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Charge fluctuations and electron-phonon interaction in the finite-U Hubbard model
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In this paper we employ a Gaussian expansion within the finite-U slave-bosons formalism to investigate the
momentum structure of the electron-phonon vertex function in the Hubbard model as function ofU andn. The
suppression of large momentum scattering and the onset of a small-q peak structure, parametrized by a cut-off
qc , are shown to be essentially ruled by the band narrowing factorZMF due to the electronic correlation. A
phase diagram ofZMF andqc in the wholeU –n space is presented. Our results are in more than qualitative
agreement with a recent numerical analysis and permit one to understand some anomalous features of the
quantum Monte Carlo data.
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In the past months a variety of experiments have poin
out an important role of the electron-phonon~el-ph! interac-
tion in many physical properties of the cuprates.1–3 These
recent findings have triggered a renewed interest for a th
retical understanding of the el-ph properties in strongly c
related systems.

One of the most remarkable effects of the strong el
tronic correlation on the el-ph properties is to favor forwa
~small q) scattering in the electron-phonon vertex,q being
the exchanged phonon momentum. This feature was inv
gated in the past by means of analytical techniques base
slave-bosons orX operators.4–8 The assumption of forward
scattering predominance within an el-ph framework w
shown to explain in a natural way several anomalous pr
erties of cuprates as the difference between transport
superconducting el-ph coupling constants,6,7 the linear tem-
perature behavior of the resistivity,9 thed-wave symmetry of
the superconducting gap.8,10 Smallq scattering selection wa
shown moreover to be responsible in a natural way for hi
Tc superconductivity within the context of the nonadiaba
superconductivity.11 Microscopic models based on small-q
or, equivalently, on long-range electron interactions w
also proposed to account for the anomalous kink in the p
toemission data.12,13

So far, this important feature has been analyzed only
means of analytical approaches in theU5` limit and a de-
finitive confirmation of it based on numerical methods w
lacking. The charge response at finiteU was addressed in
Refs. 14 and 15, which however focused only onq50 sus-
ceptibilities. With these motivations in a recent paper Hua
et al. have addressed this issue in the two-dimensional H
bard model with genericU by using quantum Monte Carlo
~QMC! techniques on an 838 cluster.16 Their results pro-
vide a good agreement with the previous analytical stud
and represent an important contribution to assess the
evance of el-ph interaction in correlated system.

In this paper we employ the slave-boson techniques
investigate the evaluation of the momentum structure of
el-ph vertex interaction as function of the Hubbard repuls
U. While the previous analytical studies were limited to t
U5` limit,4–8 we were able in this way to evaluate th
small momenta selection in the whole phase diagram of
0163-1829/2004/69~16!/161101~4!/$22.50 69 1611
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rametersU –n, wheren is the electron filling. In particular
we show that the predominance of smallq scattering is
strongly dependent on the closeness of the system to
metal-insulator transition~MIT !. Our analysis suggests tha
forward scattering is essentially ruled by the one-parti
~mean-field! parameterZMF , which represents the band na
rowing factor due to the correlation effects. We also disc
some anomalous features of the numerical results of Ref.
The fair agreement between our slave-boson results and
quantum Monte Carlo data16 supports the reliability of our
approach to investigate these issues. Note that, while
present study is mainly focused on charge~el-ph! fluctua-
tions, a similar approach could be used to investigate s
correlations and magnetic instabilities. Previous studies
finite U were indeed limited at q5(0,0) and
q5(p,p).4,14,15,17The analysis of the full momentum struc
ture of the spin susceptibilities in theU –n phase diagram
will be the object of a future publication.

The working tool of this paper will be the four slave
boson method first introduced by Kotliar and Ruckenstein
investigate the Hubbard model at finiteU. In this approach
the physical Hilbert space is enlarged by introducing, in a
dition to the standard fermionic degrees of freedomcis , four
auxiliary bosons,e, d, ps , which count, respectively, empty
double, and single occupied~with spin s) sites.17 The ex-
tended Hilbert space is thus restricted to the physical one
the Lagrange multipliersl (1), ls

(2) . The Hubbard Hamil-
tonian reads thus:

H5(
i j s

Zi j s@e,d,ps ,p2s#t i j cis
† cj s

1(
i

l i
(1)Fei

†ei1(
s

pis
† pis1di

†di21G
1(

is
l is

(2)@cis
† cis2pis

† pis2di
†di #, ~1!

wheret i j is the bare hopping term, here considered within
nearest neighbor model, andZ@ . . . # is the reduction of the
hopping term due to the correlation effects. A standa
method to account for charge, spin, and different kinds
fluctuations is to expand Eq.~1! at the Gaussian level aroun
©2004 The American Physical Society01-1
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its mean-field solution for the auxiliary fieldse, d, ps , l (1),
ls

(2) .14,18 Equation~1! can be thus re-written as

H5(
ks

@ZMFtk1ls
(2)#cks

† cks1(
qm

aÀq
m @Bq

21#mnaq
n

1 (
kqsm

Lk,q
m ck1qs

† cksaq
m1const., ~2!

where the first term describes the mean-field approxima
where all the auxiliary fields are determined by their se
consistent saddle point solution, the second term is the q
dratic fluctuations of the auxiliary fields about their mea
field solution, comprehensive of the electronic loop se
energy contributions,14,18 and the third one is the linea
electron-slave-boson interaction. The indexm, n runs on the
seven auxiliary fields. Explicit expressions for the slav
boson matrix dispersion@Bq

21#mn and the electron-slave
boson matrix elementsLk,q

m could be found in Ref. 14.
The el-ph vertex functiong(k,q,v) in the presence o

electronic correlation can be promptly determined as the
ear response of the systems described by Eq.~2! to an exter-
nal charge excitation. In the paramagnetic case the spin in
s can be dropped and the auxiliary field space reduced
five components. At the Gaussian level we have14,18

g~k,q;v!5122(
mn

Lk,q
m @Dq

21~v!#mnP̃q
n~v!, ~3!

where the factor 2 takes into account the spin degener
D21 is the renormalized slave-boson propagat
2@Dq

21(v)#mn52@Bq
21#mn1Pq

mn(v), which includes the
‘‘bubble’’ contribution to the slave-boson self-energy

Pq
mn~v!5(

k
Lk,q

m Lk,q
n

f ~Ek!2 f ~Ek1q!

Ek1q2Ek2v
, ~4!

and where

P̃q
n~v!5(

k
Lk,q

n
f ~Ek!2 f ~Ek1q!

Ek1q2Ek2v
. ~5!

Here f (x) is the Fermi factor andEk is the renormalized
electronic dispersionEk5ZMFtk .

We are now in the position to apply Eqs.~3!–~5! to cal-
culate theq structure of the electron-phonon vertex functi
in the presence of electronic correlation for generic Hubb
repulsionU and electron fillingn. From the technical poin
of view we use a slightly different version of the four-slav
boson technique as introduced by Kotliar and Ruckenst
We note indeed that Eq.~2!, when derived in the context o
the Kotliar–Ruckenstein formalism, presents serious
thologies at finiteU in the limit n→0,2 where the linear
electron-slave-boson matrix elements diverge.19 As pointed
out in Ref. 17, however, several choices for the auxilia
fields e, d, ps can be employed as long as they fulfill th
constraints imposed by the real Hilbert space. We make
of this freedom to avoid those unphysical divergences. T
analytical derivation of Eq.~2! in this new basis of auxiliary
fields is long and cumbersome, but quite straightforward
16110
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it does not affect in a significant way our results which foc
on the MIT transition. Technical details will thus be pr
sented in a longer publication.

In Fig. 1 we plot the evolution of momentum structure
the electron-phonon vertex functiong(kF ,q;v50) for v
50 andk5kF lying on the Fermi surface for different elec
tron filling n andU. The top panel in Fig. 1 reproduces th
n-dependence ofg(kF ,q;v50) in the large-U limit. It
agrees quite well with the previous studies of Refs. 6–8 a
it shows the suppression of the large-q scattering as the MIT
is approached forn→1 and the corresponding developme
of a small-q momentum structure. As a marginal differen
we can note that the four-slave-boson approach at finiteU
predicts a less pronounced peaked structure than theU5`
one-slave-boson method. This slight discrepancy can
traced back to the different band narrowing factor betwe
our case@ZMF;2d/(11d) as in Ref. 17# and the one-slave
bosonU5` treatment (ZMF;d).

One of the main results of our analysis is that it perm
one to investigate the MIT and the momentum structure
the el-ph vertex along a different path, namely increasingU
for fixed n. As shown by the comparison between the thr
panels of Fig. 1, the predominance of forward scattering
effectively suppressed as long as we move far from the M
by reducing the Hubbard repulsionU, in a similar way with
what is found as function ofn. This observation suggests th
the small-q structure is only ruled by some macroscopic p
rameter which quantifies the closeness to the metal-insul
transition, regardless of the microscopic parameters asU or
n. A natural candidate along this perspective is the band
rowing ZMF , which vanishesZMF→0 at the MIT (n51, U
>Uc) and ZMF→1 in the uncorrelated limit (n50,2 or
U50).

FIG. 1. ~Color online! Momentum dependence of the electro
phonon vertex functiong(kF ,q;v50) in the presence of electroni
correlation for differentU/Uc andn. In each panel solid lines rep
resent, from the top to the bottom:n50.1,0.3,0.5,0.7,0.9. Standar
labels for the high symmetry points correspond toG5(0,0), X
5(0,p), M5(p,p).
1-2
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The effectiveness of the electronic correlation in givi
rise to a small-q structure in the electron-phonon scatteri
has been previously discussed in literature in terms of a
off parameterqc .11 On the physical groundqc is expected to
be related to the inverse of the correlation lengthj, qc
}1/j. At the MIT, j→` andqc→0. For practical purposes
it is often difficult to extract a cut-off parameterqc from a
complex structure as those shown in Fig. 1. To this aim
define a cut-offqc as the full width at the half maximum
~FWHM! of the electron-phonon vertexug(kF ,q;v50)u2

along theG-M line with respect to itsq50 value. We would
like to stress that this definition ofqc is just one of the
possible choices and it does not pretend to be rigorous. A
matter of fact for systems far from the MIT, where no we
definedq50 peak is recovered, noqc according to such a
definition can be found. This should be interpreted as
absence of significant small-q modulations induced by the
electronic correlation. Note, on the other hand, that close
the MIT the small-q peak can always be approximated as
Lorentzian, and the definition ofqc introduced earlier is
indeed directly related to the inverse of the correlat
lengthj.

In Figs. 2~a! and 2~b! we plot theZMF andqc isolines as
obtained by applying our FWHM definition in the who
U –n phase diagram. The striking similarities between pan
~a! and~b! confirm that the small-q structure is mainly ruled

FIG. 2. ~Color online! Plot of the isolines for the quantitiesZMF

~a! andqc ~b! in theU –n space. Since both quantities are symm
ric for reflection with respect to then52 axis, they are shown
respectively, in just one half-plane. Solid lines are@~a!, from right to
the left#: ZMF50.1,0.2,0.4,0.6,0.8,0.9;@~b!, from left to right#: qc

50.2,0.3,0.4,0.5,0.6,0.8,1.0,1.2,1.4.~c! Plot of qc vs ZMF for dif-
ferent electron fillingn.
16110
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by the strong band narrowing close to the MIT. This
pointed out in the most remarkable way in panel~c! where
the cut-off qc , evaluated for differentn and differentU, is
shown to lie on an almost universal curve when plotted
function ofZMF . This is a quite important result because t
band narrowing factorZMF , as well as quasiparticle spectr
weightZQP which is strongly related toZMF , is in principle a
physical quantity which can be experimentally determined
provide an estimate ofqc . The universality ofqc as function
of ZMF also points toward some general mechanism resp
sible for the small-q scattering. This mechanism has be
discussed in literature in terms of proximity to a phase se
ration which is reflected in a charge response instability
q50. Before addressing the connection between smaq
scattering and phase separation, we would note however
although the universal behavior ofqc vs ZMF appears quite
robust, some discrepancies appear for values ofn very close
to n51. This is also in agreement with a comparison b
tween panels~a! and ~b!, which shows that forn51, in
contrast to theZMF isolines, all theqc curves converge to the
U5Uc point, whereqc jumps from qc5p to qc50 from
U5Uc

2 to U5Uc
1 . A closer look at this discrepancy show

that it can be related to the presence of the Van Hove sin
larity at n51. Indeed, while the quantityZMF does not de-
pend on the details of the electronic dispersion, in this c
the q50 response functions are described by an ideal m
with infinite density of states for anyU<Uc

2 . It can be
checked that the introduction of a finitet8 removes this
anomalous feature andqc evolves in a smooth way increas
ing U from U50 to U5Uc for n51.

As a final issue of this letter we would like to comment o
the robustness of our results, based on a Gaussian expa
within the context of a finite-U slave-boson formalism, with
respect to the inclusion of higher order terms. A good che
in this perspective would be the comparison of our data w
q-resolved numerical calculations. Unfortunately, simulati
and numerical work along this line is lacking in the literatu
since the widely diffuse dynamical mean-field approa
mainly probes only local~-integrated! quantities whereas ex
act diagonalization and QMC techniques are limited by fin
size of the cluster and by finite temperature effects. A se
nal step to fill the gap has been provided by Huanget al.,
who provided in Ref. 16, for the first time to our knowledg
numerical support by QMC simulations for the insurgence
small-q structure in the el-ph vertex function by increasin
U. As a by-product of their analysis, Huanget al. also re-
ported an interesting increasing of the absolute magnitud
the el-ph vertex function for small momentumq
5(p/4,p/4) in the largeU regime, whereas the increase
absent for large momentumq5(p,p). This is quite puzzling
because the development of a small-q structure is thought to
be relative to the large momentum scattering and it is usu
not accompanied by an increase of the magnitude ofg at q
50. The origin of this anomalous feature has been not w
understood so far and a possible connection with charge
citations driven by the exchange termJ}t2/U in the largeU
limit was mentioned.16

-
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In order to test the reliability of our results we have a
dressed this issue within the context of our slave-boson
malism. In Fig. 3~a! we show the dependence of the el-
vertex functiong(kF ,q;v50) on the Hubbard repulsionU
as calculated within our approach for the same paramete
in Ref. 16, namelyn50.88, q5(p/4,p/4), q5(p,p), b
52, whereb is the inverse of the temperatureT in units of
the nearest-neighbor hopping elementt. The agreement be
tween our findings and the data of Ref. 16 is quite excelle
although quantitative differences are of course present
particular we find that, while for large momentag(kF ,q;v
50) steadily decreases withU, for q5(p/4,p/4) it shows
an upturn forU.8 until a divergence occurs forUc.9.3,
signaling a charge instability.20 According to this view one is
tempted to associate the upturn of the el-ph vertex func
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FIG. 3. ~Color online! ~a! Dependence of the el-ph vertex fun
tion on U for n50.88 and forq5(p/4,p/4) ~solid line, b52), q
5(p,p) ~dashed line,b52), andq5(p/4,p/4) ~dot-dashed line,
b550). ~b! Phase diagram for phase separation (q50) and charge
instability (q5p/4,p/4). The dashed line shows the factorZMF

evaluated along the phase separation instability line.
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g(kF ,q;v50) as a function ofU reported in Ref. 16 as an
incipient transition toward some charge instability or pha
separation.21 This does not imply however that phase sep
ration is effectively established, and it should be remark
that the actual occurrence of phase separation in the Hub
model is still an object of debate.22 In particular the large
temperatureb52 at which the QMC were performed coul
play a crucial role in that. To investigate this final issue w
again evaluated the el-ph vertex function for the same
rameters but at a much lower temperatureb550. As shown
in Fig. 3~a!, it is quite surprising that the charge instabili
disappears when decreasing the temperature.

In order to understand in more detail the origin of t
phase separation instability as function of the temperaturT
we show in Fig. 3~b! the phase diagram in theT vs U space
with respect to phase separation (q50) and to charge order
ing (q5(p/4,p/4)). Phase separation as well as charge
stabilities occur in our slave-boson calculations only abov
certain temperatureT/t*0.2 (b&5). An interesting insight
comes from the comparison of the critical temperatureTc at
which the instability toward phase separation occurs with
band narrowing factorZMF ~Fig. 3!. The similar dependence
of Tc andZMF on U points out that the onset of phase sep
ration by increasing temperature is ruled by the compari
between the temperatureT and the effective bandwidthW
5ZMF8t energy scales. In particular phase separation is
tablished whenT becomes of the same order ofZMFt. We
would like to stress that in principle the phase separat
instability found by our slave-boson calculations could
washed out when higher order fluctuations than the Gaus
ones are taken into account. The agreement between our
and QMC results suggests however that the correlation
tween small-q modulation, phase separation, and the upt
as function ofU could be a robust feature of correlated sy
tems. At a speculative level, we think that the small coher
part of the electronic spectral weight~with the electronic
dispersion scaling withZMF) could be responsible for the
tendency toward phase separation, which is however
vented by the presence of the incoherent states. Further
lytical and numerical work on this direction will help to she
new light on this issue.
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