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Controlling many-body effects in the midinfrared gain and terahertz absorption
of quantum cascade laser structures
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A many-body theory based on nonequilibrium Green functions, in which transport and optics are treated on
a microscopic quantum-mechanical basis, is used to compute gain and absorption in the optical and terahertz
regimes in quantum cascade laser structures. The relative importance of Coulomb interactions for different
intersubband transitions depends strongly on the spatial overlap of the wave functions and the specific non-
equilibrium populations within the subbands. The magnitude of the Coulomb effects can be controlled by
changing the operation bias.
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I. INTRODUCTION

The quantum cascade laser~QCL! has evolved, since its
first experimental realization,1 into an important device for
infrared applications. Recently, lasing in the terahertz~THz!
regime has been demonstrated, thus opening fur
perspectives.2 The operation of these semiconductor hete
structure devices is based on optical intersubband transit
within the conduction band, which are the focus of this wo
The importance of many-body effects on interband tran
tions is a well established fact.3 The intersubband case ha
also been studied both experimentally and theoretically4 and
is a topic of current research.5,6 Typically, idealized cases o
isolated quantum wells with equilibrium distributions for th
carriers are considered in a two subband scenario, to fa
tate the computational challenges. Assuming that only
level is occupied, exchange and depolarization effects w
found to be very relevant for both gain and absorption.7 Re-
cent work has demonstrated the importance of fully solv
the integral equation for the optical susceptibility for qua
tum wells.5,6,8–10While standard semiconductor lasers bas
on interband transitions can be modeled by equilibrium d
tributions for electrons and holes with different quasi-Fer
levels,11 this is not appropriate for QCL’s where a full kinet
theory is necessary to correctly determine the nonequilibr
populations of the multiple-level system.

The main issues of our paper are~i! the question how
these many-body effects are affected by the inherent n
equilibrium distribution in a QCL, where the interplay of
large number of different levels is crucial for the operation
the device;~ii ! to what extent many-particle corrections c
be modified in a given structure out of equilibrium and in
complex wave-function scenario.

We show that a characteristic QCL design provides rat
small overall Coulomb corrections to the gain transitions
the infrared, while significant level shifts occur in the TH
absorption region. The latter depend strongly on the b
applied to the structure, which opens a possibility for a s
tematic variation of Coulomb effects in an experimen
study of a complex nonequilibrium system. Here a wid
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variation of parameters is possible compared with previ
experimental studies in quantum wells by either applying
bias12,13 or optically pumping a laser.14

Our findings thus give evidence of the need of our mo
advanced approach to model complex nonequilibrium st
ies. The study of simple structures in Ref. 7 would sugg
similar strengths of Coulomb corrections in both gain a
absorption regimes. Although those results are qualitativ
correct for the cases previously studied, they cannot be u
for more complex structures of current interest, as dem
strated in our analysis, since the Coulomb matrix eleme
and occupation functions are extremely different for gain a
absorption transitions. This large discrepancy is explain
here for the first time to the best of our knowledge.

II. MAIN EQUATIONS

Our calculations are based on the stationary state un
operating conditions which is obtained by a self-consist
solution of the quantum kinetic equations.17 Here scattering
with phonons and impurities are included via the respec
self-energies in the Dyson equations, and electron-elec
interaction is treated in mean-field approximation. The latt
temperature only enters via the phonon bath at 77 K, wh
is assumed to be in thermal equilibrium, neglecting hot p
non effects.18 For each subband, the nonequilibrium occup
tion functions f n(k) are calculated from the diagonal term
in the carrier Green functionsGnn

, (k,v) which are expanded
in terms of eigenstatesfn(z) of the single-particle Hamil-
tonian including the mean field.~These states will be referre
to as levels in the following.! The calculated dephasing 2Gn

is the full width at half maximum of the spectral functio
Im$Gnn

ret(k50,v)% and En(0) is the corresponding location
of the peak of the spectral function so that the electro
states are well-defined quasiparticles, whose properties
evaluated on a microscopic basis. The optical absorptiona at
a given photon energy\v can be calculated from the imag
nary part of the optical susceptibility,
©2004 The American Physical Society10-1
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a~v!5
4pv

cnb
Im$x~v!%, x~v!52 (

mÞn,kW
`mnxn,m~k,v!.

~1!

Here nb denotes the background refractive index,c is the
speed of light,̀ nm is the transition dipole moment betwee
the subbandsn and m, which are labeledn51,2, . . . with
increasing energy. In our calculation we select the nine lo
est subbands per period. The definition of a period~and thus
the choice of level 1! is of course arbitrary in such structure
and we must also take into account transitions betw
neighboring periods. Numbering the levels in the next per
to the left by 10–18, we consider all transition
(1, . . . ,9)↔(1, . . . ,18) in thecomputations. We evaluat
the susceptibility functionxnm(k,v) by the carriers’ Keldysh
Green’s functionG whose time evolution is described by
Dyson equation, with Coulomb interactions as well as ot
scattering mechanisms included in self-energiesS.11 The
general theory includes carrier-carrier scattering, and dia
nal and nondiagonal dephasing. In the numerical results
sented here, we keep only the subband shift, depolariza
and exchange terms in the electron-electron interac
~Hartree-Fock!. Similar to the interband case,11 but with ad-
ditional terms due to depolarization as well as full consid
ation of a Hartree~mean-field! term in the quasifree particle
term En(k), the resulting integral equation for the suscep
bility function reads

@\v2enm~k!1 i ~Gm1Gn!#xnm~k,v!

1@ f n~k!2 f m~k!#2VS nmmn

0 D(
k8

xnm~k8,v!

2@ f n~k!2 f m~k!# (
k8Þk

xnm~k8,v!VS nnmm

k2k8
D

5`nm„f n~k!2 f m~k!…. ~2!

Terms with more than two different indices vanish iden
cally in the limit of isolated wells with infinite confinemen
barriers and remain small in the more complex struct
studied here. The bare Coulomb interaction is given by

VS mnlb

k2k8
D 5E dzdz8fm* ~z!fn~z!

3
2pe2exp~2uk2k8uuz2z8u!

e0Auk2k8u
fl* ~z8!fb~z8!,

~3!

where we have introduced the normalization areaA and the
background dielectric constante0. The explicit expressions
actually programmed here are given in the Appendix.
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k8

f n~k8!VS nnnn

k2k8
D

1(
k8

f m~k8!VS mmmm

k2k8
D 1(

k8
@ f n~k8!

2 f m~k8!#VS nmmn

k2k8
D ~4!

is the energy difference between the levels renormalized
the exchange interaction, which we refer to as subband s
in the following. The second term on the left-hand side
Eq. ~2! gives rise to the depolarization shift, while the la
term ~exchange contribution! is analogous to the excitoni
coupling term in interband transitions.11 The equations above
reduce to those of Ref. 19 in the two-band limit at equili
rium. Note that by running over all subband indicesnÞm in
Eqs.~1! and~2!, we do not apply the rotating wave approx
mation.

III. NUMERICAL RESULTS AND DISCUSSION

For numerical applications of the theory, we choose
very successful prototype introduced by Sirtoriet al.,15 see
Fig. 1. From a systematic study of doping dependence16 it
was found that the performance is best for a doping aro
6.431011/cm2 which is used throughout this work togeth
with a lattice temperature of 77 K unless stated otherwis

In Fig. 2 we compare the absorption spectra evalua
with and without Coulomb effects for different biases. W
find that gain sets in around 0.2 V/period at energies\v
'130 meV~infrared region! in good agreement with the ex
perimental findings.16 In addition there is a pronounced ab
sorption around 30 meV~THz region!. While the Coulomb
effects are hardly visible in the gain region, significant shi
of peak height and position occur in the THz absorpti
lines, in particular at low bias.

In the following we present a systematic study of the Co

FIG. 1. Section of the quantum cascade laser structure and a
relevant levels within a period, including mean-field effects due
the ionised dopants in the structure, and for a biasV50.3 V/period.
Level 7 is an injector level. Levels 6 and 8 yield the main cont
bution for the midinfrared gain spectrum, while levels 7 and 9
responsible for the main THz absorption feature.
0-2
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lomb terms in Eq.~2!, which crucially depend on the Cou
lomb matrix elements and the occupation differences, wh
are displayed in Table I for the dominant transitions.
glance at the valuesnn2nm @which roughly scale with
f n(k)2 f m(k)] shows that the structure is out of equilibrium
as necessary for laser operation. In order to quantify chan
in Coulomb effects, we express the matrix element for
depolarization term asLnm

dep5(9pe0A/20e2)V0
nmmn , so that it

reduces to the well width in the limiting case of a quantu
well with infinite confinement barriers for transitions b
tween the two lowest subbands. This reflects the comm
knowledge that the depolarization shift increases with w
width, i.e., increasing spatial extension of the wave fu
tions. For a QCL the scenario is much more involved, as
spatial overlap of the wave functions essentially contribu
to the Coulomb effects as well. Similar quantities can also

FIG. 2. Influence of bias on absorption/gain spectra. From to
bottom the bias isV50.3, 0.2, and 0.12 V/period. In all panels, th
dot-dashed lines are for free carriers, while the solid curves h
full Hartree-Fock Coulomb corrections.

TABLE I. Absorption/gain transition parameters. The first co
umn is in V/period. (n,m) denotes the lower and higher subbands
a transition,nn2nm is the difference in subband population in un
1011/cm2. Lnm

dep Lnm
ex , Lnn

bg , and Lmm
bg are in nm and̀ nm in e nm.

Em2En is the energy difference in meV atk50 of Eq. ~4!, i.e.,
including the static mean-field corrections, but no further Coulo
effects.Gnm5Gn1Gm is the dephasing in meV.

Bias (n,m) Lnm
dep `nm nn2nm Em2En Gnm Lnm

ex Lnn
bg Lmm

bg

0.12 ~6,7! 25.8 4.99 2.44 13.3 5.3 14.9 25.0 30
0.12 ~7,10! 20.5 4.56 1.33 24.2 9.1 16.5 30.3 27
0.2 ~7,8! 19.3 4.23 3.19 23.9 3.1 17.2 20.4 27
0.2 ~8,10! 18.5 3.96 0.87 25.3 9.0 14.0 27.4 31
0.2 ~4,9! 3.2 1.38 20.36 129.5 23.6 33.0 21.1 13
0.3 ~7,9! 12.3 2.50 2.08 32.8 6.2 12.8 18.5 22
0.3 ~8,11! 11.7 2.92 1.07 73.9 14.4 12.2 14.2 33
0.3 ~6,7! 0.28 0.43 22.60 129.5 15.5 371.4 13.0 18
0.3 ~6,8! 4.5 1.68 21.08 139.2 19.3 20.6 13.0 14
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defined for the exchange and subband shift, namely,Lnm
ex ,

and Lnn
bg . Explicit expressions are derived in the Append

and numerical values are given in Table I. In contrast
Ldep, bothLex andLbg are inversely proportional to the cor
responding Coulomb matrix elements. We can then exp
that relatively largeLdep and smallLex should correspond to
large dipole moments, or in other words, to strong over
between the wave functions of the levels involved in t
transition. Only the wave function for leveln appears in
Lnn

bg . Thus, its value remains within the same order of ma
nitude irrespective of the transition. Note that the significa
difference between the values ofLdep,Lex, andLbg as well
as for the different transitions further demonstrates that
sults from a simplified two-level system in a quantum we
where these lengths are identical by definition, cannot
easily generalized to more complex scenarios, such as
real QCL structure discussed here.

In the THz region,Lnm
dep and the dipole moment̀ nm tend

to decrease with increasing bias, due to the changes in
wave-function overlap. Furthermore the population d
creases in the injector. This explains the general trend
the Coulomb effects become weaker with increasing bias
0.2 V/period, the concentration of the population in the lo
est injector level 7 leads to a very strong absorption feat
in the THz region althoughLnm

dep is smaller than at 0.12
V/period. In the infrared region, the larger bias increases
occupation of the subbands which are responsible for la
action. Furthermore bothLnm

dep and`nm increase with bias as
the injector levels leak into the active region. Neverthele
Lnm

dep is much smaller than in the THz absorption region, a
furthermore the compensation between the different ma
particle effects~see below! in the dominating gain transition
leads to very small resulting shifts in Fig. 2. The contra
between the interesting Coulomb shifts in the low-ene
side and the almost vanishing shift in the high-energy g
side is dramatic. This is the reason why gain calculatio
without Coulomb corrections17 could explain experimenta
gain spectra in this structure reasonably well, but will fail
the absorption region. The main contributions to the abso
tion in the THz region are in fact transitions involving th
two lowest injector levels at each bias. In other words, lev
6 and 7 are for 0.12 V/period, levels 7 and 8 for 0.2 V/perio
and levels 7 and 9 for 0.3 V/period.

The interplay between the different Coulomb correctio
in the THz region is analyzed in more detail in Fig. 3. W
select the dominant transitions for each bias to highlight
different contributions more clearly. The general tendency
that the exchange contribution imparts a red shift while s
band shift and depolarization terms lead to blue shifts. T
depolarization shift decreases with bias~in accordance with
the discussion above!, while the tendency of the exchang
contribution and the subband shift is less clear. These
terms almost cancel each other, so that the blue shift du
depolarization dominates the behavior. Because the subb
shift slightly overcompensates the exchange contribution,
full Hartree-Fock curve exhibits a small additional blue sh
in particular for 0.2 V/period.

Figure 4 shows details for the two dominating gain tra
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sitions at 0.3 V/period. We notice first that all many-partic
effects reverse sign for gain transitions. This is due to
sign change in the occupation differences entering Eqs.~2!
and ~4!.7 Both transitions exhibit a red shift due to all th
Hartree-Fock corrections. The shift is stronger for the~6,7!
transition although the depolarization length is much sma
compared to the~6,8! transition, see Table I. For gain tran

FIG. 3. Details of THz absorption including mean-field effec
in the dominant transition of each bias. From bottom to top, the b
is V50.12, 0.2, and 0.3 V/period, and the corresponding transiti
are between levels~6,7!, ~7,8!, and~7,9! as discussed in the text. I
all panels, the solid, dotted, short-dashed, long-dashed, and
dashed curves are, respectively, for full Hartree-Fock, subband
only, depolarization only, exchange only, and free carriers.

FIG. 4. Details of the main transitions that contribute to the g
spectra including mean-field effects for a biasV50.3 V/period. The
lower and top panels are, respectively, for~6,8! and ~6,7! transi-
tions. In both panels, the solid, dotted, shot-dashed, long-das
and dot-dashed curves are, respectively, for full Hartree-Fo
subband shift only, depolarization only, exchange only, a
free carriers.
20531
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sitions a significant part of the upper laser level is located
the injector, resulting in a weaker spatial overlap of the wa
functions fm and fn . Thus the Coulomb matrix element
entering exchange and depolarization corrections~such as
Lnm

dep) are reduced compared to the THz absorption within
injector region. In contrast, Coulomb matrix elements of t
type V(m,m,m,m) enter the subband shift~4!, which there-
fore dominates the behavior in the gain region. Indeed
lookup at Table I shows thatLdep is small, Lex is large,
consistent with the small dipole transition moment, wh
Lbg is relatively small, leading to the scenario depicted
Fig. 4.

The spectra of typical QCL’s are found to result from
delicate interplay of different transitions with strongly var
ing transition parameters. Standard approaches for ideal
quantum wells cannot describe this situation, where the
nonequilibrium distribution obtained from quantu
transport,17 or possibly semiclassical Monte Carlo20 simula-
tions, must be combined with the correct wave functions
a consistent description and understanding of the deta
spectra. Table I shows thatLnm

dep and`nm can be easily modi-
fied within the same structure by changing the bias. T
allows for a systematic experimental study of the magnitu
of Coulomb effects as a function of transition paramete
Thus QCL’s constitute promising structures to investigate
influence of Coulomb effects on intersubband transitions
central issue of such experimental studies as well as fu
theoretical work will be the importance of higher-order Co
lomb corrections together with a more stringent treatmen
screening compared to our Hartree-Fock approach. Re
work indicates that compensations between diagonal
nondiagonal terms6 may strongly reduce the importance
higher-order electron-electron scattering terms in sim
model structures. This indicates that neglecting scatterin
our Hartree-Fock approach may be a reasonable approx
tion, although this requires further detailed investigation.

FIG. 5. Comparison of absorption spectra with~solid! and with-
out ~dot-dashed! Hartree-Fock Coulomb corrections. In all pane
the bias isV50.2 V/period. The carrier densities are given resp
tively, by N53.531011, 4.631011, 5.2531011, and 731011/cm2.
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Furthermore we illustrate the importance of many-bo
effects as compared to the free-carrier model as a functio
both doping densities and temperatures. In order to keep
discussion as close as possible to experimental realizat
we chose densities and temperatures compatible with
samples described in Refs. 15 and 16.

Figure 5 shows the absorption spectra with and with
Hartree-Fock Coulomb corrections for different doping de
sities. Our free-carrier model includes the mean field of
ionized dopants and as the density increases, they shif
peak of the main absorption transition to the blue. The ma
body effects impart a further intersubband blue shift and
crease in oscillator strength of the main transitions. Althou
both the subband shift and overall oscillator strength incre
with carrier density, the impact of the Coulomb corrections
similar for all densities and follows our detailed analysis
the N56.431011/cm2 case given above.

The density dependence study is complemented with
6 that depicts the evolution of gain~-absorption! spectra with
density. Maximum gain is reached aroundN54.6
31011/cm2. The lower panels show that Coulomb corre
tions are larger for the larger density and the inset depicts
evolution of peak gain position with doping. Although th
corrections are small, it is interesting to note that Coulo
corrections lead to smaller increase in peak gain position

FIG. 6. Gain spectra as a function of doping. All curves in t
top panel have full Hartree-Fock corrections. The solid, dott
long-dashed, and dot-dashed curves correspond, respectively,N
53.531011, 4.631011, 6.431011, and 731011 /cm2. The inset de-
picts the spectral position of peak gain~in meV! as a function of
doping in 1011 /cm2. The open squares are for full Hartree-Fo
while the circles are for free carriers. The symbols are connecte
solid and dot-dashed lines, respectively, to guide the eye. In
central and bottom panels, the dopings are, respectively,N53.5
31011 and 731011 /cm2. The solid and dot-dashed curves are,
spectively, for full Hartree-Fock and free-carrier calculations.
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the high density, making the results slightly closer, quali
tively, to the experimental findings of Ref. 16. Howeve
Coulomb effects only are not enough to explain their resu
and a more detailed analysis is required.

We close our analysis with Fig. 7 where we show t
influence of temperature on the calculated curves with~solid!
and without ~dot-dashed! many-body effects. The top an
lower panels are, respectively, for phonon bath temperat
T577 and 180 K. In both panels, the bias isV50.2 V/period
and the carrier densityN56.431011/cm2.

The rise in temperature increases the spectral broade
and promotes a redistribution of population difference, fav
ing the gain transitions. As a consequence, the resulting
band shift is not so pronounced in the low-energy side
comparison toT577 K. However, since different transition
have different Coulomb corrections, the inclusion of Co
lomb effects atT5180 K affects the qualitative shape of th
spectrum more strongly at higher temperatures. Structu
that appear on the low-energy side cannot be seen wi
free-carrier model.

This manifests a further example of the complicated
terplay between the different levels in the QCL structu
which is not present in simple two-level systems.

Another interesting remark is that, for larger dephasi
the counterrotating terms, usually very small and ignore5

start to be relevant. The Coulomb shifts have opposite dir
tions for counterrotating terms than for rotating wave con
butions, and they should yield interesting effects in structu
specifically constructed to study their relevance.

IV. SUMMARY

In summary, our nonequilibrium many-body theory yiel
a surprising contrast between the importance of Coulo
effects at the absorption and gain region in quantum casc

,

by
e

-

FIG. 7. Comparison of absorption spectra with~solid! and with-
out ~dot-dashed! Hartree-Fock Coulomb corrections for a bias
0.2 V/period. The top and lower panels are, respectively, for pho
bath temperaturesT577 and 180 K.
0-5
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structures. While these effects are small in the gain region
the structure considered, strong features appear at THz
sorption.

The many-body effects are influenced by both nonequi
rium occupation functions and Coulomb matrix elemen
which depend on wave-function overlap. These two fact
can be modified by means of an external bias which u
mately allows us to control the overall strength of Coulom
corrections in the structure.
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APPENDIX: INTERPOLATION FORMULA FOR
COULOMB MATRIX ELEMENTS

The Coulomb matrix elements in Eq.~3! can be difficult
to evaluate numerically, and we give here tractable exp
sions for the relevant terms. In general, the Coulomb ma
elements are given by

VS mnlb

q D 5Vq
2dFS mnlb

q D ,

FS mnlb

q D 5E dzdz8fm* ~z!fn~z!

3exp~2quz2z8u!fl* ~z8!fb~z8!,

Vq
2d5

2pe2

e0Aq
. ~A1!

As pointed out in the text,V0
nmmn matrix elements can be

expressed exactly as a depolarization length in the sm
wave-number limit,

Lnm
dep5

9pe0A

20e2
V0

nmmn . ~A2!
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The large wave-number limit reads

VS nmmn

q→`
D 5Vq

2d 1

qbmn
,

1

bmn
52E dzufm~z!u2ufn~z!u2. ~A3!

Inspection of the two extremes suggests an interpola
formula for the depolarizationlike terms

VS nmmn

q D 5Vq
2d q

9p2

10Lnm
dep

1bmnq2

. ~A4!

Similar considerations yield an analogous interpolat
formula for the subband shift and exchange matrix eleme

VS nnnn

q D 5Vq
2d 1

11
Lnn

bg

3
q

,

VS nnmm

q D 5Vq
2d 1

11
Lnm

ex

2
q

, ~A5!

where

Lnn
bg5

3/2

E dzufn~z!u4
,

Lnm
ex 5

1

E dzufm~z!u2ufn~z!u2
. ~A6!

The lengthsLnm
dep, Lnm

ex , andLnn
bg have been defined so tha

they reduce to the quantum well width if the wave functio
used are the eigenstates of an infinite potential well.
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