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Nonparabolic multivalley balance-equation approach to high-field electron transport
and impact ionization in ZnS: Comparison with full-band Monte Carlo simulations
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Extended nonparabolic multivalley balance equations including impact ionization~II ! process are presented
and are applied to study electron transport and impact ionization in ZnS with aG, X, andL conduction-band
structure at high electric field up to 2000 kV/cm. Hot-electron transport properties, such as electron drift
velocity, electron energy, intervalley electron transfer, and electron-hole pair generation, are calculated by
taking account of the scattering from polar optical, deformation potential, and intervalley interactions. Quan-
titative agreement is obtained among the results for drift velocity and II coefficient derived from the present
calculations, from the recent full-band Monte Carlo simulations, and from experiments, thus confirming the
validity of the present multivalley nonparabolic balance-equation approach.
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I. INTRODUCTION

Recently, high-field transport of ZnS has attracted a gro
ing interest owing to its promising applications in efficie
electroluminescent displays. The understanding of h
electron transport properties of ZnS is essential for the
sign and operation of ZnS-based ac thin film electrolumin
cent devices. These devices operate in the high-field ra
0.5–2.0 MV/cm and rely on the process of carrier multip
cation by interband impact ionization~II !. During the past
decades a few attempts have been made to investigate
transport behavior of ZnS in the high-field regime. The ty
cal technique is Monte Carlo~MC! simulation,1–7 in which
the microscopic scattering rates and the full-band structur
the entire Brillouin zone are needed. Recently,ab initio
band-structure MC calculations for ZnS within densit
functional theory have been performed by using an ex
exchange formalism with local-density approximation~MC-
EXX-LDA ! ~Ref. 7! for correlations. The exact treatment
the exchange interaction allows one to reproduce band
energies very accurately for a variety of semiconductor m
terials. As to theoretical methods for the II process in se
conductors, the analytical models widely used are the o
by Shockley,8 Wolff,9 and Baraff.10 Shockley8 assumed tha
ionizing carriers are those that are sufficiently ‘‘lucky’’ t
drift to an energy greater than or equal to the threshold
ergy without experiencing any energy relaxation collisio
This idea was later developed into the lucky-electron mo
by Ridley11 and improved by Wilson.12 Wolff 9 considered
that the electrons are heated entirely by an external field
by many collisions, and it is these electrons at the hi
energy tail of the energy distribution which give rise to II. B
combining the features of the Shockley and Wolff theor
Baraff10 later formulated a more sophisticated II mod
which provides a better agreement with experiment in re
istic systems. To study the II process in semiconduct
Quade et al.13 developed a detailed II theory includin
thresholds for general bands within the hydrodynamic
proach. They rigorously determined the threshold energy«T
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from momentum and energy conservation for an individ
electron. The electron will have a probability to produce
electron-hole pair by II process when its energy is larger th
«T .

In this paper we present the nonparabolic multivalley b
ance equations including the II process14,15and apply them to
study transport properties and II in ZnS at high electric fie
up to 2000 kV/cm. We have obtained the electric-field d
pendence of transport qualities, such as the drift veloc
electron energy, valley occupation, and II coefficient at d
ferent lattice temperatures. We compared our calculated
sults for electron drift velocity and II coefficient with MC
simulations5–7 and the available experiments.16 Quantitative
agreement is found, thus confirming the validity of th
present multivalley nonparabolic balance-equation approa

II. NONPARABOLIC MULTIVALLEY BALANCE
EQUATIONS INCLUDING II PROCESS

Consider a semiconductor having a band structure os
valleys with an energy-wave vector relation«a(k) for elec-
trons and«a

h(k) for holes in each valley (a51,2, . . . ,s).
According to the balance-equation theory, under the in
ence of a uniform electric fieldE the carrier conduction is
described by the following equations for the carrier dens
effective momentum, and energy balance for each valleya
51,2, . . . ,s, \51 throughout the paper!

dna

dt
2gii

a 5 (
b(Þa)

Xei
ab1 (

b(Þa)
Xep

ab , ~1!

d~nava!

dt
5naeE•Ka1Aei

a 1Aep
a 1A i i

a 1 (
b(Þa)

Aei
ab

1 (
b(Þa)

Aep
ab , ~2!

d~na«a!

dt
5naeE•va2Wep

a 2Wii
a 2 (

b(Þa)
Wep

ab . ~3!
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The above equations are the extension of the bala
equations14,15,17to include II process for nonparabolic sem
conductors having multiple valleys. The transport state
electrons in theath valley is described by the electro
chemical potentialma , electron temperatureTa and lattice
momentum shiftpa . On the other hand, the drift moveme
and heating of hole gases are negligible in comparison w
those of the electron gases so that the hole gases ca
described by the lattice temperatureT and a hole chemica
potential ma

h in each valley (a51,2, . . . ,s). The electron
density in ath valley is given by na
51/(4p3)*d3k f@(«a(k)2ma)/Ta#. The average velocity
va , the average energy«a , and the ensemble-averaged i
verse effective mass tensorKa of electron in valleya are
defined respectively asva5^“«a(k)&, «a5^«a(k)&, and
Ka5^““«a(k)&, in which ^•••& stands for the weighted
integral over a Brillouin zone in k space: ^•••&
51/(4p3na)*d3k f$@ «̄a(k)2ma#/Ta%••• with «̄a(k)[«a(k
2pa) and f (x)51/@exp(x)11# the Fermi distribution func-
tion. In Eqs.~1!–~3!, e is the electron charge. The frictiona
accelerationAei

a , Aep
a ~due to impurity and phonon scatte

ings! and the energy-loss rateWep
a ~due to phonon scatter

ing!, share the same expressions as those given in Ref
Xei

ab andXep
ab are the change rates of the carrier population

the ath valley, respectively, due to the interband electro
impurity scattering and due to the interband electron-pho
scattering. Their expressions are as follows:

Xei
ab522ni(

k,q
uUab~q!u2Pab~k,q,0!, ~4!

Xep
ab522 (

k,q,l
uMab~q!u2Lab~k,q,Vql!, ~5!

with

Pab~k,q,V!52pF f S «̄ak2ma

Ta
D 2 f S «̄bk1q2ma

Ta
D G

3d~«ak2«bk1q2V!, ~6!

Lab~k,q,V!5Pab~k,q,V!FnS V

T D2nS «̄ak2ma

Ta

2
«̄bk1q2mb

Tb
D G1Pab~k,q,2V!

3FnS V

T D2nS «̄bk1q2mb

Tb
2

«̄ak2ma

Ta
D G ,

~7!

in which «̄ak[«̄a(k), n(x)51/@exp(x)21# is the Bose dis-
tribution, ni is the impurity density,Vql stands for the en-
ergy of thelth branch phonon with wave vectorq, Uab(q)
is the interband impurity potential,Mab(q) is the interband
electron-phonon matrix element. In Eqs.~1!–~3!, gii

a , Aii
a ,

andWii
a are, respectively, the generation rate, II-induced
16520
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n

-

celeration, and the II-induced energy-loss rate ofath valley,
which describe the contribution of the II process to electr
transport. Their expressions are obtained by similar calc
tions for single-valley system14

A i i
a 54p (

k,k8,q
uMii

a ~q!u2d~«ak2q1«ak
h 1«ak81q2«ak8!

3@va~k81q!1va~k2q!2va~k8!# f S «̄ak82ma

Ta
D

3F12 f S «̄ak81q2ma

Ta
D GF12 f S «̄ak2q2ma

Ta
D G

3S 12
f @~«ak

h 2ma
h!/T#

f @~ «̄ak82 «̄ak82q2 «̄ak81q1ma!/Ta#
D , ~8!

Wii
a 54p (

k,k8,q
uMii

a ~q!u2«ak
h d~«ak2q1«ak

h 1«ak81q2«ak8!

3 f S «̄ak82ma

Ta
D F12 f S «̄ak81q2ma

Ta
D G

3F12 f S «̄ak2q2ma

Ta
D G

3S 12
f @~«ak

h 2ma
h!/T#

f @~ «̄ak82 «̄ak82q2 «̄ak81q1ma!/Ta#
D , ~9!

gii
a 54p (

k,k8,q
uMii

a ~q!u2d~«ak2q1«ak
h 1«ak81q2«ak8!

3 f S «̄ak82ma

Ta
D F12 f S «̄ak81q2ma

Ta
D G

3F12 f S «̄ak2q2ma

Ta
D G

3S 12
f @~«ak

h 2ma
h!/T#

f @~ «̄ak82 «̄ak82q2 «̄ak81q1ma!/Ta#
D , ~10!

in which the Fourier representations of the band-band C
lomb interaction matrix elementMii

a (q) in the ath valley is
given by

Mii
a ~q!5

e2

e0~q21q0
2!

I ccI cv

k
, ~11!

with a dielectric constantk, and a reciprocal screenin
lengthq05Anae2/ke0Ta. I cc andI cv are overlap integrals o
conduction-conduction and conduction-valence bands,
spectively. The overall electron average velocity and the
erage energy are obtained byvd5(anava /n and «
5(ana«a /n, respectively, withn5(ana the total electron
density of the system. The electron-hole generation rate
the whole electron system is expressed by
3-2
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gii 5

(
a

nagii
a

n
, ~12!

and the II coefficient of the whole electron system is giv
by

a i i 5
gii

nv
. ~13!

III. HIGH-FIELD TRANSPORT AND IMPACT
IONIZATION IN ZNS

We have performed a quasi-steady-state calculation
carrier transport in bulk ZnS by assuming that the left-ha
sides of Eqs.~1!–~3! ~in which s53) equal zero in the field
range 0–2000 kV/cm. In the calculations, we evaluated
expressions in Eqs.~4!–~10! by the Gauss integral method
and use the Newton iteration method to solve the equati
In this quasi-steady-state case, since the momentum-
energy-relaxation times are much shorter than the car
number relaxation time, the average electron velocity a
electron energy become steady while the total numbe
carriers is still increasing due to II process with a const
rate, namely, the electron-hole pair generation rategii

a

(5dna /dt). We use a three-valley model:G, X, andL val-
leys, for ZnS conduction band. We solved eight equations
the G, L, andX valleys, i.e.,a51, 2, and 3. The eight basi
quantities that we solved are: electron velocities (v1 , v2 ,
andv3), electron temperatures (T1 , T2 , andT3), and valley
population percentages (N1 and N2, then obtainingN351
2N12N2). The Kane-type nonparabolic energy-wave ve
tor relation is used for all three conduction bands. The s
tering mechanisms considered here are electron-phonon
tering from the polar optical, deformation potential, a
intervalley interactions. Impact ionization is regarded as
additional scattering mechanism. The material parame
used in the calculations for ZnS are listed in Table I, wh
are from Refs. 5 and 7.

In Fig. 1 we show the calculated electron drift velociti
vd ~open circles! as a function of electric fieldE in ZnS at
lattice temperatureT5300 K. Results from MC simulation
by using the empirical pseudopotential method~MC-EPM,
solid circles!,6 recent MC simulation MC-EXX-LDA~solid
triangles!,7 and experimental data16 are also shown for com
parison. It can be found that our calculated results are
good agreement with the recent MC simulations MC-EX
LDA by considering the details of the realistic band structu
of ZnS. In Fig. 2 we show the corresponding valley occu
tions as a function of the electric field in ZnS atT5300 K. It
can been seen that for an electric field below the thresh
valueEcri.170 kV/cm for the negative differential velocit
~NDV!, more than 99% electrons are distributed in theG
valley, and for an electric field above this threshold the po
lation of theG valley decreases gradually, while those of t
X and L valleys increase. AtE51000 kV/cm, the popula-
tions in theX andL valleys are 38% and 4.2%, respective

To see the temperature dependence of transport pro
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ties, we show in Fig. 3 the calculated average electron
locity vd of the whole system~left axis! and the normalized
electron temperature,T1 /T, for theG valley ~right axis! as a
function of the electric fieldE in ZnS at different lattice
temperaturesT577, 180, and 300 K, respectively. It is ind
cated from Fig. 3 that the electron drift velocity at low tem
perature is greater than that at high temperature. The re
is that the scatterings from electron-phonon interactions
come weak at low temperature. In Fig. 4 we show the av
age electron energies as a function of the electric field in Z
at different lattice temperaturesT577, 180, and 300 K, re-

TABLE I. ZnS parameters used in the calculations.

Band gap~eV! 3.68
Material density (g/cm3) 4.08
Effective hole effective mass (m0) 1.0
Longitudinal sound velocity (105 cm/s) 5.2
Static dielectric constant 8.31
High frequent dielectric constant 5.13
Acoustic deformation potential~eV! 4.9
Optical phonon energy~meV! 43.0

Valley G X L

Electron effective mass (m0) 0.34 0.4 0.222
Nonparabolicity (eV21) 0.69 0.65 0.36
Valley separation~eV! ~relative toG valley! 0 0.69 0.95
Number of equivalent valleys 1 4 3
Intervalley deformation potential (109 eV/cm)
From G 0.0 1.0 1.0
From X 1.0 0.9 0.9
From L 1.0 1.0 0.9
Intervalley phonon energy~meV!

From G 0.0 26.7 27.9
From X 27.9 27.3 27.9
From L 26.7 26.7 27.3

FIG. 1. Calculated electron drift velocities~open circles! vd as a
function of electric field E in ZnS at lattice temperaturesT
5300 K. Results from MC simulation by using the empiric
pseudopotential method~MC-EPM, solid circles! ~Ref. 6!, recent
MC simulation by using an exact exchange formalism with loc
density approximation~MC-EXX-LDA, solid triangles! ~Ref. 7! for
correlations, and experimental data~thick line! ~Ref. 16! are also
shown for comparison.
3-3
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spectively. In connection with the velocity-field curve, th
relation of electron energy vs electric field provides so
more physical insight into transport properties, especia
into the II process. The dependence of the average tota
ergy on electric field in ZnS shows a behavior typical f
compound semiconductor materials in that the average
ergy increases abruptly by almost an order of magnitude n
the threshold fieldEcri for NDV with a flattened shape a
either the low- or the high-field ranges.

In Fig. 5 we show the calculated II coefficienta i i of ZnS
as a function of the inverse electric field atT5300 K. The
solid squares is the ensemble Monte Carlo~EMC! simulation
results for ZnS from Ref. 5, and the dashed line shows
results for ZnS from device modeling assuming that all c
rier multiplication is due to the II process.5 In addition, to
further check the present II approach, we have also ca
lated and shown in Fig. 5 the II coefficients of GaAs atT
5300 K. The experimental results by Bulmanet al.18 are
also plotted for comparison. Good quantitative agreeme
are found between the present calculated results and the
from MC simulations and the available experiments both
ZnS and for GaAs, thus confirming the validity of the prese
II model. In order to discuss the dependence of II coeffici
on the electric field and lattice temperature, we show

FIG. 2. Valley occupations are shown as a function of the e
tric field E in ZnS at T5300 K. At the electric field E
51000 kV/cm, the populations in theX andL valleys are 38% and
4.2%, respectively.

FIG. 3. Calculated electron drift velocityvd of the whole system
~left axis! and the normalized electron temperature,T1 /T, for theG
valley ~right axis! are shown as a function of the electric fieldE in
ZnS at different lattice temperaturesT577, 180, and 300 K, re-
spectively.
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Fig. 6 the calculated II coefficienta i i of ZnS as a function of
the inverse electric field at different lattice temperaturesT
577, 180, and 300 K, respectively. It can be seen that
lower the lattice temperature, the larger the II coefficient
At given field the electron temperature is higher at low l
tice temperature. The reasons are as follows. As elect
accelerate under a given field, they quickly heat up. Th
hot electrons then collide frequently with phonons and re
to the quasiequilibrium state, thus reducing their tempe
ture. How fast electrons lose their energy or how high el
trons maintain their temperature is dependent on the pho
population, or the lattice temperature. If the lattice tempe
ture is low, the phonon population is low and electro
phonon scattering is weak. As a result, electrons lose l
energy and maintain a high electron temperature. We
that the dependence of the II coefficient on the electric fi
E can be fitted by the following exponential expression:

a i i 5a0 expS 2
b0

EgD . ~14!

- FIG. 4. Average electron energies are shown as a function of
electric fieldE in ZnS at different lattice temperaturesT577, 180,
and 300 K, respectively.

FIG. 5. Calculated II coefficient,a i i , of ZnS~thick solid line! as
a function of the inverse electric field atT5300 K. The solid
squares is the EMC simulation results for ZnS from Ref. 5 and
thick dashed line shows the results from device modeling~Ref. 5!.
In addition, the calculated~thin solid line! and the experimenta
~open triangles! ~Ref. 18! II coefficients for GaAs are also plotte
for comparison.
3-4
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The fitting parametersa0 , b0, and g for different lattice
temperatures are presented in Table II. In Fig. 6 we h
shown the fitting results~lines! by Eq. ~14!, which are in a
good agreement with those~open symbols! obtained by nu-
merically solving the balance Eqs.~1!–~3! in the field range
500 kV/cm<E<2000 kV/cm at lattice temperaturesT
577, 180, and 300 K, respectively. The analytic express
by Eq. ~14! for the dependence of the II coefficients on t
electric field may be used in ZnS-based device modeling

We notice that, all satellite valleys are anisotropic a
thus become nonequivalent when they are coupled to
electrical field. For the present system we neglect this n
equivalence due to the following reasons.~1! There is only
one satellite valley atG point, so we neglect the anisotrop
effect when the electric field is along the@100# direction,~2!
the X valley is most anisotropic. While most papers deali
with this problem use the isotropic approximation@see, e.g.,
Ref. 5, and references therein#, it is expected that such iso
topic approximation become less valid if a strong elec
field is applied. However, since the electric field is along
@100# direction, the four satellite valleys~along @111#,

@11̄1#, @111̄#, and@11̄1̄#) remain equivalent. Therefore, w
assume the model of isotropic satellite valleys to be a g
approximation, and~3! the three satellite valleys atL point
will not remain equivalent under an electric field appli
along @100#. However, two of the three satellite valleys a

FIG. 6. Balance-equation calculated II coefficients~open sym-
bols! a i i of ZnS are shown as a function of the inverse electric fi
at different lattice temperaturesT577, 180, and 300 K, respec
tively. The solid lines show the corresponding analytic fits by E
~14!.
y
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still equivalent. Since the energy ofL point is higher than
that of theX point and the anisotropic parameter for theL
point is smaller compared to that of theX point. We shall
neglect this anisotropic effect.

IV. CONCLUSIONS

In conclusion, based on the nonparabolic multivalley b
ance equations extended to II process in semiconductors
have investigated electron transport properties and imp
ionization effect in ZnS with a three-valley nonparabo
structure at high electric field up to 2000 kV/cm. Most im
portant transport characteristics, such as electron velo
electron energy, intervalley transfer, and impact ionizat
coefficient, are calculated by taking account of different sc
tering mechanisms with the inclusion of the impact ioniz
tion process. In the present approach the computational ti
required for getting accurate numerical results are quite
ceptable when compared to MC simulation. The calcula
results for average velocity and II coefficients are in agr
ment with recent MC results and the available experimen
data, thus supporting the present nonparabolic multiva
balance-equation approach. In addition, we obtain an a
lytic formula for the field-dependent II coefficient, whic
may be directly used in modeling ZnS-based semicondu
device.
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TABLE II. The fitting parameters for the II coefficients at dif
ferent lattice temperaturesT.

T ~K! a0 (105 cm21) b0 g

77 8.09 2.06 1.3
180 9.33 2.43 1.35
300 9.94 2.88 1.4
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