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Linear and nonlinear wave propagation in negative refraction metamaterials
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We discuss linear and nonlinear optical wave propagation in a left-handed méditvh) or medium of
negative refractiofNRM). We use the approach of characterizing the medium response totally by a general-
ized electric polarizatiofwith a dielectric permittivityE(w,lZ)] that can be decomposed into curl and noncurl
parts. The description has a one-to-one correspondence with the usual approach characterizing the LHM
response with a dielectric permittivity<O and a magnetic permeabilify<0. The latter approach is less
physically transparent in the optical frequency region because the usual definition of magnetization loses its
physical meaning. Linear wave propagation in a LHM or NRM is characterized by negative refraction and
negative group velocity that could be clearly manifested by ultrashort pulse propagation in such a medium.
Nonlinear optical effects in a LHM can be predicted from the same calculations adopted for ordinary media
using our general approach.
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I. INTRODUCTION more complex because of the presence of optical umklapp
processes.

Over 30 years ago, Veseldgsuggested that electromag-  Before discussing nonlinear optical effects in NRM we
netic wave propagation in an isotropic medium with a negawould like to note that there are usually two different ap-
tive dielectric permittivitye(w)<0 and negative magnetic Proaches in dealing with wave propagation. One involves the
permeability u(w)<0 can exhibit very unusual properties. set of fieldsg, D, B, H with D=¢(w)E and B= u(w)H
Since in such media, the wave vectgrthe electric fielcE, for monochromatic waves. This approach is often used in

and the maanetic fieléi of a wave form a left-handed or- discussion of wave propagation in LHMs or NRM, with the
th | ? : It - thW 'Vht handed orth | t.emphasis on the assumption that the response is completely
ogonai set, in contrast fo the right-nanded orthogonal Set Iy, o terized bys(w)<0 and u(w)<0. However, it is

an ordinary medlum, they are someUmes labeled as IeftRnown that while the approach is appropriate in the low fre-
handed metamaterialé HMs), as opposite to the ordinary qency region, it is less so in the optical frequency region
right-handed medigRHM). Among the many interesting pecauseu(w) loses its usual physical meaniignd higher-
properties of wave propagation in such media are the appeagrder multipoles may become important. A more general ap-
ances of a Pointing vector in the direction opposite to theproaCh is to use the set of fiels D, B with D=%E and
wave vectok (or a negative group velocityand a refracted B=H, satisfying the Maxwell equations

wave on the same side of the surface normal as the incoming
wave at an RHM/LHM interfacegnegative refraction[so e ) o . ) )

that the LHM is also called a negative refraction medium VXE=-—B, VXB=—-—D, V.D=0, V-.-B=0.
(NRM)]. The predictions of Veselago have aroused much ¢ ¢ 1)
theoretical interest and stimulated strong experimental efforts

to create LHMs or NRM in recent yeafs:” Experimental |n this case, the linear optical response of the medium is
success has been demonstrated in the microwave ré§jion. completely characterized by the generalized dielectric con-
More recently, it has been proposed that photonic-gap mat%’tantE( w,lZ), and the refractive indem (=n2) can always

rials can behave as effective NRM at optical frequenciespe taken as positive. We note that in this approach, the vec-

Analogous to Bloch electron waves in the band structure of 3 . E andB always form a right-handed set, irrespective
crystal, optical waves in the periodic lattice of a photonic- ¢ thé hw’edium being NRM or not. ’

gap material can have a Bloch state with its wave vector and The only difference between wave propagation in
group velocity in opposite directiofs!?Negative refraction 1k NRM and in ordinary media is the appearance of a
of light at an air/photonic-crystal interface has been demonnegative group velocity in the former. As we shall see
strated in numerical simulatiort§-*? later, the negative group velocity is not limited to magnetic

The main emphasis of studies on LHMs or NRM so farmedia with a negative magnetic permeability, but could
has been on linear optical effects. Here we consider nonlinexist in any dielectric media with a sufficiently strong and
ear optical processes in a LHM and show that they also exproper spatial dispersion. Thus the second approach is
hibit unusual properties with respect to energy conversiortertainly more general and less confusing; in particular,
and propagation. We shall limit our discussion to homogeit is better suited for description of nonlinear optical effects
neous NRM excluding photonic-gap materials; the latter arén NRM.
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We show in Sec. Il that there is a one-to-one correspon=... wherei y(w»)V X E denotes the induced gyrotropic re-
dence be“’”ee’.‘ the, D, H, B approach and' thE’ D, B sponse. In dividing5 into curl and noncurl parts, we can
approach. While the negative group velocity in LHM or . _ .- . - . =

include i y(w)VXE in Mgz with 47M4=1/ciy(dlat) E

NRM appears because<0 andx <0 in the former, it ap- n F i i h i
pears because has a special and strong spatial dispersion in - Or a finear response 1o monochromatic waves, we

the latter. We then use thE, D, B approach to describe Can then also introduce two response functidfig(w,k) and
negative refraction at a RHM/LHM interface in Sec. Ill. The &(w,K), defined by
E, D, B approach is commonly used to formulate nonlinear

optics in ordinary media. With this approach, the results can 4w|58ﬁ=[§’eﬁ(w,IZ)— 1][?,
be easily converted to describe nonlinear optical effects in
NRM. We discuss as examples, in Secs. IV and V, respec- A47M og=[1— fii(w,k)]B. (5)

tively, second harmonic generatid®HG) and stimulated ] )
Raman scattering in NRM. Finally, in Sec. VI, we briefly This allows us to make connections to e D, H, B ap-
consider ultrashort pulse propagation in linear and nonlinearoach. If only the dipole terms are retained in the multipole

LHMs (or NRM). expansion, we would have.s=g(w) and pes=u(w). With
the help of
II. LINEAR WAVE PROPAGATION IN A MEDIUM WITH A 19
GENERALIZED RESPONSE COEFFICIENT VXE=— o B,

We present here thE, D, B approach generally used to . -~ .
describe optical wave propagation in a medium and mak&e find, for a wave specified by, andk,

connection to thee, D, H, B approach often used to de- 2
scribe wave propagation in NRM. F(w,K)E= & 0, K) E— ?Rx{[l—ﬁgﬁl(w,ﬁ)](ﬁx E)}.
A. Dielectric tensor as the response coefficient 6

As pointed out by Landau and Lifshitd the magnetiza- While the approach of using, P, andM . is more gen-

tion M loses its usual physical meaning as magnetic mo€ral: description in terms of multipoles may be useful in
ments per unit volume towards optical frequencies, and s§°Me cases, for example, in dealing with magneto-optical
does the magnetic permeabilifw). It is then more appro- effects in magnetic crystals. The higher-order multipole

. - = = . terms, proportional to higher orders lof are expected to be
priate to use th&, D, B approach withu(w) set to be 1. In prop g " P

. . T . _progressively much smaller than the lower-order terms at
this case, the linear response of a medium is fully describe g y

oo . ptical frequencies or lower.
by the constitutive equation To complete our discussion on the connection between the

two approaches, we consider the special case of an isotropic
medium withe =& and uef=u. Because of the spatial dis-
for a monochromatic wave, wite being a generalized di- persion(the dependence ok) inherent in the magnetic di-
electric tensor that depends on beitand K. pole response, the generalized dielectric terisas aniso-

To make connection with thE, D, B, H approach, we tropic even though botlz and x are constant scalars. We
notice that in terms of multipole expansion, the displacemenfind*®*® from Eq. (6) that the longitudinal component @

D=%(w,k)E 2

vectorD takes the forr and the transverse componentéofre
k2c? 1
Jd - 0 - J - . d_ o ~ ~
—D=—E+ ZP4cVYXM=— —V-O+--- g=e, ep=e(w)t—|1———|. (7)
pn D n E+4n 5 P+cVXM 5 V-Q , (3 r o w(w)

whereP, M, and@Q denote electric-dipole polarization, di- Iior an electromagnetic wave with and ka:elated byk
pole magnetization, and electric quadrupole polarization, re= («@/c) n and, we obtain the known relati
spectively. One can rewrite EQJ) in the form ~

pectively ® =5 =s(0)u(w), (8

or more generally, one can show that

n2

Jd - -
EPeﬁ—I—CVXMeﬁ

, (4)
Er = Eeffbefis (8b)

with Peg=P—V-Q+--- being a polar vector, ant¥l o4=M

- i wheree o and e refer to responses to the transverse wave.
—V-Qu+--- an axial vector. Here, we have purposely sepay js known that in general, in the optical frequency region,
rated the field-induced response in thg MEdilimsinic a cun agnetic-dipole and electric-quadrupole responses should
part and a noncurl part, each comprising all the associatef,y equally important roles. This picture is not clear in the
multipoles. We note thaM is not necessarily related to £ D, H, B approach for LHM presumably because the em-
only magnetization. For example, in an isotropic or cubicphasis is on waves in the microwave region, but it is clear in
gyrotropic medium, we haveD=¢(w)E+iy(w)VXE the E, D, B approach with the generalizé&l Since the
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dependence ﬁ(w,l?) onk is often weak away from reso- over the first term. This means thﬁ,ﬁ(w,lz) must be suffi-
nance even in the optical frequency region, we can expandiently large and positive, or with/E|=|B| one must have

%(w,k) into a power series, (w/c\3) [ 8 (w,k)/dk]>1.[As a check, one can show that
_ the inequality holds as expected wher<0 in Eq.(7) and
gij(w,K) =g (@) + ajjjm (o) Kk ++-, (9  alsoe<0 sincen is real] In addition, withz=%"'+i%", we

— : : "
assuming a medium with inversion symmetry. The term quamu.St havee™ negative for a lossy medium and positive for a

dratic in k describes both the electric-quadrupole and theg@in medium. This is seen from the wave expression
magnetic-dipole responses in the medilieithough they =Ae® "~ 1“!. For energy propagation in the direction oppo-
have different symmetries E\j(w,IZ)], and therefore has the site tok, the imaginary part ok=(w/c)+z, and henc&”,
two explicitly placed on equal footing. If we limit the expan- myust be negative for a wave attenuating alenk, and posi-
sion of Eq.(9) to terms quadratic irk, then accordingly, e for 4 wave growing along-K. We can also see this
Eeri(w,K) should be expanded to terms quadratickinbut  expjicitly from Eq. (8) in terms ofe e and uegr. For a lossy
Ker(w,K) is independent d. In the following discussion, we LHM medium, we haves g=e.4+ichs and wer=pogtisug
shall limit ourselves to optical cases where terms quadratic it,; / " ' " A= (o K
k in Eq. (9) are indeedpnegligible. We shall no;q considerwlih, Sgﬁfg’ fer= 0, e <D, arld,'tieﬁ?o', K_no/ywrlgs(w,k)
=T+ =eenper, We find ' =¢esuoq— arMar>0 fOr

cases with frequencies near strong exciton resonance th -
a 9 Bk <letel and ulg<lul and®” = e lgule+ slpuly<0.

yields a complex dispersion &f; (k). To establish further connection between the two ap-
_ _ _ proaches, we notice that from E¢L0), since the energy
B. Poynting vector, energy density, and group velocity density must be positive, we must have

In the E, D, B approach, the time-averaged electromag- .
I we(w,K)]

netic energy density and Poynting vector in a meditas- ~0
suming isotropic for simplicityare given by>® dw
1 [d(wB) . - . . for givenk. Using Eq.(7), we find
o LB g g, (10 g 9 EaD
167 Jw

"

-— +— >
Jdw D) Jw 0, (14

Jwe) kzcz( 1) k?c? d(wp)
wu

. C ol - ® Lo

S:?RQE*XB)_EV‘ZE(Q)J()E*E, (11
m which reduces, with the help okfc?/ w?) =n’=gpu, to

which satisfy the energy conservation relatiofi- S p p

+ (aU/4at) =0. Substitution of Eq(7) into Eq. (11) leads to (we) L2 (op)

the same expression for the Poynting vector in the Jo Mmoo dw

E, D, H, B approach withB= uH,

>eu. (15

It is seen that even iE<0 and <0 as in a LHM, the

c quantity on the left hand side of E¢L5) must still be posi-

S=-—Rq E* ><|§)_ (12 tive. The above relation leads to a negative group velocity
8w for wave propagation in a LHM: the group velocity is given
Knowing that, in the latter case, by vy=(dw/ IK) (IZ/k), with
- 1 9|0 S oo 0 I 23
v.ér — 2 (we) -_— (wp) H*H}=O, ﬁ: 12(9(w 8): w,u,z J(we) i&(w,u,)
167 dt| Jdw dw do 2kc® Jw 2kee| dw Mmoo dw
we find which is negative since the quantity in the brackets is posi-
) - - o ;
1 [dws) . . How) . - t|Ye for e<0 arld,u 0, the grogp velocityy 4 is negative
=— E*E+ H*H|, (13)  with respect tok. So, here again, the two approaches are
16m| Jw Jw consistent.

as expected. More generally we can haveeplaced bye ¢
and u by uek. Therefore, the two approaches are fully con-  C. Transmission and reflection at a RHMLHM interface
sistent in their descriptions of energy relations. This is true in

general, irespective of the LHM or RHM. and u, and more generallyg o and ues (from the noncurl
However, Eqs(10) and (11)_ .are more general. "_1 t“EL part and the curl part of the response, respectjyehay not

D, H, B approach, the conditions f@ to be opposite tk e essential for wave propagation in the bulk, it is important

(or negative group velocilyin an LHM aree<0 andu  for transmission and reflection of waves at an interface be-

<0.IntheE, D, B approach with the first term in Eq11)  cause of the boundary conditions on the fields. We consider

directed alongk, the negative group velocity requires domi- here transmission and reflection of a wave with frequesacy

nation of the second term on the right-hand side of &d) at an air/LHM interface.

While separation of optical response of a medium isnito
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FIG. 1. Geometry describing transmission and refraction of an
incident wave at a RHM/LHM interface. Note that the Poynting
vectorSis in the opposite direction frork for the wave propagat-
ing in the LHM. The angled; is defined as negative if the trans-

mitted §w‘k appears on the-x side in the LHM.

The incoming wave is from the RHM side<0) with an

incidence angled,, and the reflected and refracted waves
have angles of reflection and refractiép and 6, respec-
tively (Fig. 1; see also p. 252 of Ref. 18/Me assume, for

simplicity, that the media are isotropic, all waves arpo-
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and

R B, 1 J(E+4mPgy)

VX (B 417Meﬁ)—c it .
The first equation dictates that is tHaf must be continuous
across the boundary. The second equation yielBs (
— 47M g+ — (By— 4mMefr,)o- = (4mlC) [5° (d10t) Pegrydz
We can write, in generalPes;= x;Ej+ ajjq (azlaxjdxk) E
+---, where the odd derivatives in the expansion vanish be-
cause of our assumption of nongyrotropic media. For sim-
plicity, we limit the discussion here to cases of weak disper-
sion such that terms beyond the second derivativ® jf;
can be neglected, i.e., neglect of multipole contributions be-
yond the second term iRg;. (We ignore cases of strong
dispersion near strong exciton resonapée then have the
following symmetry argument:

(Bx_47TMeff,x)0+ _(Bx_47TMeff,x)Of

A {(aE) (aE)
T Yy | ooy T gz
c gz Y], oz 7] _

With (JE,/dz) = —i (w/c) By, we obtain the boundary con-
dition that [1+i (47w/C?) ay,,dBx—4mMggy is continu-
ous. Following Eq(5), we can define

Ame? N
1+1 ?ayzzy B,—47M eff x = BX/,LLeﬁ(w)

larized alongy, and the longitudinal component of the waves with

can be neglected.
The E field of the wave takes the form

E=J[E e +Egelr e 1ot 2<0

=yE;eeTe ot 7>, (16)
with  k;=(wn,/c)[Xsing+2zcosh] and kg=(wn,/
c)[ksing—2cosf] in the RHM and kr=(wn,/
c)[ —Xsin6;—2zcoséy] in the LHM. Both n; and n, are
taken as positive. The boundary conditiog=ky, leads to
the Snell’s law for refraction,

17

n, sin6,= —n, sin fy,

where the negative sign yield$;<<0. This means that the

@ _ et @)
Het 1+i(477w2ayzyzlcz):u*eff(w)’

where, in accordance with the approximation usedPgp;,
the dependence Qlqi(w) On k can be neglected. Thus we
have the boundary condition tha@,/ugsz is continuous

across the boundary.
From Eg.(16) we then find the relations

refracted wave appears on the same side of the surface ndfom which we obtain

mal as the incoming wavéi.e., negative refraction as
shown in Fig. 1. We have retained in E46) only the term

that describes backward wave propagation in the LHM or R nycosf —(n,/ uly)cosby
NRM because, as we mentioned earlier, the wave must decay

away asz— in the semi-infinite NRM medium. Given the
E field in Eq.(16), the correspondin® field of the wave is

obtained fromB= (ic/w)V X E.

E| + ER= ET ’
ny
nl(E|_ER)C030|: - _aET COSGT, (18)
Meff
Ny €0sH, +(Ny/ pag) COSHT
2n, cosé,
Er E,. (19

" nycos6,+(ny/ ul)cosbr

The boundary conditions fd and B are deduced from Accordingly, the reflection and transmission coefficients are

the Maxwell equations

>

Vxé—laB
T c oot

given by

|ER|? n1c050,+(n2/;¢gﬁ)coseT‘2
~|E*  |nycosd—(ny/udpcosby|

R
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B |Ex|?(n2/ wey) cosbr
|E,|? cosé,
—4n.n,/ pgs COSH, COSHT 20 kR
Ing cos — (N / ey cosbr|®” 9y A
As expected, we havé+R=1. e So N

IIl. SECOND HARMONIC GENERATION FROM A LHM

We now consider a simple nonlinear optical effect: SHG
from a semi-infinite LHM medium with a nonvanishing
nonlinear susceptibilit®. We anticipate that the medium
coud be a LHM at o or 2w, but not at
both @ and 2w, and here consider a LHM ab only.
The incoming fundamental wave af then has the same
geometry as that depicted in Fig. 1 with the air/medium
boundary surface set at=0. It refracts negativelyas de- FIG. 2. Second harmonic generation at an air/LHM interface.
fined earliey into the nonlinear medium and induces in the The wave vectors of the second harmonic waves are denoted by

medium @>0) a nonlinear polarization P®)(2w) ks, k7, andkg, and the wave vector of the fundamental wave in
= ¥®:E(w)E(w), which is the source for SHG. For sim- LHM is k,=Kg¢/2.
plicity, we assume that the medium is isotropic &&@(2w)

is parallel to the boundary surface alopguch that only the Er(20)=JA,ge/kr 1ot

s-polarized field is generated aw2 We also assume that

there is no input at @ and that the depletion of the pump Krz—Ksz

field at w is negligible. AR} T (23
Following the usual derivation of SHG using tke D, B Te TRz

approach, we solve the wave equation E(zw) with The results given by Eq$21)—(23) are the same as those

P(2)(26) as the source term and immediately find the fol-for SHG in RHM* except that instead df;,>0 andks;
lowing resultst* Let the pump field in the LHM be described 0, we now havek;;<0 andksz<0. The physical conse-
by E(w)z'&leilzl-rliwt with ky,<0 andk, making an angle duence is that witlk; andks= 2k, nearly in opposite direc-
0,71 [as determined by the Snell’s law of E@.7)] with the tions, the SHG process in the LHM is badly phase mis-

surface normal. The induced nonlinear polarization takes thg'atched and the SHG in transmission varies rapidly with
form 5(2)(2w)—§/P<2)e“ZS'HZ“‘ with 9#2)_?2)_5\ i It is then the SHG in reflection that is more interesting. As
- - MM

" R seen from Eqgs(21) and (23), if —kgz approache&;,, the
andks=2k; . The transmitted SH waver-0) is then given  reflected SH output in a LHM can be much stronger than that
by from a RHM medium. The ratio of the Pointing vectors of
. . reflected and transmitted SHG is
ET(ZM) :9[A2Teik-|—-r+ Feiks-r]efiZwt,

ST,Zw n2w

1

4m(20)2P® TN,
RGN o

Sraw 1 (AZR)Z 1

Azt

kTZ_ I(SZ 2
kg cosUg+kgCOSOg —kRZ ks

n
A= , 2w
2Tk cosd1+ kg cOSIR

C0SfAg— N, COSHg (24

n,, cosér+n, coses) 2
which can be very large if ca8g~n, cosds
wherek; andkg are the wave vectors ati2of the transmit- If the medium is a RHM at and a LHM at 2, the same
ted homogeneous wave in the LHM and the reflected wavéesults described in Eq&21)—(23) are still valid except that
into the air side, respectively, witk;=2wn,,/c andkg  NOW Ksz>0 and krz<0, and ky should be replaced by

—2w/c. The anglesy and 95 made byIZT andlZR with the kKt/uess- The reflected SH wave in the air appears on the
surface norma[Fig. 2(b)] are obtained by matching of the same side of the surface normallas(negative refraction

wave vector components along the surface: as dictated by the Snell's law of E¢L7). Here again, the
SHG in transmission is badly phase mismatched, but for the

kg Sin9r= Ky sindr=kssinds=2k, sing;; (22)  reflected directiorirelatively to the incident input fundamen-
tal wave propagation SHG shows strong enhancement as
remembering that,,<0 andks,<O0. The reflected SH wave kg, approaches-k;z. The above discussion can be easily
is given by generalized to other wave mixing processes and the results
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are the same iP@(2w) is replaced byPN"S(ws) as the “negatively” refracted part of pulse can be used for determi-
induced nonlinear polarization ats and the other quantities nation of the frequency interval within which the medium is

are changed accordingly. a NRM. Interesting effects can also be expected for harmon-
ics generation and wave mixing by ultra-short pulses: the
IV. STIMULATED RAMAN SCATTERING harmonics also will propagate in an unusual way. As part of

the spectra components of input or output experiences the
Stimulated Raman scattering in a LHM can also be easil\LHM, the output pulses in transmission or reflection can be

described using thE, D, B approach. We consider the case drastically different, in terms of energy, pulse shape, spectral
where only the Stokes wave at frequeney sees the LHM. composition, and direction, from those expected from an or-
The stimulated Raman process pumped %‘)p) in the dinary nonlinear medium. The details are ComplicatEd, de-
semi-infinite medium covering=0 is described by a third- Pending on the spectral contents of the ultrashort pulse and
order nonlinear susceptibilityg(ws)=xg—ixg with xp  the LHM.
>0, which appears as a pump-intensity dependent term in

Eef with seﬁ=8éﬁ+isgﬁ+4w(xl’q—i)(g,)|E(wp)|2. FOIIOWing Eq VI. CONCLUSIONS
(8), we ha.Ve E :E ! + i’é” W|th E '= séﬁﬂéﬁ—sgﬁ,ugﬁ
(i Xt |[E(w)|? and 37 = (& Ly + Ay E(w)| D plyg We have proposed to use tlig D, B approach to de-

no_a oy 2y, 1 / " ] scribe linear and nonlinear wave propagation in media. Our
ngegn(j:,),mféfu)' Weetr- N @ LHM, oer=<0, ec=0. pe emphasis is on NRMor LHM). This approach avoids the
+he StgfLes wave propagating aloagin the LHM is usual expansion of medium response into multipoles al-
, though it can be separated into curl and noncurl parts for
given by . . . X .
convenience in dealing with boundary conditions. Compared
E(ws,z)=Ae ks iost for 720 to the usualE, D, H, B approach in which the medium
' response is characterized by dipole polarization and magne-
with  kg=kg+iks=(w/cC) V. Assuming the imaginary tization with response coefficientsand ., theE, D, B ap-
part of all complex quantities small compared to the realproach is more general since, in the optical frequency region,
part in magnitude, we haveki=(ws/c)\E' and magnetic dipoles as usually defined no longer have their
ks=(wg/2c)E"I\[E". If the Xk term dominates ifs”, then usual physical meaning and electric-quadrupole and higher-
ks>0 becauses’>0 and ”>0, and the Stokes wave Order multipole contributions may not be negligible. There is
should experience an exponential gain in the direction @ one-to-one correspondence in the description of the results
although the Stokes wave vector is in the opposite directiondSing the two approaches. Specifically, we note that with
This is what one would expect physically. In a gain €ither approach, linear wave propagation in NRM is charac-
medium, the wave must grow in the direction of energyterized by negative group velocity and negative refraction.
flow. They can be illustrated by ultrashort pulse propagation in
The same treatment described above should appI!RM- _
to other stimulated light scattering processes in a nonlinear Using theE, D, B approach, we can calculate the simple

LHM. nonlinear optical effects such as wave mixing and stimulated
light scattering in NRM following the same derivations as
V. ULTRASHORT PULSE PROPAGATION IN A LHM for regular media. However, the results are qualitatively dif-

ferent. For example, in harmonic generation, because of im-

Ultrashort pulses are currently available in a wide ranggroved phase mismatch, harmonic output in reflection can be
of frequencies from THz to the far ultraviolet. They can pro- stronger than in transmission in NRM, contrary to the situa-
vide a clear manifestation of the characteristic linear waveion in ordinary media. With either the fundamental input or
propagation effects in LHM: negative group velocity andthe harmonic output experiencing negative refraction, the
negative refraction. We discuss these effects qualitatively. Itransmitted harmonic output beam will appear on the same
the formal description, we can decompose the ultrashorside of the surface normal as the fundamental input beam as
pulse into Fourier components, follow the propagation ofdictated by the negative Snell’'s law. This creates a Veselago-
each component, and then sum over the components after thge lens that allows SH imaging of a point source emitting
propagation. If the entire spectral bandwidth of the pulseat frequencyw to its mirror point appearing at frequencw?2
sees the medium as a LHM, then the pulse will physicallythrough a nonlinear LHM plate. Stimulated light scattering in
move in a direction opposite to the wave propagation, clearla LHM appears more like what one would expect: The
demonstrating the negative group velocity phenomenon. I§rowth of the stimulated radiation is always in the direction
the spectral width of the pulse is broader than the bandwidtlof the group velocity of the wave.
in which the LHM character of the medium prevails, the Construction of a homogeneous LHM is still a challenge.
pulse is likely to split into three parts when incident into the Negative refraction has been found experimentally only in
LHM through an RHM/LHM interface. The central part of artificial metamaterials composed of split ring resonator ar-
the pulse spectrum seeing the LHM will experience negativeays in the microwave region. Photonic band-gap materials
refraction at the interface, but the frequency components anay be suitable for the observation of negative refraction
the two sides of the pulse spectrum seeing no LHM willand negative group velocity in the optical region, but has yet
experience a positive refraction. The spectroscopic study ab be demonstrated experimentally. In both cases, nonlinear
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