i~ ,—|. (5) the interaction time increases. The maximum of the trans-

3
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Entanglement Entanglement

051152253"

FIG. 3. (Color onling Comparison between Eofelashed ling
and Eypr (solid line). In (a) we plot the behavior of the two en-

tanglement measures against the squeezing parametée have .
takent=37/2. In (b), the entanglement functions are plotted#s FIG. 4. (quor onling (6.‘) Transferred entanglement ayeraged
for r=0.86. over the possible preparations of the SQUIDs. The maximum en-

tanglement is reduced with respect to the casg¢-of);,. This is

ferred entanglement g\r}ax:OB? obtained &= 3/2 and due to the contribution froni+,+),, that is separable for wide
PT ' wgnaes ofr andr and spoils the average entanglemdb). The

r=0.86. As long as correlations are present between the t . i
. - . amount of entanglement between the qubits as a function of the
modes, entanglement is set in the state of the qubits. Further- . - — e
paration of the initial states wheT and 7=7. The statg-,

r_nore, we h‘?“’e CheCKEd that mixedness. of the state of radig—;il obtained fora=pB=0, corresponds to the maximum of the
tion due to imperfections in the generation procespleez- -  orred entanglement.

ing thermofields instead of vacuum, for examptimes not

affect the entanglement transfefypt is Nnot a monotone 2 .
function ofr as can be seen in Fig(a. It is known that the ~ 11RO}, that ranges from @pure statesto 1 (maxi-
correlations inS(r))., approach those of the maximally en- Mally mixed ones We getS[p;,(f,7)]=0.01 showing that,
tangled Einstein-Podolski-Ros¢EPR) state wherr — .12 for these_paramet_ers_, the tv_vo S_QUIDs are in a nearly pure
Increasingr, the contribution by higher photon-number state. This resylt is mte_restlng: it has been proved, for ex-
terms in the squeezed state becomes more relevant. The {AMPle, that a bipartite mixed state becomes useless for quan-
teraction of each qubit with the elements of this distributiontUm teleportation whenever its linearized entropy exceeds 1
of Fock states results in induced Rabi floppiigharacter- —(2/[IN(N+1)]), with N the dimension of each subsysté.
ized by frequencie€2\n) that mutually interfere, spoiling For qubits, the threshold is 2£3S[py,(F,7)] and the state of
the degree of entanglement between the SQUIDs. Thife entangled SQUIDs could be used, in general, as a quan-
shows that a perfectly correlated state defined in an infinitddm channel in efficient protocols for distributed quantum
dimensiona' H||bert Space can not be mapped onto a maxpomfutation. We have calculated the purlty of the state when
mally entangled state of two qubits. On theother hand, th&(f,7) is included, finding the same order of magnitude of
discreteness of this distribution induces the entanglement tdie previous result.

collapse and revive as time goes by. This analysis is con-

firmed by considering the entanglement of format{&oF).

This entanglement measure quantifies the resources, in terms  1IV. AVERAGE ENTANGLEMENT AND OPTIMAL

of number of|[EPR singlets, needed to create a given en- PREPARATION

tangled state using only classically coordinated local ider th | f th ferred
operationd? For a bipartite system, EOF can be calculated /& NOW consider the average value of the transferred en-

4 —_ —(1— _ - tanglement as the preparation of the initial state of the
isl/%o(':(’;l]%z ;(nlcci)gz(x 2§1= r;(z;gzg _Xi ' _ZyVh_e;e} i); t[hle SQUIDs is varied. This allows us to investigate about the
N P1 P1 1 T2 T3 T4 dynamics of the superconducting qubits once different
separable states agcosal-)+€¥sin al+));® (cosB|-)
+€¥sin B|+)), are considered. For simplicity, we takg
=¢=0 and we us&ypt to calculate the average value of the
coniugate of in the computational basis. Desoie, is entanglement. The evolution of the SQUIDs invo[ves thg
Jug P12 p : Pl complete set of Kraus operators. However, the density matrix

non-Hermitian, eachy is real and non-negativé. : N .
' . . r ver ver an uniform distribution far, ill
For a pure state of two qubits, EoF is a monotonous funcPlZ( 1), averaged over an uniform distribution fat, 5, st

tion of NPT sincefypt is equivalent to the concurrence. In keeps the form in Eq6) but with more complicated matrix

Fig. 3 the two entanglement measures are compared, as fur}((azl_ements. The results are shown in Figay4The amount of

tions of bothr and . From the behavior of EoF, we argue ransferred entanglement is reduced and the peaicatr

. : : ~ =T is shrunk to=0.4. This can be understood considering the
that almost one .EPR singlet S required to prepag, T);A behavior of&ypr for |+, +)1, as initial state. In this cas€ypr
further analysis of py,(f,7) shows that |B(F,7)]

~ ~ - . . remains negative for a wide range of values aind ~ and
<|AFD],|CTF, D], [DF /D] If, in zero-order approxima- p,¢ 5 gmal positive bump for=0.6 andr= 1.7 (that corre-

tion, we neglecB(F 1) in pi,(7,T), we get a density matrix gponds to the first peak in Fig).2This suggests thd,
close to that of the pure, nonmaximally entangled state.) , plays a privileged role in the process of entanglement

concurrencé® Here,{a;} (i=1, ... ,4 are the square roots of
the eigenvalues(in nonincreasing ordegr of the non-
Herm?tian operatoplzzplg(ay® c.ry)p12(0'¥®.0'y). In this ex-
pression,oy is the y-Pauli matrix andp,, is the complex

(VA(r,O)]==)=JC(r,t)}++))1,.  In  general, D(r,t)  transfer. To support this idea, we look for the optimal prepa-
# JA(r,t)C(r,t), so that the state is mixed. The degree ofration of the SQUIDs.
mixedness in thigurified version of p;4(r,t) is quantified We assumer, 8<<1 and, after some lengthy calculations,

using the linearized entropy S[psr,t)]=4/3{1  we find the explicit expression for the qubits density matrix
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a Bb+ad Bd+ab -c
pb+ad & 0 af-pd
p1Ar,t) = i B ,
ab+pd 0 a Bf —ad
-C af —pd Bf—ad a’
(8)
with
a=2 xu(rcod(Vno),
n,0
a'= E Xnn(r)COSZ(V’FT)Sinz(VGT),
n,0
b= xn(r)coS(\n7cogn + 17),
n,0
c= X Xama(N)coS(nsie(\n+ 17),
n,0
d= E Xnn+1(r)coi\“"n + 1T)COQ\"ET)Sin2(\f’n +17),
n,0
f= > xa(NcogVnncogyn+ 19sir?(\n7),  (9)
n,0

anda’=1-a-2a’. This time, it is hard to obtain an analytic
expression for the eigenvalues;ﬂfg. However, some insight
can be gained by specifying the values of botand . In
Fig. 4(b) we plot&ypr versusa and g for r=T and 7=7. The

PHYSICAL REVIEW B 69, 214502(2004)

transferred to the qubits. The same qualitative behavior is
found for other values af andt. Thus, the initial preparation
|-,—)1» provides the maximum achievable entanglement
transfer. The entanglement of the SQUIDs, after the interac-
tion, can be revealed by detecting the popula@n, 7) and

the coherenc®(r, 7) of the density matrix using local reso-
nant pulses on the SQUIDs, along the same lines depicted in
Ref. 16.

V. CONCLUSIONS

We have proposed a physical interface between quantum
optics and a solid-state system based on resonant effective
interactions between field modes and charge qubits. Our
study is directed to the design of efficient interaction models
to couple elements of a device for quantum information pro-
cessing embodied by physical systems having different na-
ture. We have explicitly examined the problem of the transfer
of entanglement between such subsystems. When a quantum-
correlated state of light is considered, entanglement-transfer
from the fields to the qubits can be efficiently tailored con-
trolling the interaction times between fields and qubits. We
have characterized the state of the qubits in terms of en-
tanglement and purity, finding that the ground state of the
qubits is the initial preparation that guarantees the optimal
entanglement transfer. The process we describe in this paper
turns out to be a reliable mechanism for the engineering of
the entanglement between two solid-state qubits. Our scheme
is thus able to combine two key requirements of a device for
distributed quantum information: the long-haul transmission
of information typical of a photonic channel and the manipu-
lability of a qubit subsystem.
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