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Comment on ‘‘Dynamic correlations of the spinless Coulomb Luttinger liquid’’
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We show that claims@Y. Gindikin and V. A. Sablikov, Phys. Rev. B65, 125109~2002!#, concerning the
threshold behavior of the spectral function of a Coulomb Luttinger liquid, are based on an inconsistent
mathematical analysis. Physical arguments are also presented, indicating that the claimed behavior is unlikely
to be correct.
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In a recent paper1 Gindikin and Sablikov~GS! introduced
a new method for analyzing the equations arising in
theory of the Coulomb Luttinger liquid~CLL! and showed
that the method predicts apparently previously unnoticed
gularities in the charge-density wave~CDW! structure factor
S for wave vectorq near to 2kF and for low energyv:

S~q,v!;
e24bu ln eu1/2

veu ln eu1/2
, ~1!

where e[v2vq22kF
→01. They further claimed~without

showing details! that when their method is used to calcula
the electron spectral functionr(q,v), it led to results in
disagreement with our previously published calculation2

specifically, they assert that for smallq and low energy,
d/vq5(v2vq)/vq→01,

r~q,v!;
e2A(q)bu ln du1/2

vdu ln du1/2
, ~2!

so that r(q,v) diverges asd→0 at fixed q, whereas we
found r(q,v) rapidly vanishes near such threshold:

r~q,v!;dCu ln du1/2
, ~3!

whereC is a constant. In Eqs.~1! and~2!, wave vectorq and
frequencyv are measured from Fermi wave vectorkF and
Fermi energyEF , respectively~we set\[1 throughout this
Comment!; vq5qvq;vFb21qA2 ln(qd) is the plasmon
~boson! mode energy in the long-wavelength limit withd
being the characteristic length scale of the system. In Eq.~2!,
A(q)[@vq /vF21#2 and b[@p\vF/2e2#1/2, where vF is
Fermi velocity andvq is the renormalized plasmon~boson!
velocity.1

In this Comment we show that although the structure f
tor S(q,v) obtained by GS@Eq. ~1!# is in agreement with the
results obtained by other more elementary methods,3 the
spectral function quoted by GS@Eq. ~2!# is in error: it does
not satisfy the equation they derive, whereas our result,
~3!, does satisfy their equation. We also adduce physica
guments showing that independent of the mathematical
tails their proposed form cannot be correct. We further po
out that in their paper1 they misunderstood the effective e
ponent theory we developed in our earlier work2 and hence
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made a wrong statement to the CDW structure factor
tained by the effective exponent theory.

Because GS did not present a detailed derivation of th
result for the spectral functionr(q,v) we begin by outlining
the derivation here following their method. The analysis p
ceeds from the standard expression for the electron Gre
function in coordinate space2,3 @following GS ~Ref. 1! we
restrict to spinless systems and consider only right-mov
particles#:

G~x,t !5 lim
a→01

eikFx

2pa
expF2E

0

1`dp

p
e2ap@cosh~2up!

2cosh2up ei (px2pvpt)2sinh2up e2 i (px1pvpt)#G ,
~4!

with the exponent parameterup given by

e22up[g~p!215vp /vF;b21A2 ln~pd!, ~5!

where the last approximation applies in the limit of sm
momentump. The spectral functionr(q,v) is defined by

r~q,v!5@ r̃~q,v!1 r̃~2q,2v!#/2p, ~6!

where

r̃~q,v!5E
2`

`

dx e2 iqxE
2`

`

dt eivtG~x,t !. ~7!

The analyticity ofG(x,t) in the lower-half complex plane o
t implies that r̃(q,v) is nonzero only whenv>uqvqu and
r̃(2q,2v) is nonzero only forv<2uqvqu. We specialize
now to positiveq and v and consider onlyr̃(q,v) on the
right-hand side of Eq.~6!.

The key insight of GS is that an integral equation f
r̃(q,v) can be obtained by integrating the right-hand side
Eq. ~7! by parts in the time variable and using Eq.~4!, yield-
ing

vr̃~q,v!5E
0

1`

dQ@vQcosh2uQr̃~q2Q,v2QvQ!

1vQsinh2uQr̃~q1Q,v2QvQ!#. ~8!
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The constraint thatr̃(q,v) is nonzero only whenv>uqvqu
means that for very smalld5v2vq , r̃(q2Q,v2QvQ) is
nonvanishing only forQ very near zero or very nearq, while
r̃(q1Q,v2QvQ) is nonvanishing only forQ very near
zero. After changing variables to highlight these regimes
neglectingQ when compared toq, we find

vr̃~q,v!52vqcosh2uqE
0

Q*
dQr̃~Q,v2qvq!

1E
0

Q*
dQ vQcosh~2uQ!r̃~q,v2QvQ!, ~9!

with Q* given by

Q* vQ* 5v2qvq[d. ~10!

As noted by GS a further change of variables is con
nient to highlight the possibility of a divergence asv
→qvq . Defining

f q~v2qvq!5vr̃~q,v!, ~11!

we have

f q~d!52vqcosh2uqE
0

Q* dQ

d
f Q~d2QvQ!

1E
0

Q*
dQ

vQcosh~2uQ!

d1qvq2QvQ
f q~d2QvQ!. ~12!

GS assert that Eq.~2!, which implies

f q~d!}
exp@2bA~q!A2 ln~d/E0!#

dA2 ln~d/E0!
~13!

solves Eq. ~12! in the limit of d/qvq→0, where E0
5vFb/d is an energy scale. However, simple substitut
shows that it does not. In the first term on the right-hand s
of Eq. ~12!, the restriction Q,Q* ;(d/E0d)ln1/2(E0 /d)
means that this term is;e2bA(Q* )A2 ln(d/E0), so much less
than f q(d) on the left-hand side@recall A(Q* ) diverges as
Q* →0 near the threshold,d→0, whileq is fixed#. From the
second term we obtain factors ofqvq in the denominator,
inconsistent with the ansatz of Eq.~13!. On the other hand
substitution also shows that our solution, Eq.~3!, does satisfy
Eq. ~8! asymptotically asd/qvq→0. Therefore one of the
main conclusion in GS’s paper that the spectral function o
Coulomb Luttinger liquid has a divergent threshold in t
low-energy regime@see Eq.~2!# is in correct.

Physically, we can argue that the low-energy behavior
the spectral function must have a pseudogap structure ra
than a divergent singularity. In any realistic system, the lo
ranged Coulomb interaction is always screened by the ex
nal charge with a finite screening lengthq0

21. The low-
energy behavior of one-dimensional~1D! electron system
under such short-ranged interaction can be also well
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scribed by the standard Luttinger liquid theory4 giving a
well-known power-law singularity near the threshold of t
spectral function,5r(q,v)}(v2vq)a21. The exponenta
can be larger than one if only the interaction strength
strong enough, leading to a cusp threshold similar to
pseudogap structure.5 If we reduce the screening length o
the screened Coulomb interaction, the effective interact
strength for the low-energy behavior should become e
stronger, naturally leading to a pseudogap structure~which
decays faster than any power law in low-energy regime! as
we found in the earlier work.2 The divergent singularity GS
obtained in the low-energy regime indicates, however, a
havior similar to a LL of weak interaction, and therefo
cannot be a correct result for a long-range Coulomb inter
tion in any physical sense. The numerical calculation o
true long-ranged Coulomb interaction2,6 also confirms the
existence of a pseudogap structure in the spectral funct
consistent with the results obtained by the renormalizat
group analysis in Ref. 7.

We now further point out that another comment in the G
paper1 about the CDW structure factor is also incorrect. Th
claim that using the effective exponent theory we develop
in Ref. 2, one will obtain a cusp threshold in the low-ener
regime of S(q;2kf ,v). We can use a simple qualitativ
analysis to show that this statement is incorrect. According
the accepted Luttinger liquid theory for short-rang
interaction,3 the CDW dynamical structure factor diverges
v5vq22kF

with a power ofaCDW5211g(0). Assuming
that the long-ranged Coulomb interaction is screened
becomes short-ranged with a finite screening lengthq0

21, the
exponentaCDW then becomes;211b ln21/2(1/q0d). Fol-
lowing the spirit of scaling-dependent effective expone
theory,2 we can simply replaceq0 by the scaling cutoff,Q*
in Eq. ~10! ~but now usinge5v2vq22kF

→01 instead of

d), and relate such aneffectiveexponent to alogarithmic
derivative of the structure factor near the threshold, i.e.,

aCDW
eff ~e![

] lnS~e!

] lne c
e→01

5211
b

ln1/2~E0 /e!
, ~14!

which leads to the low-energy threshold behavior of t
CDW structure factor

S~q,v!;e21exp@22b ln1/2~E0 /e!#. ~15!

Except for unimportant prefactors, the above result is con
tent with Eq. ~1! obtained by GS and shows a diverge
singularity in the vicinity of q52kF . Therefore GS’s
criticism1 that our effective exponent2 will lead to a cusp
threshold structure in the CDW structure factor is also inc
rect.

In summary, the methods of GS lead to the threshold
havior of 2kF CDW structure factor of 1D Luttinger liquid
equivalent to those obtained from our effective exponent p
cedure, but the latter applies over a wider energy ra
whereas the GS method only applies very close to thresh
1-2
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The spectral function GS obtained is shown to be based
an inconsistent mathematical assumption and in disag
ment with physical arguments and widely accepted resu

Note added. After this comment was submitted for pub
cation, the authors of Ref. 1 submitted an Erratum,8 where
they admitted the mistakes they made in calculating the s
tral function @Eq. ~2!# in Ref. 1. Their revised result show
16710
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the same pseudogap structure in the low-energy thresh
which we obtained by the effective exponent theory in o
earlier work.2
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