
PHYSICAL REVIEW B 69, 205415 ~2004!
Specific heat and quantized thermal conductance of single-walled boron nitride nanotubes
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The thermal properties of single-walled boron nitride nanotubes are calculated. It is found that boron nitride
nanotubes have a larger specific heat than that of carbon nanotubes. The fitting formulas for diameter and
chirality dependence of specific heat at 300 K are given. Moreover, thermal conductance of single-walled
boron nitride nanotubes exhibits a universal quantization at low temperature, which is independent of the
diameter and chirality of nanotubes.
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Following the discovery1 and extensive research2–8 of
carbon nanotubes~CNT’s!, its derivative boron nitride nano
tubes~BNNT’s! have attracted considerable attention in
cent years due to anticipated exciting properties.9,10 It has
been reported that BNNT’s have remarkable mechan
properties. For example, the axial Young’s modulus of m
tiwalled BNNT’s has been measured to be 1.22 TPa.11 Con-
trary to the dependence of the band structure to the geom
cal structure of CNT’s, the energy gap of BNNT’s is abou
eV,12,13 which seems to be independent of wall numbe
diameter, or chirality. These results signify more practi
applications of BNNT’s in nanosized electronic and photo
devices than those of CNT’s. However, excellent therm
transport management is indispensable in the design and
formances of modern microelectronic devices.14,15 So, it is
necessary to theoretically reveal the essential relationship
tween the unique structures and the special thermal pro
ties of BNNT’s.

It is an effective avenue to investigate phonon struct
for the study of thermal properties of BNNT’s. Series
calculations of phonon in BNNT’s have been performed
ing tight-binding model,16 density-functional theory,17 and
valence shell model.18 Of these, the valence shell model pr
vides an intuitive understanding of phonon based on fo
constants fitted to the phonon dispersion of monolayer
hexagonal boron nitride~h-BN!.19 However, the quadratic
wave-vector dependence of the frequency for out-of-pl
phonons of two-dimensional~2D! h-BN cannot be produced
Wirtz et al. have calculated phonon-dispersion relatio
~PDR! of BNNT’s by virtue of density-functional theory
Since large computational demands are required, it may
difficult to calculate the phonon in BNNT’s with large atom
in the unit cell. Here we use a force-constant model co
bined with the consideration of symmetry of nanotubes
calculate phonon in BNNT’s.20–24The best-fit parameters ar
obtained in Table I. In this model, it is crucial to determi
the force constants between two atoms. In order to get
reasonable out-of-plane phonons, up to the fourth near
neighbor interactions for 2D h-BN are introduced.

The phonon spectrum of 2D h-BN is calculated as sho
in Fig. 1~a!, in which the available experimental points a
included.19 Compared with those of valence shell model, o
results reproduce the experimental data very well along
G2K direction. It does mean that the model is reasona
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and parameters listed in Table I are reliable. The PDR of~10,
10! BNNT is shown in Fig. 1~b!. Around G point, there are
four acoustic modes: one longitudinal~LA !, two degenerate
transverse~TA!, and one twisting~WA!, all of which have
linear dispersion at low energy. The sound velocities of T
WA, and LA modes for a~10, 10! BNNT are estimated as
8.73, 12.85, and 17.17 km/s, respectively. The high so
velocity, combined with the small diameter of nanotub
causes the relatively large subband splitting. Such a split
would have an important influence on the specific heat.
comparison with other phonon modes, the radial breath
mode~RBM! is known to have strong Raman intensities
low-frequency regions,25–27 which can be used to characte
ize the BNNT’s samples. It is found that the frequency
RBM of BNNT’s is inversely proportional to the radius, i.e
vRBM5A/r with A5951 cm21 Å. The value ofA is nearly
consistent with that in Refs. 16 and 17.

As PDR is determined, vibrational density of stat
~VDOS! can be written as

g~v!5
V

~2p!3E dS

u¹qv~q!u
5

V

~2p!3 (
q

d

~v2vq!21d2
,

~1!

whered is adjustable width factor of Lorentzian function. I
term of VDOS, specific heatCv at temperatureT is then
given by the formula

CV~T!5E
0

wmax
kBS \v

kBTD 2 exp~\v/kBT!

@exp~\v/kBT!21#2
g~v!dv,

~2!

TABLE I. Force-constant parameters for 2D h-BN in units
104 dyn/cm. Here the subsciptsr, t i , and to refer to radial, trans-
verse in plane, and transverse out of plane, respectively.

Radial Tangential

f r
(1)531.00 f t i

(1)518.50 f lo
(1)55.60

f r
(B2B)57.00 f t i

(B2B)523.23 f lo
(B2B)520.70

f r
(N2N)58.00 f t i

(N2N)520.73 f lo
(N2N)520.55

f r
(3)51.00 f t i

(3)523.25 f lo
(3)50.65

f r
(4)521.90 f t i

(4)51.29 f lo
(4)520.30
©2004 The American Physical Society15-1
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FIG. 1. Phonon dispersion re
lation ~a! for 2D h-BN and~b! for
~10, 10! BNNT.
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where\ andkB are the Planck constant and the Boltzma
constant, respectively. The calculated specific heat of~10,
10! BNNT is shown in Fig. 2~a!, together with a comparison
to that of ~10, 10! CNT. When temperature is very low, th
specific heat increases linearly with the increase of temp
ture @see the inset of Fig. 2~a!#. This is because only acoust
phonons are populated. For temperatures larger than 6
however, the slope of the curve increases due to the pop
tions of optical phonons, which is expected to be the sig
ture of one-dimensional~1D! quantized phonon spectrum i
single-walled BNNT’s. In addition, the specific heat of~10,
10! BNNT is larger than that of~10, 10! CNT. The relation
between specific heat and thermal conductivity satisfiek
5(Cvv l , wherev and l are the phonon group velocity an
the phonon mean-free path. At low temperature, the U
20541
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-

-

klapp scattering freezes out and the phonon mean-free pl
is constant with temperature.14,15,28–30So one may suppos
that thermal conductivity follows the temperature depe
dence of specific heat. Assuming BNNT’s have the samel as
CNT’s, BNNT’s would have a larger low-temperature the
mal conductivity than CNT’s. Such a phenomenon sho
that BNNT may provide another candidate for thermal ma
agement in molecular electronics.

Figure 2~b! shows the specific heat for 2D h-BN,~10, 10!
and ~10, 0! BNNT’s, as well as experimental data of 3
h-BN.31 One finds that 2D h-BN has a larger specific he
than 3D h-BN below 60 K, a consequence of interlayer co
pling in 3D h-BN. Compared with 2D h-BN, the~10, 10! and
~10, 0! BNNT’s have a smaller specific heat below about 2
K. Moreover, the specific heat curve of~10, 0! BNNT lies
e-
FIG. 2. ~a! Specific heat of
~10, 10! BNNT and CNT. ~b!
Temperature dependence of sp
cific heat of BNNT’s and 2D
h-BN.
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FIG. 3. Specific heat of BNNT’s at 300 K as a function of tube diameter~a! and tube indices~b!.
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well above that of~10, 10! BNNT at low temperature. This
behavior is attributed to the fact that VDOS of~10, 0! BNNT
is larger than that of~10, 10! BNNT at low energy. Ifv0 is
the frequency of the first optical phonon, the optical phon
will give negligible contribution to specific heat for temper
ture lower thanT0'\v0 /kB , with T0531 K for ~10, 10!
tube andT0570.6 K for ~10, 0! tube. With the increase o
temperature (T.T0), the first optical phonon withv0
521.5 cm21 for ~10, 10! BNNT would be activated and con
tribute to the specific heat, which results in a higher spec
heat than that of~10, 0! BNNT. As temperature increase
further, the specific heat curve of~10, 10! BNNT lies well
above that of~10, 0! BNNT. Above 200 K, specific hea
curves of~10, 10! and ~10, 0! BNNT’s follow the 2D h-BN
curve. Consequently, the low-temperature specific heat
rectly presents quantized phonon subbands in BNNT’s,
reflects the dimensionality of boron nitride systems.

The diameter and chirality dependence of specific hea
300 K for (n,m) BNNT’s (n56 –25,m50 –n) are shown in
Fig. 3. As shown in Fig. 3~a!, the specific heat increase
rapidly with increasing diameter for small-diameter BNNT
However, the specific heat of large-diameter BNNT’s wou
approach the value ofCv2D5841 mJ/g K (Cv2D is the spe-
cific heat of 2D h-BN at 300 K!. From the inset, one can se
that the specific heat is linear withd22 with the diameterd.
The best-fit formula can be given as

Cv5Cv2D27.6/d2. ~3!

This fitting is in agreement with calculated results for lar
diameter BNNT’s, while a small deviation from the calc
lated results occurs for small diameter BNNT’s. The dev
tion may be attributed to the curvature effect of small dia
eter nanotubes. From Eq.~3!, one can see thatCv→Cv2D as
20541
n

c
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d→`. Such a phenomenon could be explained by the f
that BNNT’s with large enough diameter can be thought
as a h-BN sheet with periodic boundary conditions impos
in the circumferential direction.32 It is found that the chirality
dependence of specific heat is similar to the diameter dep
dence. It is easy to fit the specific heat at 300 K in (n,m)
BNNT by

Cv5Cv2D2
B

d2 F240.0157.3 arctanS A3m

2n1mD G ~4!

with B50.03 mJ/g K nm2/deg. Due to chiral angleu
557.3 arctan(A3m/2n1m) ~deg!, Eq. ~8! is simplified to
Cv5Cv2D2(B/d2)@240.01u#.

From Fig. 3~b!, one can see that specific heat increa
with index m for (n,m) BNNT’s with fixed n. The chirality
dependence of specific heat of BNNT’s has an analogy
that of energy gap for CNT’s,8 which may suggest that bot
electrical and thermal properties of nanotubes is closely
lated to their geometrical structures. Due to the difficulty
production of nanotubes with specific indicesn, m, Eq. ~4! is
important to evaluate qualitatively the specific heat
samples with a diameter distribution. Moreover, recent
periment has shown that the phonon-drag effect plays
important role in deciding the thermopower of CNT’s.33 The
magnitude of the phonon-drag contribution to thermopow
depends mainly on their specific heat. Consequently, i
expected that Eqs.~3! and ~4! may be applicable for evalu
ating the specific heat in a thermoelectric energy convers
circuit.

Based on Landauer formulation of transport theory, it
possible to obtain the thermal conductance of BNNT’s. A
5-3
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FIG. 4. Thermal conductance for (6,m)
BNNT’s (m50 –6) at low temperature.
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suming perfectly adiabatic contact between the thermal
ervoirs and BNNT’s, thermal conductance is given by t
formula34,35

G5
kB

2T

h (
m

E
vm

min

vm
max

dx
x2ex

~ex21!2
, ~5!

wherexm5\vm /kBT, vm
min , andvm

max are the minimum and
the maximum frequency of themth phonon branch in PDR
of BNNT’s.

In Fig. 4, we calculate thermal conductance of (6,m)
BNNT’s (m50 –6), normalized to 4G054p2kB

2T/3h ~for
reason described below!. One can see that thermal condu
tance of BNNT’s increases with the increase of tube dia
eter. In addition, thermal conductance of all seven BNN
starts from a smooth valueG54G0 at T,Tc @Tc58 K for
~6, 6! BNNT#, and then increase with temperatureT at T
.Tc . The smooth value ofG suggests that phonon therm
conductance be quantized atT,Tc , which can be derived
analytically from Eq.~5!. Performing the integration in Eq
~5!, we present an analytic form of thermal conductance

G5F~xm
min!2F~xm

max!, ~6!

where F(xm)52kB
2T/h(m„@xm

2 /2(exm21)#1(n51
` @(e2nxm/

n2)1xme2nxm/n] …. In particular, four acoustic modes wit
xm

min50 contribute a universal quantum of 4F(xm
min)

54p2kB
2T/3h54G0 to thermal conductance. This indicate

that thermal conductance of BNNT’s increases linearly w
temperature at low temperature, which has an analogy to
experimental results of thermal conductivity of single-wall
CNT’s samples.28 From a conventional point of view,36 the
phonon mean-free pathl is independent of temperature an
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specific heat is proportional to temperature at low tempe
ture. Consequently, temperature dependence of thermal
ductivity of BNNT’s would be almost linear at low tempera
ture. Moreover, the value ofTc decreases with increasin
diameter. This result is attributed to the population of the fi
optical phonon modeE2, which decreases with increasin
diameter. The first optical phonon mode plays an import
role in both specific heat and thermal conductance, wh
reveals the underlying quantized phonon spectrum
BNNT’s. Additionally, quantized thermal conductance h
been observed experimentally and predict
theoretically,34,35,37which provides an insight into the quan
tum physics in nanotube-based devices.

In summary, we have investigated the specific heat
BNNT’s based on a force-constant model within lattic
dynamics theory. The results show that the specific hea
BNNT’s decreases linearly with decreasing temperature
low temperateure. We predict a higher thermal conductiv
for BNNT’s than that for CNT’s. The diameter and chiralit
dependence of specific heat at 300 K are fitted for all type
BNNT’s. The present results are important for the corr
evaluation of spacific heat of BNNT’s suggested for therm
transport and thermoelectric energy conversion applicatio
Moreover, it is found that thermal conductance of BNNT
exhibits a universal quantization at low temperature, in
pendent of diameter and chirality of nanotubes.
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