
PHYSICAL REVIEW B 69, 165310 ~2004!
Intraband polarization and terahertz emission in biased semiconductor superlattices
with full excitonic basis
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We report theoretical and experimental results for the intraband dynamics of biased semiconductor super-
lattices excited by ultrashort optical pulses. The theoretical model used employs an excitonic basis that in-
cludes 1s and all higher-energy in-plane excitonic states. These excitonic states are used to calculate the
intraband polarization and terahertz emission of the superlattice system in response to excitation via an ul-
trashort optical pulse. Our results show that the higher in-plane excitonic states often modify considerably the
terahertz emission relative to the results obtained using a 1s exciton basis, but that under some excitation
conditions a 1s exciton basis gives accurate results. Good agreement between experimental and theoretical
results is obtained.
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I. INTRODUCTION

After the ground-breaking work of Bloch in 1928,1 there
has been a considerable amount of work done on Bloch
cillations ~BO’s!. As discussed by James and co-workers,2–4

the energy levels of electrons in a periodic potential of per
d in the presence of a constant electric fieldF are given by
E01meFd, whereE0 is a reference energy,e is the modulus
of the charge on an electron, andm is an integer. The energ
levels form the so-called Wannier-Stark ladder~WSL! and
the eigenstates are localized if Zener tunneling5 is neglected.
BO’s result from wave packets formed from the superpo
tion of WSL states. The energy spacing of the WSL,eFd, is
usually written in terms of Bloch frequencyvB as eFd
[\vB .

The recent intensive interest in BO’s and the WSL beg
after the proposal of the superlattice by Esaki and Tsu
early 1970s.6 The WSL was first detected by Mendezet al. in
a biased semiconductor superlattice~BSSL! via photocurrent
and photoluminescence measurements.7 More recently, much
interest has shifted from the characterization of the W
stationary states to the observation the coherent dynamic
carriers excited via ultrashort optical pulses. The most co
mon experimental techniques for observing coherent dyn
ics in a BSSL are four-wave mixing techniques and the dir
detection of the terahertz field generated by the oscilla
electronic wave packets.8–11

On the theoretical side, there have been a relatively la
number of approaches employed to calculate the cohe
dynamics in BSSL’s. Among these formalisms, the m
common approaches are those based on the semicond
Bloch equations~SBE’s!,12–16 and various forms of the dy
namics controlled truncation~DCT! theory.17–20 The SBE’s
have been used successfully to describe a wide range o
perimental results, including the ac Stark effect, Rabi os
lations, and terahertz emission.13,21,22In principle, the SBE’s
are a nonperturbative method and can treat the optical
in infinite order. However, it has been shown that the SB
0163-1829/2004/69~16!/165310~12!/$22.50 69 1653
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within the Hartree-Fock~HF! approximation neglect the cru
cial electron-hole correlations within an exciton when carr
out beyond first order in the optical electric field.18,23–28The
DCT theory on the other hand can in principle treat all c
relations exactly to any desired order in the optical field
has been employed to calculate the intraband polarizatio
coupled-double quantum wells and BSSL’s to seco
order.27,29,30

Most authors using either SBE’s or DCT employ a fr
electron-hole basis to calculate the coherent dynamics. S
a basis, however, is not often favorable to the numer
calculation of the BSSL system where the electron-hole C
lomb interaction plays an important role as the basis s
required is usually very large. Furthermore, it is essentia
due to the use of the free electron and hole basis that
crucial correlation between the electron and hole within
exciton is not treated correctly by the SBE’s in the Hartre
Fock approximation. Haderet al.,21 by including phonons in
their model, have mitigated the problem introduced via
Hartree-Fock approximation. However, this problem is co
pletely removed by employing an exciton basis and us
DCT theory. This is the approach used in the present wo
This formalism has been successfully applied to the calc
tion of coherent dynamics up to infinite order in the optic
field.27,30,31

In previous publications, we have restricted the basis u
in dynamics calculations to include only 1s excitons.27,30,31

The justification for this reduced basis is twofold. First, f
excitation via optical energies below the zeroth heavy-h
1s exciton transition energy,\v0, the absorption is domi-
nated by 1s excitons. Second, using the usual methods,
calculation of bound and unbound excitonic states in a BS
is computationally very time consuming. Although much
the physics can be understood without the higher continu
states, these states have been shown to be important in
scribing the full absorption spectrum including the Fa
resonances.32 As we shall show here, these states can a
play a role in the nonlinear coherent response of a BSSL

In this work, we first present a method to calculate bo
the bound and unbound excitonic states in a BSSL. T
©2004 The American Physical Society10-1
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method is essentially an extension of the method that D
nam and Sipe33 developed to calculate the 1s exciton states
of a BSSL. In order to verify the validity of the method, th
calculated excitonic states are first employed to calculate
linear absorption spectra of BSSL’s. The method is very
ficient, typically requiring less than 800 basis states. Th
are a number of other authors who have presented acc
methods for the calculation of the absorption spectra
BSSL’s. Some of these methods34 do not explicitly calculate
the electronic states of the system, while others35–39 employ
very large numbers of noninteracting basis states typic
from 53103 to 106. Both of these factors can become
serious limitation in the calculation of the nonlinear coher
dynamics in these systems. It is because we wish to use
basis to calculate the intraband dynamics of BSSL’s that
employ the excitonic basis presented in this work.

Using the full excitonic basis that includes both 1s and
higher in-plane excitonic states~HIES!, we find that the in-
traband polarization and the terahertz emission can
strongly affected by the HIES of the BSSL system. In p
ticular, we find that the HIES can significantly influence t
dc component, amplitude and phase of the intraband po
ization and the phase and amplitude of the terahertz radia
relative to a 1s-exciton model. Calculations with the fu
excitonic basis also show that the previous 1s-exciton-ba
model for dynamics calculation gives accurate results for
citation where the exciting laser energy is well below t
zeroth heavy-hole transition energy. However, when the
citing laser energy approaches and goes above the ze
heavy-hole 1s exciton transition energy\v0, the previous
1s-exciton models do not correctly describe the dynamics
the system.

The theoretically predicted terahertz signal is direc
compared to experiment. Here, we present experimenta
sults investigating the THz emission of a BSSL as funct
of the exciting laser energy. Although other experiments40,41

have been performed on the terahertz emission from BSS
this work focuses on the dependence of the terahertz e
sion on the spectral position of the exciting laser pulse, wh
simultaneously retaining precise control of the excitat
conditions during the terahertz experiment. We find go
agreement of theory with experiment.

The paper is organized as follows. First, a method of
taining the excitonic stationary states of a BSSL system
given in Sec. II A. In Sec. II B, the absorption spectrum
calculated with the full excitonic basis and compared w
existing experimental results. In Sec. III A, we present
theory used to calculate the intraband polarization and
terahertz emission. In Sec. III B, we compare the results
ing a full excitonic basis with those using a 1s-exciton basis.
In Sec. III C, we compare our theoretical results for terahe
radiation with our experimental results. Finally, in Sec. IV
summary is presented.

II. STATIONARY EXCITONIC STATES

A. Theory

In this section, we present a tight-binding approach
calculating all the optically active bound and unbound ex
16531
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tonic states of a BSSL. This means that we calculate only
states with in-planes symmetry and with a center-of-mas
wave vectorK that is zero. For a type-I superlattice, th
envelope-function Hamiltonian in the presence of a sta
electric field may be written as33

H0~r ,ze ,zh!5H08~r ,ze ,zh!1Ue~ze!1Uh~zh!1eFz,
~2.1!

whereH08 , which contains the kinetic and Coulomb ener
terms, is given by

H08~r ,ze ,zh!5
2\2

2m~ze ,zh!

1

r

]

]r S r
]

]r D2
\2

2

]

]ze

1

mez*

]

]ze

2
\2

2

]

]zh

1

mhz*

]

]zh
2

e2

eAr 21z2
. ~2.2!

In Eq. ~2.2!, ze andzh denote thez coordinates of the elec
tron and hole, respectively,z[ze2zh , and r denotes the
electron-hole separation in thexy ~transverse! plane. The
layer-dependent, transverse, reduced effective mass is
fined by m21(ze ,zh)[mei* (ze)

211mhi* (zh)21, where
mei* (ze) @mhi* (zh)# is the transverse electron~hole! mass. The
layer-dependent effective mass for the electron~hole! in thez
direction is denoted bymez* (ze) @mhz* (zh)#. The average di-
electric constant of the structure is given bye. Since only the
optically accessibles-symmetry states will be considered
this work, the angular dependence in the Hamiltonian in
~2.2! has been omitted. Finally, in Eq.~2.1!, Us(zs) $s
P@e,h#% is the superlattice potential for the electron~hole!
and is described by

Us~zs!5VsF12(
j

R~L:zs2 jd !G , ~2.3!

whereVs is the electron or hole well depth andj is an inte-
ger. The functionR(L:z) is a rectangle function of height 1
and widthL centered onz50, whereL is the width of the
quantum wells.

The exciton Hamiltonian of Eq.~2.1! is invariant under a
translation of the exciton center of mass by a distance ofmd,
wherem is an integer.33 The translational symmetry in th
BSSL’s indicates that the exciton envelope function ha
form similar to the usual Bloch wave function. Thus th
periodicity in the reciprocal lattice allows one to write th
exciton envelope function in the Wannier representation:

cm
Kz~r ,ze ,zh!

5
1

A2N11
(

m52N

N

Wm~r ,ze2md,zh2md!eiK zmd, ~2.4!

wherem is the internal quantum number of an exciton,Kz is
the exciton center-of-mass wave number in thez direction,
and 2N11 is the number of periods in the superlattice. T
Wm(r ,ze ,zh) are the exciton Wannier functions.33 The
z-component center-of-mass wave vectorKz will be set to
zero hereafter due to the negligible momentum of excit
photons.
0-2
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The problem is now reduced to calculating the excit
Wannier functionWm(r ,ze ,zh). We expand theWm(r ,ze ,zh)
in a basis composed of the eigenstates of various two-
Hamiltonians.33 A two-well Hamiltonian H j

TW is a Hamil-
tonian for aninteractingelectron and hole where the electro
is in a well centered atze5 jd and the hole atzh50. The j th
two-well Hamiltonian is given by

H j
TW~ze ,zh ,r !5H081Ve@12R~L;ze2 jd !#

1Vh@12R~L;zh!#, ~2.5!

whereH08 is defined in Eq.~2.2!.
In the previous work33 where only the 1s excitons were

considered, the eigenstates of the two-well Hamiltonian w
solved variationally through a 1s-like variational wave func-
tion. In this work, however, all thes-symmetry excitonic
states in the plane are calculated. Therefore, apart from
first indexj for describing the electron-hole separation of t
given two-well HamiltonianH j

TW , a second indexb is re-
quired to label the different eigenstates ofH j

TW . The quan-
tum numberb describes the 1s, 2s, 3s, . . . ~up to the con-
tinuum! s-symmetry states of in-plane motion. We define t
eigenstates of the two-well HamiltonianH j

TW by
F j b(r ,ze ,zh). We solve for the two-well eigenstates by e
panding them in an appropriate basis. We begin by rewrit
the two-well Hamiltonian, Eq.~2.5!, as follows:

H j
TW5F 2\2

2m~ze ,zh!

1

r

]

]r S r
]

]r D G1H 2
\2

2

]

]ze

1

mez*

]

]ze

1Ve@12R~L;ze2 jd !#J 1H 2
\2

2

]

]zh

1

mhz*

]

]zh

1Vh@12R~L;zh!#J 2
e2

eAr 21z2

[H i1He
j 1Hh

02
e2

eAr 21z2
. ~2.6!

For simplicity we neglect the field dependence of the tw
well potentials in Eq.~2.6!. This approximation can be
shown to be a good one as long as the width of quantum
is not too shallow and the applied dc field is not too larg
For the system considered in this paper, the field depend
of the two-well Hamiltonian has a negligible influence.33

The basis used to determine the eigenstates of the
well Hamiltonian are the eigenstates ofH i1He

j 1Hh
0 , which

can be written as

fk~r ,ze2 jd,zh!5 f e
m~ze2 jd ! f h

n~zh!gk~r !, ~2.7!

where f e
m(ze2 jd) „f h

n(zh)… is themth ~nth! eigenstate of the
HamiltonianHe

j (Hh
0) andgk(r ) is thekth eigenstate ofH i ,

which is independent ofj. As has been shown previously,43

when the well width is about 10 nm or less~which is the case
for the BSSL’s considered here!, we need only include the
16531
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m5n51 along-axis states, which we now denote simply
f s(zs) for sP$e,h%.

The gk(r ) satisfies the eigenvalue equation

2\2

2m̄

1

r

]

]r S r
]

]r Dgk~r !5Ek
i gk~r !, ~2.8!

wherem̄ is the appropriate average ofm(ze ,zh). To quantize
the energies, we impose the boundary conditiongk(R)50,
whereR is a large radius to be defined later. Thus, the so
tions are Bessel functions of the first kind of order 0,

gk~r !5NkJ0~kr !, ~2.9!

where theNk are normalization constants given by

Nk5
A2

RuJ1~kR!u
, ~2.10!

and the energies are given byEk
i 5\2k2/2m̄. The boundary

conditiongk(R)50 yieldsJ0(kR)50, which determinesk.
The choice ofR in actual calculations is dictated by a ba
ance between achieving very accurate energies and w
functions for the low-energy states (1s,2s, . . . ) while still
giving accurate density of states at high energies and kee
the basis at a manageable size. In practice, we find thaR
540a0 gives very accurate exciton states up to the 4s state
and yields converged results for both absorption and po
ization calculations for the excitation energies of interes42

Herea0 is the exciton Bohr radius which is roughly 15 n
for GaAs. Now, with the basis states in Eq.~2.7!, the eigen-
states of the two-well Hamiltonian@Eq. ~2.5! or ~2.6!# are
expanded as

F j b~r ,ze ,zh!5(
k

Ak
j bNkf e~ze2 jd ! f h~zh!J0~kr !,

~2.11!

where Ak
j b are the expansion coefficients. The coefficien

Ak
j b , and hence the eigenstatesF j b(r ,ze ,zh), are determined

by diagonalizing the two-well Hamiltonian in Eq.~2.6! in
this orthogonal basis. For convergence, the number ofJ0(kr)
(k states! required for a givenj needs to be 400 forR
540a0. The most computationally intensive part of this ca
culation is the evaluation of the Coulomb matrix elements
Appendix A, we present a very efficient way to evalua
these matrix elements.

Once the eigenstatesF j b(r ,ze ,zh) of the two-well Hamil-
tonian have been calculated, the eigenstates of the BSSL
be obtained by expanding the exciton Wannier functions
the basis of these two-well eigenstates. Thus the genera
citon envelope function in Eq.~2.4! is written as
0-3
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cm~r ,ze ,zh!5
1

A2N11
(

m52N

N

Wm~r ,ze2md,zh2md!

5
1

A2N11
(

m52N

N

(
j 52N

N

(
b51

M

Cj b
m

3F j b~r ,ze2 jd2md,zh2md!, ~2.12!

whereCj b
m are expansion coefficients andM is the highest

in-plane state included in the calculation. It is important
note that although the number ofk states needed to expand
two-well state is 400, the number of in-plane exciton
states,M, for a given j, needed in Eq.~2.12! is much less
than this. Typically, we find thatM560 is enough for con-
vergence. The required number of quantum wells, 2N11, is
13–31, depending on the applied field strength.

Using the exciton envelope functionscm(r ,ze ,zh) in Eq.
~2.12!, the eigenvalue equation is

(
j 52N

N

(
b51

M

~H0! i j
abCj b

m 5Em (
j 52N

N

(
b51

M

Cj b
m Oi j

ab , ~2.13!

where

~H0! i j
ab[ (

m52N

N

^F ia
m uH0uF j b

0 & ~2.14!

and

Oi j
ab5 (

m52N

N

^F ia
m uF j b

0 &, ~2.15!

where the ketuF j s
m & is defined by
^r ,ze ,zhuF j b
m &5F j b~r ,ze2 jd2md,zh2md!. ~2.16! he

16531
Explicit expressions for (H0) i j
ab are given in Appendix B.

The two-well eigenstatesF j b(r ,ze ,zh) are not orthogonal.
Therefore, it is necessary to solve the generalized eigenv
equations as in Eq.~2.13! to obtain the expansion coeffi
cientsCj b

m .
It is worth pointing out a number of features of our a

proach. First, for a given structure, the two-well eigensta
need only be calculated once. They can then be used for
dc field strength of interest. Second, the final basis use
Eqs. ~2.12! and ~2.13! is of size M (2N11)560313→60
331.

B. Absorption

In this section, we use our excitonic states to calculate
absorption spectra of a BSSL for different static elect
fields and compare to experimental results. The fie
dependent excitonic absorption per unit volume,a(v), is
given by

a~v!5(
m

4pe2uj•pcvu2

vm0
2n8c

amd@Em2\v#, ~2.17!

where j is the electric-field polarization vector,pcv is the
momentum matrix element between the bulk conducti
band and valence-band Bloch states at the band edges,m0 is
the free electron mass,n8 is the refractive index of the me
dium, andam is the absorption strength given by43

am5
1

d
U E dzWm~r 50,z,z!U2

. ~2.18!

The system we investigate here is a GaAs/Ga0.3Al0.7As
superlattice with well width of 6.7 nm and barrier width o
1.7 nm. The physical parameters used are given in Ref.
We begin by examining the influence of the HIES on t
-
t-

r
,

FIG. 1. The calculated absorp
tion spectra of the 67/17 superla
tice under a bias of 15 kV/cm with
the inclusion of a different numbe
of higher in-plane excitonic states
as indicated.
0-4
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FIG. 2. The comparison of the
calculated absorption spectr
~dashed line! with the experimen-
tal spectra~solid line! of Holfeld
et al. ~Ref. 44! for the 67/17 su-
perlattice for different dc electric
fields F.
-
S
a

b
e

s.

at

ith
y

o
d

or
el
u
o

n

e
c
ul

h
di
o
th

m
o
e

m

For

ep-

g

lcu-
en-
the
e
SL

is-
cal
ical
his
us

d,
-

ag-
-
asis.
the
ace

and
absorption spectrum forF515 kV/cm. Four optical absorp
tion spectra with the inclusion of different number of HIE
are shown in Fig. 1. As is discussed in Appendix C, we c
label the 1s states by an excitonic WSL indexn, such that
the intraband dipole of the state is given approximately
end. The peaks associated with heavy-hole excitons with
citonic WSL indexn are labeled by hhn in the figure. In Fig.
1~a!, only 1s excitons are included in the basis. In Fig
1~b–d!, HIES up to 10s, 20s, and 60s, respectively, are
included. Not surprisingly, the absorption spectra are gre
affected by the HIES, especially for\v.1570 meV. We
find that convergence is reached for\v,1650 meV when
M560 andN56. We also note that the results obtained w
R530a0 and R540a0 are identical over this frequenc
range, indicating that a radius ofR540a0 is sufficient. An
intuitive schematic way that explains the convergence
both absorption and dynamics calculations is discusse
Appendix C.

Figure 2 shows the comparison of the converged abs
tion spectra under various applied external dc electric-fi
strengths along with the corresponding experimental res
of Holfeld et al.,44 who measured the transmission spectra
a GaAs/Ga0.3Al0.7As ~6.7/1.7! nm superlattice with a haloge
lamp at a temperature of 10 K. In the figure, lhn denotes the
light-hole absorption peaks. The experimental spectra w
corrected for the spectral response of the system and spe
modulations due to Fabry-Perot interferences. In the calc
tion, a full width at half maximum~FWHM! of 2.5 meV has
been used. The calculated results have been scaled suc
the dominant peak is of the same height as the correspon
experimental peak. The agreement is in general very go
with the calculations reproducing the peak energies and
clear signatures of the Fano resonances arising from the
ing of the 1s excitonic states and the continuum states
lower WSL states.32 The main differences are due to th
neglect of the light holes in our calculations. Thus so
16531
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peaks in the experiments are not seen in the calculations.
example, the light-hole peaks at 1.569 eV in Fig. 2~a!, 1.587
eV in Fig. 2~b!, and 1.581 eV in Fig. 2~c!, respectively, are
not seen in the theoretical simulations. The obvious discr
ancy in the main peak position in theF50 kV/cm case in
Fig. 2~a! may due to the light-hole and heavy-hole mixin
that is not included in our simulation.

The agreement of the absorption spectra with the ca
lated results indicates that the calculated excitonic eig
states form a very good basis for dynamic calculations. In
following section, this full excitonic basis is employed in th
calculation of the coherent intraband response of the BS
system to ultrashort optical pulse excitation.

III. DYNAMICS

A. Theory

To calculate the intraband polarization and terahertz em
sion from a BSSL system excited by an ultrashort opti
pulse, the dynamic equations to second order in the opt
field are required. The dynamic equations employed in t
work are similar to those we have presented in previo
work27,30 except that a full excitonic basis is employe
rather than just the 1s-exciton states. Consequently, the num
ber of differential equations is at least three orders of m
nitude larger than the 1s-exciton case. This considerably in
creases the calculation burden and requires an efficient b

Because we want the polarization to second order in
optical field, exciton-exciton interactions and phase-sp
filling effects can rigorously be neglected.30 The Hamiltonian
of the superlattice excitons in the presence of dc, ac,
optical ~OP! electric fields is thus given by

H~ t !5H01Hac~ t !1HOP~ t !, ~3.1!
0-5
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where H0 is the exciton-envelope-function Hamiltonian
defined in Eq.~2.1! and its second quantized form is give
by

H05(
m

EmBm
† Bm , ~3.2!

whereBm
† (Bm) is the creation~annihilation! operator for the

exciton in stateucm& with internal quantum numberm and
energyEm . The term

Hac~ t ![2VEac~ t !•Pintra ~3.3!

is the interaction Hamiltonian between the terahertz ac fi
Eac(t) and the excitons, wherePintra is the intraband polar-
ization operator defined by

Pintra5
1

V (
mm8

Gmm8Bm
† Bm8 . ~3.4!

In this expression,Gmm8 is the intraband dipole matrix ele
ment between two excitonic statesucm& and ucm8&, and is
given by

Gmm85^cmu2e~ze2zh!ucm8&. ~3.5!

Finally, the last term inH(t) is

Hop~ t ![2VEop~ t !•Pinter , ~3.6!

which is the interaction Hamiltonian between the optic
field Eop(t) and the excitons, wherePinter is the interband
polarization operator defined by

Pinter5
1

V (
m

@MmBm
† 1Mm* Bm#. ~3.7!

The interband dipole matrix element of themth excitonic
state is given by

Mm5M0AAE dzcm* ~z,z,0!, ~3.8!

whereM0 is the bulk interband dipole matrix element andA
is the transverse area. The derivations of the general form
the interband and the intraband dipole matrix elements
given in Ref. 30. The explicit forms of the interband a
intraband dipole matrix elements are presented in Appen
D.

From the exciton Hamiltonian, it is straightforward to o
tain the dynamic equations from the Heisenberg equatio
motion. To second order in the optical field, these equati
are27

i\
d^Bm

† &
dt

52S Em1
i\

T2inter
D ^Bm

† &1Eopt~ t !•Mm*

1Eac~ t !•(
l

Glm^Bl
†&, ~3.9!
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i\
d^Bm

† Bm8&
dt

5S Em82Em2
i\

Tmm8
D ^Bm

† Bm8&

1Eopt~ t !•@Mm* ^Bm8&2Mm8^Bm
† &#

1Eac~ t !•(
l

@Glm* ^Bl
†Bm8&2Gm8 l^Bm

† Bl&#,

~3.10!

whereT2inter is the interband dephasing time, andTmm8 is
defined such thatTmm85T1 ~excitonic population decay
time! if m5m8, andTmm85T2intra if mÞm8, whereT2intra
is the intraband dephasing time. To focus on the influence
the HIES, the external terahertz ac fieldEac(t) is not in-
cluded in this work. The optical field considered here is
ultrashort Gaussian optical pulse (;75 fs FWHM! with cen-
tral frequencyvc and durationtp , which takes the form

Eopt5A0e2(t/tp)2
e2 ivct1c.c. ~3.11!

By solving a system of equations given by Eqs.~3.9! and
~3.10!, the time-dependent reduced density matrix eleme
^Bm

† Bm8& are obtained. These are then used to calculate
intraband polarization as given by the expectation value
Eq. ~3.4!. We can calculate the terahertz field by taking t
second derivative of intraband polarization with respect
time. The issue of the number of HIES to achieve conv
gence in dynamics calculations is discussed in Appendix

B. Theoretical results

In this section we present the calculated intraband dyn
ics. The superlattice that was introduced in Sec. II B is u
for dynamics calculations in this section. The external
electric field is taken to be 12.5 kV/cm. The FWHM of th
laser pulse is 75 fs. The dephasing time constants for
interband and intraband polarizations are taken, respectiv
to be 0.33 ps and 0.5 ps. The population decay constantT1 is
taken to be infinite as it is expected to be much longer th
the dephasing times. As already mentioned in the preced
section, converged results can be obtained for the inclus
of the HIES up to 60 s. Therefore, all the dynamics calcu
tions below are made by including all the in-plane states
to 60 s.

In Fig. 3, we present the intraband polarization, calcula
with the 1s exciton basis and with the full excitonic basis fo
different laser energies given by\vc5\v01u\vB , where
u522.7,21.1,1.4,2.3. We choose theseu values to allow
direct comparison with the experimental results in Sec.
The polarization is normalized to the exciton population
all that follows, and so is effectively the polarization p
exciton. We begin with a discussion of the results calcula
with the 1s basis. In this case, whenu,0 (u.0), the exci-
tons created have WSL indicesn,0 (n.0). Thus, they
have permanent intraband dipole moments that are pos
~negative!. Therefore, asu is increased from22.7 to 2.3, the
dc component of the intraband dipole moment changes f
positive to negative, as seen in Fig. 3. In addition, as
been discussed in previous works,45,46 whenu,0, a Gauss-
0-6
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FIG. 3. The calculated intra-
band polarizations of the 67/17
superlattice withF512.5 kV/cm
excited by laser pulses with
central energies:
~a! Ec5\v022.7\vB ,
~b! Ec5\v021.1\vB ,
~c! Ec5\v011.4\vB , and
~d! Ec5\v012.3\vB .
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ian optical pulse creates a wave packet with a centroid
initially moves in the2z direction, thereby resulting in an
intraband polarization that oscillates roughly as sin(vBt).
Conversely, whenu,0, the resulting intraband polarizatio
phase differs byp and oscillates roughly as2sin(vBt). This
feature is also exhibited in Fig. 3, where the phase chang
the oscillations is observed to occur nearu50.

We now consider the results obtained when the HIES
included ~full calculation!. When u,0, both the 1s states
and all of the HIES that are optically created have W
indices n that are less than zero. Thus, we expect the
component and phase of the oscillations to be similar to
found in the 1s calculation. Therefore, in Fig. 3, we see th
for u522.7,21.1, the intraband polarization is not great
affected by the HIES. The main differences between thes
and full calculations are an increase in the dc componen
the polarization and a small increase in the oscillation f
quency for the full calculation. The increase in dc compon
is due to the fact that the HIES created by the optical pu
will have a WSL indexn, which is larger in magnitude tha
that for the 1s excitons~see Fig. 6 in Appendix C!, thereby
leading to an increased permanent dipole moment. The
crease in the oscillation frequency arises because the en
separation between 1s WSL excitonic states is less than th
of the more weakly bound HIES whenn,0.27 Thus, the BO
frequency of the HIES is higher than that of the 1s excitons.
The net result of the HIES is to give a slight increase in
BO frequency, as observed.

Now, as u is increased, the laser will excite more an
more HIES ~see Fig. 6 in Appendix C!. If u.0, then al-
though many 1s excitons withn.0 will be created, most of
the HIES created will still haven,0. Therefore, the portion
of the intraband polarization due to the HIES will have a
component and a phase that is the negative of that due to
1s states. This results in a canceling-out of the effects of
n.0 1s excitonic states by the HIES. It turns out that t
16531
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HIES along with then,0 1s states dominate the intraban
polarization foru.0. As is seen in Figs. 3~c! and 3~d!, the
net result is that there is no change in the sign of the
component of the polarization or in the phase of the osci
tions whenu becomes positive. Thus, for lasers in this fr
quency range, there is a large difference between the 1s and
full calculations. The above physical picture also expla
the large decrease in oscillation amplitude when the HI
are included; because the polarization from the HIES isp
out of phase with the 1s exciton polarization in this case, th
two contributions destructively interfere, resulting in a sm
net polarization amplitude. Finally, thedecreasein the oscil-
lation frequency when the HIES are included arises beca
the energy separation between 1s WSL excitonic states is
greater than that of the more weakly bound HIES whenn
.0.27 This yields a BO frequency for the HIES that is low
than that of the 1s excitons. The net result of the HIES is t
give a slight decrease in the BO frequency, as observe
Fig. 3~d! @or Fig. 4~d!#.

By taking the second derivative of the intraband polariz
tion with respect to time, one can obtain the far-field te
hertz emission signals. The terahertz signals in Fig. 4 co
spond to the intraband polarizations in Fig. 3 under the sa
laser excitation conditions. Again, the results are normali
to population density. We note that any change in the
component in the intraband polarizations due to the HI
does not affect the terahertz signals appreciably. As can
seen in Figs. 4~a! and 4~b!, the terahertz signals calculated b
1s-exciton and full excitonic basis are essentially the sa
when the exciting laser energy is well below\v0 (u,0).
This is, however, not true when the laser energy is ab
\v0. In particular for theu52.3 case, both phase and am
plitude of the terahertz signals obtained using the differ
basis are very different. The reasons for these changes
explained above in the discussion of the intraband polar
tion. Thus, for the terahertz emission calculations where
0-7
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FIG. 4. The calculated tera
hertz field of the 67/17 superlat
tice with F512.5 kV/cm excited
by laser pulses with central ene
gies:
~a! Ec5\v022.7\vB ,
~b! Ec5\v021.1\vB ,
~c! Ec5\v011.4\vB , and
~d! Ec5\v012.3\vB .
The field is normalized by the car
rier density.
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exciting laser energy is below\v0, the model based on th
full excitonic basis can be replaced by the 1s-exciton model
as has been done in a number of recent papers.27,30 This is
important, as the method based on 1s excitons is at least 104

times more efficient. However, for the terahertz emission c
culations with laser energy approaching and above\v0, a
full excitonic basis would be required for a more realis
description.

C. Experimental results

We now turn to our experimental results for the terahe
emission from a GaAs/Al0.3Ga0.7As ~6.7/1.7! nm superlat-
tice. To apply an electric field, a semitransparent Cr/
Schottky contact was evaporated on top of the structure.
the substrate side an ohmic contact was formed by evap
ing and annealing a ZnAu alloy film. The substrate was p
tially removed by wet etching to allow for measuring
transmission geometry. The emitted terahertz was dete
with the help of the free-space electro-optic~EO! sampling
technique, introduced by Wu and Zhang.47 The emitted tera-
hertz radiation was collected and imaged by two pairs
off-axis parabolic mirrors. The first pair produces a terahe
focus at which position a chopper wheel was placed, mo
lating the terahertz signal, to support detection by a lock
amplifier. The second pair of parabolic mirrors focused
terahertz radiation onto a 200mm thick, ^110& ZnTe crystal
used as EO detector. The birefringence induced in the Z
crystal by the terahertz electric field was sampled by a g
pulse copropagating along the terahertz beam path. The
larization change of the gate beam is then analyzed b
shot-noise limited detection scheme.48 The detected terahert
signal was corrected by the response function of the Z
detector according to Leitenstorferet al.49 Since the detecto
has a sharp cutoff at around 4 THz, all higher frequenc
were omitted. Pump and gate beam were retrieved fro
16531
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standard Ti:sapphire laser system providing pulses at a
etition rate of 80 MHz. The setup was purged with nitrog
to prevent absorption by water vapor. The sample, tilted
an angle of 50° relative to the exciting beam, was held i
cryostat atT510 K. With a spot diameter of about 600mm
~FWHM!, the excitation density was below 109 cm22 and
kept constant for all measurements by ensuring a cons
photocurrent across the sample.

The central energy of the exciting pump pulse with a co
stant spectral width of 25 meV~FWHM! was shifted through
the WSL spectrum for a constant internal field ofF
512.5 kV/cm. To monitor the excitation conditions, for ea
experiment, we measured the transmission spectrum of
pump beam, which was reflected off the terahertz beam p
by a pellicle beamsplitter. Figure 5 shows the terahertz tr
sients measured for different spectral positions of the pu
laser withu522.7,21.1,1.4,2.3. From experiment, the e
act zero-time delay cannot be determined. Therefore,
traces were shifted manually to an artificialt50. In general,
theory ~Fig. 4! and experiment compare well. The main d
ference is visible in the amplitude of the first cycle which
smaller in experiment in all cases. The source of the discr
ancy is probably due to the limited bandwidth of the detec
It is well known that the creation of polarized electron-ho
pairs via the excitation by a short laser pulse will lead to
broadband, single-cycle, terahertz emission.51 This mecha-
nism contributes to the first cycle of the signal. Since t
detection cuts off all frequency components higher than
THz, it will lead to a decreased amplitude.

As predicted from theory~solid lines in Fig. 4!, the am-
plitude of the signal stays almost the same when we m
from u522.7 to u521.1, but it decreases strongly whe
we move tou51.4 or u52.3. The decrease in amplitude
somewhat larger in theory, which could be due to the lar
oscillator strength of the direct WSL transition (n50) pre-
0-8
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FIG. 5. The experimentally
measured terahertz field of
67/17 superlattice with F
512.5 kV/cm excited by laser
pulses with the same centra
energies as in Fig. 4:
~a! Ec5\v022.7\vB ,
~b! Ec5\v021.1\vB ,
~c! Ec5\v011.4\vB , and
~d! Ec5\v012.3\vB .
The total carrier density is the
same in all cases.
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dicted by our model~Fig. 2!. Second, as predicted by theor
there is no phase shift observed in experiment when the l
energy passes the WSL center. As discussed above,
shows, that for excitation withu.0, the wave packet of the
HIES associated with bound excitonic states with nega
WSL index dominates the intraband dynamics by overco
pensating the intraband dipole of the wave packet compo
of all excitonic states withn.0, inducing the clear discrep
ancy with the 1s exciton model. Martiniet al.50 already
found in their work an indication of the importance of th
excitonic in-plane continuum states on the intraband dyn
ics of BSSL’s. However, the results of this work direct
prove that the HIES can play a decisive role.

IV. CONCLUSIONS

We have presented theoretical and experimental res
for the terahertz emission of biased semiconductor supe
tices excited by ultrashort optical pulses. The theoret
model employed an efficient excitonic basis to calculate
intraband polarization and terahertz field. We found go
agreement between the theoretical and experimental re
regarding the dependence of the terahertz phase and a
tude on the central laser frequency. We have shown that
inclusion of excitonic states with high in-plane energy c
considerably influence the dc component, amplitude, and
phase of the intraband polarization and hence the terah
emission of the BSSL system. The effect of HIES is es
cially large when the exciting laser energy is close to
above the zeroth heavy-hole transition energy\v0. How-
ever, when the laser energy is well below\v0, the 1s model
gives similar results for terahertz emission to those obtai
by the full excitonic basis.

One of the key advantages of our theoretical approac
the efficiency of the basis, which makes it possible to c
sider higher-order nonlinearities. Thus, in future work w
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plan to use this basis to calculate degenerate four-wave m
ing and nonlinear Bloch oscillations.
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APPENDIX A: IN-PLANE COULOMB MATRIX
ELEMENTS

In the calculation of the matrix elements of the two-we
Hamiltonian of Eq.~2.6! in the basis of Eq.~2.11!, the evalu-
ation of the kinetic energy is trivial, as thegk(r ) are eigen-
states of the in-plane kinetic portion of the two-well Ham
tonian. However, the calculation of Coulomb matr
elements can be time consuming. Thus it is worth the ef
to use as efficient a method as possible.

With the usual assumption thatgk(r ) varies slowly over a
unit cell, the Coulomb contribution due to in-plane motio
Vkk8 , takes the form

Vkk85E
2`

`

dzef e
2~ze!E

2`

`

dzhf h
2~zh!E

0

R

dr•rgk~r !gk8~r !

3S 2e2

«Ar 21z2D . ~A1!

Using Eq.~2.9! and the following integral representation:52

1

Ar 21z2
5

2

pE0

`

da cos~az!K0~ar ! ~A2!
0-9
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gives

Vkk85NkNk8E
0

`

daH E E dzedzhf e
2~ze! f h

2~zh!

3cos@a~ze2zh!#E
0

R

drrJ0~kr !J0~k8r !K0~ar !J .

~A3!

The integrals overzs @sP(e,h)# are analytic and thus pos
no computational difficulty. There is, however, no close
form solution to the integral overr, and these integrals ar
computationally expensive. However, there is an analyt
expression in the limit ofR→`. Thus for largeR,

E
0

R

drrJ0~kr !J0~k8r !K0~ar !

.E
0

`

drrJ0~kr !J0~k8r !K0~ar !

5~k41a41k8422k2k8212k2a212a2k82!21/2.

~A4!

Now let us index the in-plane wave numbersk andk8, with
integersi and j, respectively, with the ground state corr
sponding toi 50. We then find that for wave numbersk
5ki andk85kj whereu i 2 j u.30, the approximation of Eq
~A4! is very accurate. However, foru i 2 j u<30, the approxi-
mation does not provide accurate results and the integra
Eq. ~A3! must be solved numerically. By using the abo
approximation, 90% of calculation burden of Coulomb m
trix elements can be reduced.

APPENDIX B: MATRIX REPRESENTATION
OF THE FULL HAMILTONIAN

We write the SL Hamiltonian in terms of the two-we
Hamiltonian as follows:

H0~ze ,zh ,r !5H j
TW~ze ,zh ,r !1D j~ze ,zh!1eF~ze2zh!,

~B1!

where the lattice potential is given by

D j~ze ,zh!52Ve(
nÞ j

R~L;ze2nd!2Vh(
nÞ0

R~L;zh2nd!.

~B2!

Thus the matrix elements can be written as

~H0! i j
ab5(

m
@^F ia

m uF j b
0 &Ej b

TW1^F ia
m uD j~ze ,zh!uF j b

0 & ~B3!

1eF~^F ia
m uzeuF j b

0 &2^F ia
m uzhuF j b

0 &!], ~B4!

whereEj b
TW is the two-well eigenenergy. The first matrix e

ement in Eq.~B3! is
16531
-
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^F ia
m uF j b

0 &5E
2`

`

dzef e@ze2~ i 1m!d# f e~ze2 jd !

3E
2`

`

dzhf h~zh2md! f h~zh!Di j
ab , ~B5!

where

Di j
ab[(

k
Ak

iaAk
j b , ~B6!

and the relation

NkNk8E rdrJ0~kr !J0~k8r !5dk,k8 ~B7!

has been used.
The other matrix elements in Eq.~B3! are given, respec-

tively, as

^F ia
m uD j~ze ,zh!uF j b

0 &

52Di j
abH Ve(

nÞ j
E

nd2L/2

nd1L/2

dze

3 f e@ze2~ i 1m!d# f e~ze2 jd !

3E
2`

`

dzhf h~zh2md! f h~zh!1Vh(
nÞ0

E
2`

`

dze

3 f e@ze2~ i 1m!d# f e~ze2 jd !

3E
nd2L/2

nd1L/2

dzhf h~zh2md! f h~zh!J ~B8!

and

eF(
m

~^F ia
m uzeuF j b

0 &2^F ia
m uzhuF j b

0 &!

5Di j
abH eFE

2`

`

dzef e@ze2~ i 1m!d#zef e~ze2 jd !

3E
2`

`

dzhf h~zh2md! f h~zh!E
2`

`

dzef e@ze2~ i 1m!d#

3 f e~ze2 jd !E
2`

`

dzhf h~zh2md!zhf h~zh!J . ~B9!

The important thing to note is that all of the matrix el
ments are analytic. In particular, due to our in-plane ba
choice, the in-plane integrals simply reduce to the sa
Di j

ab5(kAk
iaAk

j b which can be calculated once and tabulate
Thus once the two-well states have been calculated, the
culation of the BSSL eigenstates is very efficient.
0-10
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APPENDIX C: CONVERGENCE IN ABSORPTION
AND DYNAMICS CALCULATIONS

In studying the effect of the HIES on the intraband d
namics of the BSSL system, it is helpful to have a desc
tion of the nature of the excitonic states in a BSSL. T
allows us to determine how many HIES are required
achieve convergence in both absorption and dynamics ca
lations. The dependence of the intraband polarization on
number of HIES and the number of wells (2N11) to be
included can be understood via reference to Fig. 6. First,
introduce a convenient way of labeling the excitonic stat
When the 1s exciton basis is used, excitonic states are
scribed by the indexn5 . . . ,21,0,1,2, . . . which is called
the 1s excitonic WSL index. For these states, the intraba
dipoles in thez direction are roughlyned, just like for the
single-particle WSL states with indexn. In Fig. 6, these in-
dicesn correspond to the numbers under different wells.
the full excitonic basis, each state is labeled withm as in Eq.
~2.12!. In an approximate labeling scheme, themth state can
be loosely referred to asmth s-symmetry state with WSL
index n. Of course, this labeling is only an approximatio
since themth s-symmetry two-well states with differentj are
mixed by the superlattice potential~leading, for example, to
Fano resonances!. The physical picture of labeling states b
m andn will prove very useful in what follows. For simplic
ity, the laser energyEc is assumed to beEc5\v012\vB
for all three cases in Fig. 6.

In Fig. 6~a!, only 1s excitons are considered. Due to th
limited spectral width of the optical pulse (;25 meV), the
superposition state is formed from only three WSL sta
(m51,2,3) by the exciting laser. Note that in this case
indexm reduces exactly to the 1s excitonic WSL indexn. In
Fig. 6~b!, more HIES, e.g., up to 20 s, are included in t
diagram. In this case, further addition of the HIES beyond
s in the quantum wells indexed byn>1 would not have any
effect on the dynamics of the system, because these n
added states are not in resonance with the laser energy. H
ever, inclusion of still higher-energy HIES in other wel
indexed byn,1 will influence the dynamics because som
of these newly added states will fall within the spectral wid
of the exciting laser. In other words, the configuration in F
6~b! still does not lead to a converged result. Finally, in F
6~c!, the HIES included are more than enough for a co
verged result. In practice, to obtain a converged result for
system and fields investigated in this work, the highest
plane state should be around 60 s. Note that although H
greater than 60 s for, say,n5210 will be in resonance, they
have a negligible absorption strength due to the la
electron-hole separation, and hence need not be include
the basis. Another factor that influences the convergenc
the number of wells included in the calculation. It is foun
that 2N11513 wells are enough for the calculations of i
traband polarization or the terahertz emission for mode
electric-field strength (;15 kV/cm). Further inclusion of
new wells will not change the results because theMm for
states with largej are negligible due to the small overla
between the electron and hole for these two-well states.
16531
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F50, however, because the exciton states are no longe
calized as in the finiteF case, we need a total number
2N11531 wells for convergence.

APPENDIX D: INTERBAND AND INTRABAND DIPOLE
MATRIX ELEMENTS

By substituting the exciton envelope function of E
~2.12! into Eq. ~3.8!, the interband dipole matrix elemen
are written as

Mm5M0AA~2N11!E dzcm* ~ze5z,zh5z,r 50!

5M0 (
j 52N

N

(
a51

M

(
k

Cj a
m NkAk

j aE dz fe~z! f h~z2 jd !.

~D1!

The calculation of intraband dipole matrix elements is mu
more complicated than in the 1s exciton case. The explici
form intraband dipole matrix element is

Gmm85^cmu2e~ze2zh!ucm8&

52
e

2N11 (
i j aa8

Cia
m Cj b

m8Si j Di j
ab , ~D2!

where

FIG. 6. Schematic diagrams for the inclusion of different nu
ber of higher in-plane excitonic states in the dynamics simulati
For simplicity, the hole is considered localized in then50 well.
The exciting short-pulse laser spectrum is shown on the right.
three figures show schematically the effect of adding HIES to
two-well basis.
0-11
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Si j [ (
mm8

H E dzhf h@zh2~ i 1m!d# f h@zh2~ j 1m8!d#E dzef e~ze2md!zef e~ze2m8d!2E dzef e~ze2md! f e~ze2m8d!

3E dzhf h@zh2~ i 1m!d#zhf h@zh2~ j 1m8!d#J ~D3!

can be calculated analytically, and theDi j
ab are defined in Eq.~B6! in Appendix B.
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