
PHYSICAL REVIEW B 69, 172501 ~2004!
Frustrated two-dimensional Josephson junction array near incommensurability
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To study the properties of frustrated two-dimensional Josephson junction arrays near incommensurability,
we examine the current-voltage characteristics of a square proximity-coupled Josephson junction array at a
sequence of frustrationsf 53/8, 8/21, 0.382 ('(32A5)/2), 2/5, and 5/12. Detailed scaling analyses of the
current-voltage characteristics reveal approximately universal scaling behaviors forf 53/8, 8/21, 0.382, and
2/5. The approximately universal scaling behaviors and high superconducting transition temperatures indicate
that both the nature of the superconducting transition and the vortex configuration near the transition at the
high-order rational frustrationsf 53/8, 8/21, and 0.382 are similar to those at the nearby simple frustration
f 52/5. This finding suggests that the behaviors of Josephson junction arrays in the wide range of frustrations
might be understood from those of a few simple rational frustrations.
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For Josephson junction arrays~JJA’s!, frustration can be
introduced by applying an external magnetic field. In t
presence of frustration, a finite density of vortices is induc
in the array. For a two-dimensional~2D! JJA, the mean num
ber of vortices per plaquette induced by a uniform exter
field is identical with the frustration indexf defined as the
fraction of a flux quantum per plaquette. The competiti
between two different length scales, the mean separatio
vortices and the period of the underlying pinning potential
the array, leads to various structures of vortex lattices at
temperatures. At a simple rationalf, the ground state is a
commensurate pinned vortex lattice.1 For example, vortices
in a square array atf 51/2, 1/3, or 2/5 have a staircase sta
with a quasi-one-dimensional structure in a diago
direction.2 For f 51/3 or 2/5, the high-temperature isotrop
vortex liquid freezes into the pinned vortex lattice with t
staircase configuration through a finite-temperature su
conducting transition. In the weak magnetic-field limit, t
superconducting vortex lattice becomes triangular.3 In a
high-order rational or an irrational field, however, both t
low-temperature vortex configuration and the nature of
superconducting transition remain controversial. Some ye
ago, Halsey4 suggested, based on Monte Carlo~MC! studies
of the XY model, that in the limit of the irrationalf * 5(3
2A5)/2, there may exist a glass transition to a superc
ducting disordered vortex state at some finite tempera
Tg'0.25J/kB for a square array, in whichJ is the junction
coupling strength. Other arguments,5–7 however, suggest tha
the glass transition appears at zero temperature and tha
superconducting transitions at rationalf ’s near f * should
occur at some finite temperatures which decrease to zerof
approaches the irrational value off * . Some of the recen
MC simulations,8 on the other hand, showed that at mostf ’s
in the range 1/3< f <1/2 except a few simple rationalf ’s,
vortices in a square JJA undergo two separate transition
finite temperatures: a sharp first-order phase transition
temperatureTo5(0.1520.2)J/kB to a resistive quasiordere
state and a pinning transition at a lower temperature t
superconducting ordered state with the vortex configura
consisting of periodic arrangements of either staircase
terns of the simple rationalf ’s or hole defects on thef
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d

l

of
f
w

l

r-

e
rs

-
re

the

s

at
at

a
n
t-

51/2 configuration. A single finite-temperature phase tran
tion from a vortex-liquid phase to a superconducting orde
phase consisting of domains separated by parallel dom
walls has also been suggested by a different numerical w
for a sequence of high-order rationalf ’s approaching the
irrational f * .9 The nature of the superconducting transiti
and the vortex structure of the superconducting ground s
near incommensurability obtained by numerical efforts ha
been found8,9 to strongly depend upon the imposed bounda
condition and choice of dynamics.

There have been very few experimental studies ab
phase transitions near incommensurability. They agree o
single finite-temperature phase transition to a supercond
ing state which can be understood as a pinned vortex ph
with long-range phase coherence.10,11However, since the ex-
periments were performed on superconducting wire n
works where phase fluctuations were much weaker tha
JJA’s, the superconducting behavior is suspected by som
be dominated by a mean-field transition.5 Besides, the ex-
periments provided only limited information about the vort
structure of the superconducting state. In addition to stron
phase fluctuations, a proximity-coupled JJA has a broa
critical region than a superconducting wire network, whi
enables one to investigate the superconducting trans
with higher precision. For a JJA, it is also possible to me
sure the single-junction critical currenti c and determine the
phase-transition temperature in units ofJ/kB (5\ i c /
2ekB). Knowing the phase-transition temperature in units
J/kB , one can make a direct comparison between exp
mental results and the numerical expectations. In this pa
we present an experimental investigation of the superc
ducting phase transition of a proximity-coupled JJA near
commensurability, that is, at high-order rational frustratio
near the irrationalf * 5(32A5)/2. We examine the super
conducting scaling behavior of the current-voltage (IV)
characteristics of a square array atf 53/8, 8/21, 0.382
('(32A5)/2), 2/5, and 5/12. Detailed scaling analyses
veal approximately universal scaling behaviors forf 53/8,
8/21, 0.382, and 2/5. The superconducting transition te
peratures are found as high as 0.19–0.22J/kB . We discuss
©2004 The American Physical Society01-1
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implications of the universal scaling behavior and the h
superconducting transition temperatures in conjunction w
the nature of the superconducting transition and the vo
configuration of the superconducting state near incomme
rability.

The experiments were performed on a square array
20031000 Nb/Cu/Nb Josephson junctions described in R
12. The array completed the zero-field superconducting t
sition at T'6.24 K with a transition width'0.4 K. The
appearance of many resistance minima in the magnetor
tance curve confirms the good uniformity of the sample. T
frustration could be precisely adjusted by the use of the m
netoresistance curve of the sample, showing sharp resist
minima at fractionalf ’s.13 The standard four-probe metho
utilizing a transformer-coupled lock-in voltmeter and
square-wave current at 23 Hz was used for theIV character-
istics measurements. The single-junction critical curreni c
and the junction coupling strengthJ (5\ i c /2e) at high tem-
peratures were determined by extrapolating thei c vs T data
at low temperatures by the use of de Gennes expression14 in
the dirty limit. Thei c at low temperatures was obtained fro
the I vs dV/dI curves.

The IV characteristics of the sample forf 53/8, 0.382,
2/5, and 5/12 are shown in Fig. 1. Relatively narrow volta
ranges of theIV data are related to the small dynamic
critical exponent for frustrated JJA’s. As can be seen from
current dependences of the slope of theIV curves, shown in
Fig. 2, theIV curves at high temperatures for all thef ’s are
Ohmic at low currents and bend upward at high curren
At low temperatures, theIV curves are bent downward
The low-temperature curves can be fitted into a formV
;Iexp@2(IT /I)m# with m50.6–1. The activated character
the low-temperature curves proposes a superconducting
as the low-temperature state. The variation of qualitative
ture of theIV curves suggests that for all thef ’s, a phase
transition from a high-temperature resistive state to a lo
temperature superconducting state occurs at the t

FIG. 1. Some ofIV curves for four different frustrations:~a! f
53/8 at T55.150–5.900 K,~b! f 50.382 atT55.200–5.900 K,
~c! f 52/5 at T55.150–5.876 K, and ~d! f 55/12 at T
55.170–5.878 K. The dashed lines are drawn to show the po
law (V;I z11) behavior at the critical temperature.
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perature where a straightIV curve appears. The gradual dro
of the resistance upon approaching the transition is indica
of a continuous phase transition. For a continuous superc
ducting transition in 2D,IV curves are expected to collaps
onto two curves withI and V scaled by the general scalin
form V/I uT2Tcuzn5E6(I /TuT2Tcun), where z is the dy-
namical critical exponent,n the correlation-length critica
exponent, andE6 the scaling functions above and below th
transition temperatureTc .15 This scaling form becomes
simple power-lawIV relation V;I z11 at T5Tc and V/I
;(T2Tc)

zn in the low I limit at T.Tc . Figure 3 shows the
IV curves scaled with the scaling form. For all fourf ’s, we
find theIV data exhibit good scaling behaviors. A good sc
ing behavior is found forf 58/21 as well. The scaling pa
rametersTc , n, and z for f 58/21 are practically identica
with those for f 50.382. In the scaling analyses, we ma
use of the approximate values ofTc , z, andn derived from
the straightIV curves in Fig. 1 and the temperature vs res

r-

FIG. 2. Current dependences of the slope of theIV curves in
Fig. 1.

FIG. 3. Scaling plots of theIV curves. Each plot containsIV
curves at 18–21 different temperatures. The values ofTc , z, andn
used to scale the data are shown in the insets.
1-2
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tance curves fitted into the relationR;(T2Tc)
zn. The val-

ues ofTc , n, andz in the insets of Fig. 3 are the refined on
in the scaling processes. The error bars, that is, the arbit
nesses in determining the scaling parameters, are 0.03 K
Tc , 0.05 forz, and 0.1 forn. Distinct concavities of theIV
curves significantly limit the arbitrariness in determining t
parameters. TheIV data satisfy the recently propose
criterion16 to determine if the data collapse is valid, as a
peared in Fig. 2. The effect of finite-size-induced free vo
ces, which may alter the scaling behavior considerably in
absence of a magnetic field17, is not significant for our
sample exposed to a magnetic field.18 We thus conclude tha
the scaling plots confirm for all the frustrations investigate
superconducting transition at the temperature where
straightIV curve appears.

The Tc’s for the f ’s investigated correspond t
(0.19–0.22)J/kB , which is somewhat too high to be relate
with the vortex-pinning transition, the lower-temperature s
perconducting transition of two separate phase transit
observed in some MC simulations.8 The vortex-pinning tran-
sition was expected to appear atTc,0.1J/kB for f 53/8 and
0.382. The weakf dependence ofTc does not seem to b
compatible either with the argument6 thatTc should decrease
to zero asf approaches the irrationalf * . The critical expo-
nentsn andz for f 53/8, 8/21, and 0.382 are identical withi
experimental errors with those off 52/5. In Fig. 4, we find
that not only are the critical exponents similar for four d
ferent frustrations but the scaling functions are also. Ho
ever, theIV data for f 55/12 which is only;0.017 distant
from 2/5 fail to collapse onto the same curves in Fig. 4. F
f 51/3, it was found19 thatn51.6 andz50.60, significantly
different from those off 52/5. Such approximately universa
scaling behaviors forf 53/8, 8/21, 0.382, and 2/5 indicat
that the superconducting transitions forf 53/8, 8/21, and
0.382 are similar in nature to that for the nearby simple fr
tration f 52/5. For f 52/5, the superconducting transitio
has been understood in terms of the freezing of a vo
liquid into a pinned ordered vortex solid.11,20,21The approxi-
mate universality also implies that the vortex configuratio
nearTc for f 53/8, 8/21, 0.382, and 2/5 are quite similar

FIG. 4. Scaling plot of theIV curves for f 53/8, 8/21, 0.382,
and 2/5 with the samez (50.76) andn (51.84). TheIV data for
four different frustrations collapse onto the nearly same curves
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each other. Adsorbed atoms on a periodic substrate w
bear a strong resemblance to vortices in a periodic arra
Josephson junctions may have a ground state near inc
mensuracy consisting of domains of nearby commensu
phase~s! separated by domain walls.22 If the JJA has domains
of the f 52/5 phase separated by quasiperiodic or comm
surate domain walls as the ground states forf 53/8, 8/21,
and 0.382 analogous to the adsorbate systems near in
mensurability, the vortex configurations forf 53/8, 8/21,
0.382, and 2/5 may look similar in the vicinity of transitio
where many extra domain walls get excited. Extending
finding at thef ’s around 2/5, one might expect that the b
haviors of vortices in the wide range of frustrations could
understood from those of a few simple rational frustrations
which the system has distinct local minima in energy. TheIV
characteristics forf 55/12 might then be understood from
those of possiblyf 53/7.

As discussed above, our experimental finding is incon
tent with the numerical results indicating either a glassl
transition or two separate transitions at the irrationalf * or its
nearby high-order rationalf ’s. Instead, it seems to be com
patible to some extent with the simulation results9 indicating
for a sequence off ’s approaching the irrationalf * a single
finite-temperature ordering transition of a vortex liquid into
striped lattice phase with domains of thef 58/21 staircase
state separated by parallel walls. Denniston and Tang9 argued
that the conflicting simulation results near the irrationalf *
are due to the impositions of different boundary conditio
An imposition of an improper boundary condition incompa
ible with incommensurate or long-period commensur
phases may produce unrealistic simulation results near
commensurability. Another possible cause for the incon
tencies between the experiments and the simulations is
disorder effects. A real array always contains some amo
of quenched disorder, for instance, the inevitable variation
the junction coupling strength. Even a small amount
quenched disorder has been found11,12,21,23,24to have a sig-
nificant effect on phase transitions of JJA’s at simple ratio
frustrations. Therefore, for the present, we may not tota
exclude the disorder effects as a possible cause for the in
sistencies.

In conclusion, approximately universal scaling behavio
of the IV characteristics are found for a square JJA af
53/8, 8/21, 0.382@'(32A5)/2#, and 2/5. The approxi-
mately universal scaling behaviors and high superconduc
transition temperatures indicate that both the nature of
superconducting transition and the vortex configuration n
the transition at the high-order rational frustrationsf 53/8,
8/21, and 0.382 are similar to those at the nearby sim
frustrationf 52/5. This finding suggests that the behaviors
Josephson junction arrays in the wide range of frustrati
might be understood from those of a few simple ration
frustrations.

This work was supported by the Ministry of Educatio
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