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The effect of dielectric boundaries on the Cherenkov radiatfoR) produced when a fast point charge
moves inside or near a material is analyzed for different shapes of the sample. Calculations are offered for a
charge moving near both planar and nonplanar surfaces. CR is found to be produced even when the external
charge moves outside a semi-infinite medium. For charges moving near planar boundaries, the reflected radia-
tion interferes with the direct CR, leading to oscillations in the emission probability as a function of the impact
parameter relative to the interfaces. Thin-film guided modes are excited by penetrating electrons and our
calculations agree reasonably well with available experiments. The bulk limit in the emission probability is
recovered for charges passing by the center of cylinders or spheres of increasingly large radius. Recent
experiments of energy loss of electrons passing near dielectric spheres are explained thanks to the inclusion of
retardation effects in the sphere response. These effects lead to an efficient channel of radiative energy losses.
Finally, the diffraction of CR in void inclusions is proposed as a tool for providing information on otherwise
inaccessible buried structures.
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[. INTRODUCTION Among some exotic effects associated to this type of ra-
L . diation, one can mention that the interaction of an external
The electromagnetic field accompanying a charge freely, oo’ of radiation with Cherenkov light can give rise to

moving in vacuum is entirely evanescent. However, if therggonant scattering of the latf@rlso, external radiation can
charge moves inside a transparent material with constant Vg sed to accelerate charged particles in what has been
locity v larger than the speed of light in the medium, cou-named inverse Cherenkov efféét.
pling to propagating modes becomes possible and radiation The condition(1) arises from matching the allowed values
is produced along the directions of the so-called Cherenkogf energy and momentum transfer between the external

cone. That condition can be restated as charge and the medium. However, Cherenkov radigiitiv)
has been recently observed at subluminal velocities as well,
v>cl Ve, (1) thanks to the extra momentum supplied by phonons to make

vyhereg is the dielectric.functi.on of the material under con- thecelz?ngignybnewcl;rgretir::tglr;”?ﬁ;cphol?tgnr;c;z?g; electrons such as
sideration. When Eq(1) is fulfilled, the number of photons ,qse ysed in transmission electron microscopes. Indeed,
emitted by a unit charge per unit of path length is given byihere are many technologically interesting materials that sat-
the well-known formula isfy the Cherenkov conditiolil) at accelerating voltages of
200 kV (e.g., silicon and silica
1 1 The purpose of this work is to analyze the effect of di-
2 2 @ glectric boundaries on the CR. In the presence of finite ob-
jects, the emission probability is no longer given by E),

which depends upon the photon wavelength exclusively viaand in particular, it will be shown to exhibit an explicit de-
€. pendence on the wavelength via reflections at the boundaries.

This effect was discovered in 1934 by Pavel ChereAkov Previous studies on the subject include charges moving par-
and its theoretical interpretation dates back to 1d3he  allel to a surfac¥ or crossing a dielectric sla:*® More
theory was later generalized to account for dispersive fiediacomplicated systems have also been investigated theoreti-
and more sophisticated descriptions have been producegilly, such as the electron bunches moving in waveguites,
since ther?:® the CR produced by solitons in optical fibéP< CR from

The Cherenkov effect is extensively used to deteclayered structure€>?* CR in photonic crystal$*?® and the
charged-particle byproducts resulting from energetic subrelated phenomenon of Smith-Purcell radiation in strings of
atomic collisions in particle detectofs™® Also, this type of  sphere® and photonic crystal¥?® Finite-trajectory effects
radiation has been observed in more exotic systems, such aan be conveniently described by simple expressions derived
Josephson junctiors.In addition to the Cherenkowave  from Tamm's theor§ in the short wavelength limit when
cone, a group cone of much smaller aperture has been presost of the trajectory runs many wavelengths away from the
dicted to occur in strongly dispersive active metfia. boundaries. This has been applied to explain several experi-
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ments of practical interest in ultrarelativistic ion-beam char-The direct field admits an analytical decomposition in terms
acterization, where new phenomena related to finiteof s andp waves, which takes the form, in frequency space
trajectory effects have been observed near the threshold,

condition (1).° However, we shall be concerned with impact

parameters and sample dimensions comparable to the wave- bulk, .\ IKEr o=~y
length in the present work, so that our theory retains all the E; (r)—f dez "o E '”éQvo' ©)
complications of Maxwell’s equations in the near- and

intermediate-field regimes. The momentum of one of such plane waves,
The charges under consideration will be assumed to be .
swift (e.g., relativistic ions and electronso that the even- Ko=(Q,*kyj),

tual modification in their trajectories as a result of interaction

with the samples will be neglected. In particular, image

forces (these originate from reflected field contributions to

the total induced fieldcan produce bending of the projectile N 1

trajectories, but we will overlook this effect, which should be éQfsz—(—Qy ,Q,,0) 4)

small for swifting enough patrticles, as we are interested in Q

the loss spectra and light emission distributions, and not sgng

much in the angular distribution of the outgoing charges.

We will analyze the CR produced by fast charges moving . 1

near or inside a material bound within one particular spatial EJQTpZE(i k,iQ,— Q). )

direction by planar surface&Sec. I), and also dielectrics y

bound in two or three spatial directions by cylindrical, Here, k,;= ‘/kJZ_sz k;=(wlc) \/E—J is the momentum of the

spherical, and more complicated surfat@sc. Il). Gaussian  |ight in mediumj, andQ,= w/v. Since In{e;}>0 (even if it

atomic units(i.e., #=m=e=1) will be used throughout the s infinitesima), the above square root can be chosen such

paper unless otherwise specified. Nonmagnetic materiakhat both the real and the imaginary partskpfare simulta-

(w=1) will be considered from now on. neously positive, so that the uppébwen sign must be
adopted for positivenegative values ofz—z; in order to
guarantee that the fields vanish in tlzg—c limit. The co-

Il. DIELECTRICS BOUND IN ONE SPATIAL DIRECTION: efficients of this plane wave expansion Zre

PLANAR BOUNDARIES

forms an orthonormal basis set together with the normalized
polarization vectors

When a charge moves parallel to a planar surface inside a Ei§5=M
dielectric under conditioril), the CR is reflected on the in- ' kajc2
ner boundary and this produces interference effects that can
be observed in the energy loss of the charge. If nonabsort?lnd
ing, transparent materials are considered, the photon emis- K.
sion probability has to be equal to the energy loss probabil- Egp: T eTikjzo
ity, since photon emission is the only mechanism that can ’ v Qe
produce energy loss. Therefore, we will calculate the emis-
sion probability from the energy loss, which arises in turn A. Semi-infinite media
from the retarding force produced by the induced electric ADDIVi he ab f i h f h
field acting back on the charge. The induced field will be pplying the a ove formalism to the case of a charge
expressed in terms of reflection coefficients in the case ofoving above a smgle |n.t<.arface Iocatedzato' (ie., the
planar boundaries. This will be done following analytical Impact parameter, is positive, the reflected field can be

methods that can find a broader field of applications easily obtained from the direct field by using the reflection
To be more specific, let us first consider a unii pointcoefﬁcients of the planar interfadas seen from inside me-

charge moving inside a homogeneous medjurharacter- diumj, V\{hich occupies the>0 region where the charge is
ized by its dielectric functior; , with velocityv along thex moving),
direction, parallel to one or more planar interfaces. The in-
terfaces will be chosen to be normal with respect tozthris
and the charge trajectory will be described hy
=(vt,0,25). Then, the electric field irllk the medium can be
. X ulk .
decomposed into a.bulk direct terﬁf (|.e.., the f!eld that R]Pjr:(fj’kzj_ €Kz ) (€5 Kyt €iKy), @)
would be produced if the charge were moving insidetibkx
of an infinite mediumj) plus the field resulting from the wherej’ is the medium on thg<0 side of the interface.
reflection at theboundariesE”!"Y that is, One finds

e:iijZO

stjf:(kzj_kzj’)/(kzj+kzj’) (6)

and

bound - KS TR Ei- o
E(r)zE})ulk(r)_'_Eboundar)(r)_ E>oun arYr)—f de; elKQ rR”/EJQ,géQJTor (8)
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where use has been made of the fact that the direct field i 14— 71—
traveling downwards, whereas the reflected field propagate:-
in the direction of increasing's, back to the external charge. £ "2 [

The energy loss probability is then obtained from the 3

force produced by the induced field on the external chargeg 19

The energy loss per unit of path length can then be written asg o5

Tf dtv-E'”d(rt,t)=fo wdo P(w), §°-6
=

where E G
o

-1 g 0.2
_ —iot,,. zind =t

P(w) ﬂ'wLJ dtRde '"v-E"Y(r;,w)] 9 .

is the loss probability and is the length of the trajectory. 0,2

Following Ref. 29, this quantity can be in turn decomposed
into contributions coming both from the bulk direct field  FIG. 1. (Color onling Cherenkov radiatiofCR) emission prob-

EPY% and from the field reflected at the boundariggundary  ability near a planar interface. The charge is moving inéigside
! a material described by=3 for z,<0 (z,>0) along a direction

p = pbulk . pboundary (10 parallel to the surface. Different charge velocities have been con-

sidered, as shown by labels. The probability has been normalized to

The former can be worked out from E(P) to recover Eq.  the pulk limit[Eq. (2)], while the impact paramete is normalized

(2) if medium j is transparentwith ¢; substituted fore), using the momentum of the light perpendicular to the trajectory,

provided the Cherenkov conditidd) is fulfilled.*** The re-  Q, = (w/c)Je—cZv?. The inset depicts the Cherenkov cone and

maining contribution to Eq(10) results from inserting Eq. its reflection at the inner boundary when the particle moves inside

(8) into Eq. (9). One obtains the medium. Total internal reflection of the CR at the surface con-
fines the emission inside the material.

Pboundar{w): i ” & - o
m2lo Q2 (11) can be substantidi.e., for Q,>Q,), but deep inside
) the bulk the loss is dominated by the geometrical construc-
xRe[k .eZikszO[(%) RS _iRp H tion of the propagating Cherenkov cone and its reflection at
Z] kpc/ ' € the surface, as shown in the inset of Fig. 1. Therefore, the

oscillations observed in the figure die off slowly like a Bessel
(1D) function, a behavior similar to that predicted for two unit

This expression, which is valid for arbitrary complex dielec- point chargesl charges in genergfollowing laterally dis-
tric functionse; and ¢;,, has been obtained in a different placed trajectories in a homogeneous infinite medium, in
way by Garca-Molina et al,* although the derivation pre- Wwhich case the loss probability becomes, from a straightfor-
sented here is more straightforward and can be easily genenard solution of Maxwell's equations,
alized to include more interfacésee below.

Equation(11) has been used to obtain the loss probability
for a point charge moving parallel to the interface of a ma- phulk_ pbulks 003{
terial described by =3 (e.g., alumina in the visible and near i’
infrared with vacuum, as shown in Fig. 1. The results have
been normalized to the bulk limiEq. (2)]. Interestingly, CR  where the double sum is extended over the moving particles,
is produced even when the charge is moving outside thandr! andr' denote coordinates parallel and perpendicular
material ¢,>0), although the loss probability decays expo-to the velocity vector, respectively.
nentially with increasing,, reflecting the evanescent nature
of the field produced by the external charge in vacdfim.
However, when the charge moves inside the material, the
direct field is radiative and it can be reflected at the inner The case of a thin film can be also analyzed within the
surface and propagated back to the charge, giving rise to above formalism by considering the multiple successive re-
interference pattern that extends well beyond the radiatioffiections of plane-wave components at both inner bound-
wavelength\. It should be noticed that the spatial frequencyaries. We will consider a unit point charge moving inside a
of these oscillations increases with increasing velofi.,  film of thicknessd described bye (mediumj=1) and sur-
with increasingQ, =(w/c)\e—c?/v?] as a result of the rounded by vacuunimediumj’=0), with the trajectory di-
change in the orientation of the Cherenkov cone relative toected parallel to the surfaces at a distapgfrom the center
the dielectric boundaryactually,Q, is the projection of the of the film. Successive reflections can be summed analyti-
momentum of Cherenkov light along the surface noymal cally in this Fabry-Perot-like model to yield the following
Near the surface, the contribution of evanescent waves to Eglectric field inside the film:

o(r|=rl)

}Jo[Qilr%—rﬁl],

v

B. Slabs: parallel trajectories
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1 75-keV electron

E(r)= f QyE 1— (RS ekad)2
(o — 21e z
£=11.940.00011 2,

-— U >

N .
X {eIKQ -r eZQTg-[ E(Zirg-_k RglE(Zng—elk21(d+ZO)]

+eo T [E] ,+REES D}, (12) ]
wherek,; = Jew?/c?—Q?, ko= 0?/c?—Q?, andR$, and 0.16 4o
Rb, are given by Eqgs(6) and (7), respectively. The loss 014 ]
probability obtained by inserting Eq12) into Eq. (9) be- l% T
comes, after discounting the bulk contributiBA, & 0121
§ 0.10 4
% 2 |
Pboundarxw) — i &R i(%) 0.08-_
mv2lo Q2 |kal € 0.06 -
RS,e*219c0g 2,1 20) + 1 0047
A - 0.02 4
1-(Rs,e'a)? 1 . .
, 20 15 -10 05 00 05 10 15 20
K,1 | RBie" #1909 2k 1 79) — 1
T l—(RgleikZld)z ! k_Ld
(13 FIG. 2. (Color online Electron energy loss probability as a

function of energy and momentum transfer for 75 keV electrons
Note thatQ=w/v>w/c, so thatk,, is pure imaginary. Fur- traversing a film of thicknesd characterized by a dielectric func-
thermore, ife is real,k,; is pure imaginary as well foQ, tion e=11.9+0.0001i. Darker regions correspond to higher prob-
>Q, (this corresponds to evanescent and amplifying wavebility. The electron beam is directed along the film normal and the
components inside the filnand consequentlRy, is real. In momentum transferk, is perpendicular to the trajectory. The
that case, the expression inside the curly brackets of .  guided modes of the film are represented in the right half part of the
is pure imaginary and the integrand vanishes. Therefore, wgure: crosses fop-polarized modesH parallel to the film and

are only left with ther< Q, part of the integral, wherk,; dots fors-polarized modesE parallel to the film. Only even-order
is real,|Rg) =1, and one finds p modes are excited by the electrons.

2
sy ~2[* 9k 1 (O

nonres. —
mv?Jo Q2 € Kka\ C

CR is confined within the film, and destructive interference
= — phuk, between successive reflections at the film surfaces leads to
lossless propagation of the charge except for specific energy
(14 and momentum transfers that match the mentioned disper-
sion relation for guided modes.

(the label nonres. stands for nonresonant; see Heldvich
cancels out the bulk contribution altogether independently of

the values ofl andz,. The same result can be obtained from C. Slabs: penetrating trajectories
previous formulations of this problefi;** and similar con- At this point, a distinction has to be made between CR
clusions are also drawn for parallel external trajectories.  and transition radiatioliTR). Whereas the former is clearly

b d H : . .
Actually, Pronfse™ is only a part of P°°U"%Y There is  connected to coupling of the external charge to propagating

another term originating in the zeros of the denominators ofnodes in an infinite system, the latter occurs whenever the
Eq. (13), which give rise tod functions that provide the only charge crosses a physical interfdéeThis distinction be-
nonvanishing contribution to the loss probability. This is acomes fuzzy when the charge interacts with objects of finite
resonant contribution, which results from the coupling be-size along the direction of propagation. The effect of termi-
tween the fast charge and the guided modes of the filmpation of a medium gives rise to TR, but CR generated away
whose dispersion relations are precisely given by the zerogom the interface can be partially transmitted outside the
just noted,Rg,e™*19=+1. These relations define a discrete material. This will be discussed in Sec. Il for cylinders and
set of w(Q) curves, which are represented by crosses ( spheres.
=p) and dots ¢=s) in the left part of Fig. 2 fore=11.9 Let us examine the case of unit charges transmitted
(this represents silicon at a photon wavelength through thin films. Detailed expressions for the photon-
=1.55um, chosen for its relevance to optical communica-emission probability have been given in the past for charges
tions technology and also as a representative case of a highrossing thin films? For completeness, we will derive re-
dielectric-constant material lated expressions within the present formalism and apply
It is worth mentioning that the Cherenkov conditigh) ~ them to calculate energy loss probabilities, including multi-
for inner trajectories parallel to the surface implies that thelayers of lossy and anisotropic materials, and comparison
condition of total internal reflection is satisfied for CR. Thus, with actual electron-energy-loss spectrosd&iBlLS) experi-
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ments in thin films made of this kind of materials will be is straightforward, but we omit the details, since the resulting

offered. The multilayer geometry has been studied in the pastxpressions are cumbersome and do not add much to the

by means of a complicated computer algebra scherbet physics._ _

we will use a more straight-forward formulation that leads to  Inserting Eq.(15) into Eq. (9), one can separate the loss

simple expressions that will be used to explain available exProbability into contributions coming from different momen-

perimental result8**® To study penetrating trajectories one tum transfersQ parallel to the film surfaces according to

can describe the field inside each homogeneous region of 42

space by the correspondifig" field for the infinite medium P(w)= f Q P(Q.0).

plus plane waves that are used to match the boundary con- (2m)?

ditions at the interfaces. For a slab of matetial1 con- Finally, the integration over the time in E(P) can be per-

tained in the B<z<d region and for a trajectory defined by ; ;

o _ ; formed analytically to yield

r.=(0,0pt), the electric field can be written in frequency _

spacew as -Qc A B d(kzo—e/v)d
Pboundan,w): > Im .

mTw

+
0+ olv k,o— wlv

C_ e—i(kzl+w/v)d_ 1

d? .
E(r)= f (2732 E(Q,z) Q). (15

where Je, katolv

i(kK;p—olv)d _
E(Q.2)=Eg"(Q,2)+Ae %) z<0, +& él—l
\/5—1 k,1— wlv
=E"Q2)+ 2 Cemuteyy, 0<z<d, and PPK(Q,w) =P m{4d/(02/v?—k2)}. The latter
- takes nonzero values at the zeros of the denomin@ar
:E8UIk(Q'2)+Beikzozé%+ . z>d. (16) Q=Q., with Q, as defined in Sec. Il A but this is com-
P pensated by some of the polesmfioundary
Here, These analytical expressions have been used to obtain the
contour plot of Fig. 2 for 75 keV electrons transmitted
bulk 4igo?v 5 through Si films €;=e=11.9+0.0001), where one can ob-
E/(Q.2)= m(q—ij/w) (17)  serve the excitation of guided modes. The small imaginary
AR

part ine; has been added to broaden these guided modes just

is the bulk field,j =0 refers to the vacuum on either side of fOr representation purposes. The contour plot of Fig. 2 rep-
the film (e,=1), andg=(Q,w/v). The signs in the expo- resents the intensitfdarker regions correspond to higher in-

nents of the terms proportional #oand B are chosen such [€NSity as a function of the energy lossand perpendicular
that they represent induced waves that propagate away frof/ith respect to the electron trajectornomentum transfer
the film. Note that only polarized waves are involved in the K. (=Q for normal incidenck

above expressiofsee Eq(5)], sinceswaves are perpendicu- The angle of emission of CR relative to the trajectory in
o mia _pulk _ bulk Si at 75 keV (53.7°) is larger than the angle of total
lar to the bulk electric fieldet, - E;"(Q,z)=0. ; . o .
The boundary conditions fgr trjle electromagnetic field re_lnternal reflection (16.9°), and therefore, no bulk CR is al-
duce to the conrt)i/nuit of the parallel com onegts of the eleclowed to exit the film in Fig. 2. Instead, CR is confined
. inuity par P B inside the film, but only at discretized guided-mode frequen-
tric and magnetic field at the film surfaces-0 andz=d.

This implies automatically the continuity of the normal dis- cies that lie outside the light cone. The dispersion relation of
placemrgnt and the norrﬁal magnetic )f/ield Moreover Ou[j;hese modes has been represented in the right side of the
electric field hag character, so that the magnetic field ob- igure (crosses and ddiswhere it is clear that the second

tained from the above expressions by using Faradav's Ia\&-polarized mode(crossesH field parallel to the film sur-
. P y 9 y aceg is excited by the incoming electron. Further inspection
hass character, and in particular

reveals that only even-ordgrmodes are excited, which cor-
4miQlc) e respond to odd—p{:\r_ity modes along the film normalldirection.
Hjbulk(Q,Z):( mQ @JS. Equation (16) a_nt|C|pated already_that only coupling _
vej(k]-z—qz) : modes is possible under normal |nC|den_ce, and even-parity
modes are excluded due to symmetry mismatch.
Therefore, the parallel components of the electric field are all Since no CR exits the film, the light corfeentral struc-
directed alond@Q and those of the magnetic field are directedture) must contain contributions originating in TR. The emis-
perpendicular t&@. So, we have two conditions for the con- sion seems to vanish close to the film normél €0),
tinuity of the nonvanishing parallel component of the electricwhereas it is enhanced at low take-off angles., close to
field (one at each film surfageand two more conditions for the light cone boundajy This pattern suggests the induce-
the magnetic field, totalling four linear equations that involvement of a sudden dipole as the electron crosses each film
the four unknown coefficient8, B, andC... This systemis surface, giving rise to dipolelike emission characteristic
solved analytically to yield these coefficients. The proceduref TR.
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Theory Experiment: Chen and Silcox, 1975

&
A o\@(’\

3

s (@)

60° " graphite TC

Nk,

75 nm
;

-30 -20 -10 0 10 20 30
k, (10° cm™) k , o< scattering angle

FIG. 3. (Color onling (a) Electron energy loss probability calculated as a function of energy and momentum transfer for 75 keV electrons
traversing a 75 nm graphite film with an angle of incidence of 60° with respect to the film normal. Darker regions correspond to higher
probability (in logarithmic scale The momentum transfds, is taken perpendicular to the electron velocity and it is contained in the plane
defined by the film normal and the direction of inciden®.Experimental data for the same system a&@jntaken from Chen and Silco¥,
wherek, is directly connected to the electron scattering angle. The boundaries of the light cone have been represented by solid straight lines
in (a). Also, the intensity maxima observed () are represented i@ by solid and dashed curves, as given in Ref. 35.

A direct proof of coupling to guided modes was provided mentioned radiative mode, right above the bulk plasma
by Chen and SilcoX in an elegant experiment where they frequencyw,. The details of the calculations are rather te-
used graphite films under oblique inciden@etilt angle of  dious but straightforward: we write down a system of equa-
a=60°). Their results for the geometry sketched in the righttions similar to that of Eq(16) for the continuity of the
hand side of Fig. 3 are reproduced in Figb)3 Their mea- parallel components of the electric field and the magnetic
sured intensity maxima are showed in Figa)3(solid and field at each of the four interfaces in the film, with the bulk
broken curvels where they are compared with our calcula- field specialized for oblique incidence as shown in EAd)
tions. The bulk fieldE™* takes now a more complicated for € =¢€/=¢;; this leads to a system of linear equations in
form as compared with the case of normal incidence, but théhe expansion coefficients that is solved analytically; finally,
analytical calculation follows the same lines as explainedhe electric field is inserted into E¢Q) and integrated along
above. Some details about the bulk field for oblique inci-the trajectory to yield the angle and momentum resolved loss
dence in anisotropic materials are given in the Appendix. Therobability. The 2 nm thick oxide layers account for oxida-
dielectric function of graphite has been taken fromtion of aluminum and help improve the calculated results
frequency-dependent optical ddfaThe observed guided slightly with respect to the bare aluminum film, as compared
modes are represented by broken curves, which are in resvth the experiment.
sonable agreement with the maxima obtained in the calcula-

tion, given the experimental uncertainty still remaining in the lIl. DIELECTRICS BOUND IN TWO AND THREE
actual values of the dielectric function of graphite for polar- SPATIAL DIRECTIONS: CYLINDRICAL
ization along itsc axis. _ AND SPHERICAL BOUNDARIES

The loss intensity of Fig. 3 is given as a function of the _
momentum transfek, perpendicular to the trajectory, which A. Cylinders

low-momentum limit under consideration. For a vector mo-ypjt charge is moving with constant velocityalong the axis
mentum transfeg=(k,,0,w/v) contained in the plane de- of an infinite cylinder of radiug and real dielectric function
fined by the trajectory and the film normal, the component ofe placed in vacuum. Using a formalism similar to the one
the momentum parallel to the film surfaces™isQx  employed in preceding section, with cylindrical waves rather

in plotting Fig. 3. _ o _ try of the problen, the loss probability per unit of path
Radiation can also be produced in metallic films via cou-jength is found to b¥

pling to Iow-momentotgm radiative modé%as shown in Fig.

4 (again, optical data have been used to model the dielec-

tric functions of the materials under considerajiorhis was P=P2k|m Ko(B)Y1(A)eB+K1(B)Yo(AIA (18)

first observed by Vincent and Silc¥n aluminum thin films Ko(B)J1(A)eB+K1(B)Jo(A)A

[see Figs. &)—4(d)]. Our calculationdand Figs. 4a) and

4(b)] show a general good agreement with the experimentvhereP§"¥is given by Eq(2), A= (walv)ev?/c?—1, and

and in particular, they reproduce the position and dispersioB= (wa/v)y1—v?/c?. Under these conditions, all func-
relation of nonradiating surface plasmon modes and the  tions inside the Im operator take real values, so that the loss
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Theory Experiment: Vincent and Silcox, 1973

1.4+

1 (@)

1.21

(9] 75-keV
electron

2, 1.04

I 08+

0.6

) @

0.44

0.2

k , o< scattering angle

FIG. 4. (Color online Same as Fig. 3 for a 16 nm aluminum filta) and(b) correspond to the present calculations, wheftepand (d)
are experimental observations taken from Vincent and Siiédke geometries under consideration are shown in the insets: incidence along
the film normal in(a) and(c), and 20° off-normal incidence itb) and(d). The light line has been representeda by a broken straight
line, whereas some other characteristic features are indicated by solid curves: the nonradiative surface plasmen, trebalk plasmon
wp=15 eV, and a radiative mode, within the light cone. A 2 nm thick oxide layer is assumed on each side of the film.

probability vanishes altogether, unless the denominator besustomary boundary conditions of the electromagnetic field
comes zero. Therefore, the confinement of the CR along thiem the presence of the external field set up by the moving
two spatial directions perpendicular to the trajectory resultsharge. This method can be applied to complex geometries
in discretization of the emission, which becomes possibleand the numerical effort that is involved is relatively small as
only for wavelengths that resonate with the propagatingcompared to other methods of solution of Maxwell's equa-
modes of the cylindefi.e., guided modes confined in its tions because the problem is reduced to a set of surface-
interior by total internal reflection like in a wave guitfe. integral equationgthe boundary conditionswhich are es-
This situation is equivalent to the one encountered for trajecsentially two dimensional. Furthermore, for translationally-
tories parallel to a thin filn[Eq. (13)]. Similar results are invariant interfacegjust as the cylinders considered in this
obtained for external trajectories parallel to a dielectricsectior) one can work in momentum spagevith respect to
cylinder?® the direction of translational invariandsay z), which re-

Next, we will consider both aloof and penetrating trajec-duces further the dimensionality of the problem to just one-
tories perpendicular to the cylinder. In an aloof geometry thedimensional integral equations for each sepatpmpo-
external charge does not touch the material, and this configument. The integrals along the boundary contours are then
ration will give us further insight into the excitation of the discretized and the induced boundary sources are represented
mentioned guided modes, as shown below. For penetratingy a set of representative boundary points, leading to a set of
trajectories, we will recover the bulk limit of Eq2) as the linear equations that are solved by standard numerical tech-
diameter of the cylinders becomes arbitrarily large. Howeverniques. As a result, the electric field within a certain medium
although it is possible to do it, these situations are rathej takes the forrf?
tedious to be explored by means of analytical methods.

Instead, we will use a numerical solution of Maxwell’s E(r)=E™Kr)+ j d_qJ dl
equations based upon the versatile boundary element method ! T
(BEM),2>*which consists in expressing the electromagnetic
field in frequency space in 'terms of boqndary charge; and — ol ,q)V}KO(M) ez, (19)
currents that are self-consistently obtained by applying the

iw
“hy(,a)

J
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FIG. 5. (Color onling Angular distribution of the radiation in- FIG. 6. (Color onling Velocity dependence of the bulk and sur-

duced by a unit point charge following a grazing trajectory perpen-face contribution to the radiation emission probability for a unit
dicular to a cylinder described by=3. The emission intensity has POint charge passing by the center of a cylinder and moving per-
been integrated over azimuthal directions of emission with respediendicular to its axis. Two different values of the cylinder radius
to the cylinder axis. The velocity and cylinder radius are given have been considered, as shown by labels, expressed in terms of the
in the inset and labels, and so is the relation between the emissioMavelength. The probability is given in atomic units for a photon
angle and the momentum transfer parallel to the cylindeiThe ~ €nergy of 3 eV.

dashed curve, corresponding #6=1.2\, has been divided by a

factor of 50 for the sake of readability. The probability is given in g finite lifetime, which can be in turn attributed to coupling
atomic units for a photon energy of 3 eV. to freely propagating radiation, so that they constitute whis-
pering gallery modes that are actually leaking out from the
wherey;=1/J1—k/q? (using the notation of Sec)IIEP"  cylinder. For much thinner cylindera&0.25\), no guided
is given by Eq.(3), R are the coordinates perpendicular to mode is possible, as it should be in the electrostatic limit
thez axis, and the integral ovéris extended along poin®,  which is valid fora<\, so that the resulting emission is
of the boundary contours of mediujnThe BEM provides  strongly attenuated and originates in the polarization of the
the numerical solution of the boundary currents and chargesurface without coupling to any particular resonance of the
h;(1,q) anda(l,q), in the presence of a given external per- medium.

turbation(the moving charge in our casfer each value o A similar analysis has been carried out for penetrating
on a set of representative points along the boundary conrajectories in Fig. 6, where the emission probability is given
tours. as a function of velocity for trajectories intersecting the axis

For dielectric objects of real dielectric function, all energy of cylinders of different thickness. In this case, the trajectory
losses experienced by the moving charge must be converteiolves partly in vacuum and partly inside the material, so
into radiation emission, since the medium is unable to dissithat care must be taken when applying E®). over regions
pate any of this energy. Therefore, the radiation emission casf differentj [see Eq.(19)]. The result has been separated
be calculated from the energy loss, and this is what has beeanto the contribution of bulk and surface loss probabilities.
done in this section by inserting EGL9) into Eq. (9). The former is defined as the probability obtained from Eq.

In particular, the loss probability can be separated into thg2) multiplied by the diameter of the cylinder, that is, the
contribution of eacly, that is, into the contribution of radia- probability that would be obtained if the emission came only
tion emission with momenturg along thez axis. Thus, fora  from the part of the trajectory that lies inside the medium and
translationally invariant object surrounded by vacuum, thisi the loss probability per unit time in the medium was given
radiation will be emitted forming an angke with the zaxis by the expression obtained for an infinite homogeneous me-
such that cog=g/(w/c). This is the case considered in Fig. 5 dium; this is a natural separation because the bulk loss con-
for grazing incidence on a cylinder surface, where the emistribution comes exclusively from the first term in E@.9).
sion probability is represented as a function of emissiorThe surface loss is taken as the total loss probability minus
angle. Note that no losses occur f@r w/c, which would  the bulk loss probability, as obtained from the boundary in-
be, in principle, possible if guided modes of the cylindertegral in Eq.(19). For a cylinder much thinner than the
(confined by total internal reflectipnvhere excited fow/c  wavelength(radius a=0.25\) these two contributions al-
<q<wlcye (with e=3), but no such modes exist for the most cancel each other, so that no significant emission is
radii under consideration. Fa=1.2\ (broken curvé two  produced, again in agreement with the expected result in the
radiative quasiguided modes are excited in the cylinderglectrostatic limit. Actually, the fact that the contribution of
which show up as peaks in the angular distribution of emitthe surface is negative can be understood as another aspect of
ted photons. These peaks have certain broadeniggiidi-  the so-called begrenzung effect, first described in films by
cating that they correspond to excitation of modes that hav®itchie;*”> and consisting in that the excitation of surface
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0.00030 upon integration over emission directions, one obtains the
total emission probability. This is the procedure that we have
8 followed to obtain Fig. 7, rather than calculating the energy
loss probability. Furthermore, the sphere under consideration
. is surrounded by vacuum, and consequer}* is evanes-
cent and does not contribute to the far field.

8 Figure 7 shows how the photon emission probability cal-
culated by means of the BEM and normalized to the diam-

. eter(i.e., the length of the trajectory inside the spheren-

u.)

5 0.00025 -

Photon emission probability (a
(=) o o
o o o
o o o
o o Q
2 2 S
o (& o
T

- / verges rapidly to the bulk limitgd— <, broken curvg¢as the
0.00005 |- . radius exceeds the wavelength Like in the case of small

I ; a=0.25 A cylinders, small spheres give rise to a relatively poor emis-
0.00000 2 S —— sion. It is important to recall that all losses are converted into

10 18 20 25 80 photon emission in this case, since the sphere has real dielec-

Dielectri . ) ;
ielectric constant, € tric function that makes it unable to absorb energy out of the

FIG. 7. (Color online Dependence of the radiation emission moving charge. Coupling to whispering gallery modes is ac-
probability for a unit point charge passing by the center of a spheréually part of this emission scheme: these modes have a finite
on its dielectric functiore. Various values of the sphere radius have radiative lifetime?® so that they give rise to photon emission
been considered, as shown by labels. The emission probability haventually after they are excitéde., no trapped modes exist
been divided by the diameter of the sphere in each case, and it is a dielectric sphere, since all of them have eigenfrequencies
given in atomic units for a photon energy of 3 eV. with nonzero imaginary paft$that represent a rate of leak-

age into freely propagating radiatiorTherefore, the entire
modes is made at the expense of bulk modes. However, theherenkov emission emerges eventually from the sphere,
bulk contribution(linear with the diametgris dominant for  and the fact that the bulk limit is recovered for large spheres
thicker cylinders @=1.2\), and one would expect that the seems to indicate that there are no significant interference
surface contribution converges actually to a finite value agffects between the direct bulk emission and internally re-
the diameter of the cylinder increases: this would be esserflected components, just as it occurred in the case of the
tially associated to transition radiation, similar to the perpensemi-infinite medium of Sec. Il. This equivalence between
dicular trajectory in the thin film discussed in Sec. Il C.  total emission probability and energy loss probability for ma-

terials with real dielectric constant is further tested below

B. Spheres and compared to experimental results of EELS in dielectric

. spheres.
o B 19, Rkt can s e prcuce whn etema charges r
7 for dielectric spheres. These results have been obtaine{iuaSSIng near dielectric spheres, as shoyvn in Fig. 8 for 200
' eV electrons and AD; spheres. In this case, we have

using the BEM for axially symmetric samples, for which the ) ! . .
o : : . adopted a previously obtained analytical expression for the
electric field can be separated into different azimuthal com- o . 4
e Lo TR energy loss probability that includes retardattdfi’
ponentsm, resulting in an equation similar to E¢L9) but

with a more involved expression for the Green function. 1 = 1 wb
Starting from the results of Ref. 29, the electric field in the Plw)=— >, > Kﬁq(—
far field limit can be written Co Z1m=—i I(1+1) ™uvy
el o L | ie 2| (5], (22
_ =bulk ° — m — m ,
E(N =B () +——f(r), (20) c /m ' y oim l
where where y=1/\/1—v?/c? accounts for the contraction of the
frequencyw as seen by the moving charge, the scattering
- T o Moy s matrix elements:\" anth depend exclusively on the sphere
f(r):%‘” f dlp, Ehi (D —=kja(Hr composition and radiuéheir analytical expressions can be
. _ found in Ref. 44, b is the impact parameter with respect to
X JIm(K;jp) sing)e~kjcostzdme, (21)  the center of the sphere, and the dimensionless coefficients

A, andB,,, depend only on the rati@=uv/c as
is the boundary contribution far-fiemmplitude (p;,02z) are m Im AP y p=v

cylindrical coordinates of the boundary points along which 2141 (I—|m])!

the | integral is performed, andr(6,¢) are the spherical Am= \/TW

coordinates of. The boundary currents and charg‘é%(l) '

andajm(l) have been obtained numerically using the BEM. i'*‘m‘sm 1
Then, the boundary contributicfie., disregarding="") to x(2|m|—1)!!WCf|_m|L1+|1/2)<E),

the angle-resolved far-field emission probability is easily ex-
pressed in terms di(r) ag® (;/4m%k;)|f(r)|2, from which,  and
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' : : ' Echeniqué&”4® [their expression is fully recovered from Eq.
a=10 nm | (22) in the c— limit] and which does not account for ra-
diation effects.

This hypothesis has been further tested by calculating the
radiation emission probability for the grazing trajectories un-
der consideration(dotted curveg which equals the loss
probability below 7 eV, but is well below it above 10 eV,
where most of the losses go into energy dissipation in the
particle. The emission radiation probability has been calcu-
lated from an analytical expression derived in Refs. 41 and

_ 4 44, That expression is still given by E@2) if one substi-
0.00 P WP . Freey g o tutes In{t;’} by |t/|?, with »=M,E. In fact, one always has
a=55 nm Im{t/}=[t/|?, where the equal applies precisely for real di-
electric functiong* as in our case below 7 eV.
] The radiation produced in these experiments, where aloof
electron beams are used that do not touch the material, origi-
nates in the induced charges and currents produced by the
] passage of the electrons. Indeed, these induced sources
evolve in time in a bounded objetthe Al,O; spheres so
that they are necessarily subject to acceleration, and there-
fore, they radiate. In brief, the emission is mediated by mul-
-/ o tipole whispering gallery modes excited by the passing elec-
I s, Ty, trons in the spheres over a wide range of frequencies, which

L]
L =3 . . .
5 10 15 20 25 30 ultimately leak out as free radiation.

0.03 -

O

Loss probability (a.u.)

Dots: experiment by
Abe et al. (2000)

0.06 - | Thin curves:
non-retarded
theory

0.04 - | Thick .
curves: | g

0.02 -

Loss probability (a. u.)

0.00
0

Energy loss (eV)
. . . C. Buried structures
FIG. 8. (Color onling Loss probability for electrons passing )
near aluminum oxide spheres of radars 10 nm (upper ploj and We have finally analyzed the angular dependence of the
a=55 nm (lower plob. The experimental data taken from Ref. 46 Cherenkov emission when a point charge passes near a bur-
are compared here with retardétick curves and non-retarded ied structure. Just as in the case of a penetrating trajectory in
(thin curves calculations for the energy loss. The impact parametera dielectric sphere, this has been done numerically by using
with respect to the sphere surfacebisa=0 in the continuous the BEM for axially symmetric geometriédas explained in
curves,b—a=2 nm in the broken curves of the upper figure, and Sec. Il B[see Eq(21)]. Figure 9 shows angular patterns of
b—a=3 nm in the broken curves of the lower figure. The calcu-emission for buried axially symmetric ellipsoidal voids of
lated probability is given in atomic units, whereas the experimentalifferent aspect ratios for various impact parameters of the
results have been multiplied by a single constant value for botfprobe trajectoryp. The bulk Cherenkov cone coming from

curves in the upper plot, and by another single constant value foEJbulk in Eq. (20) has been represented just by dashed curves

both curves in the lower plot. in Fig. 9, since this contribution is infinitesimally peaked at
the Cherenkov cone angle.
Bin=Ayms V(1 +m+1)(I—m) Ir_1 genera!, the scattered ligtdark reg|0_n$ piles up near
the intersection of the Cherenkov cone with the plane defined
—Ap-1V(I=m+1)(I+m). by the trajectory and the void center. In particular, the large

impact-parameter limit f—o) corresponds to the case
where a radiation plane wave is scattered by the void from an

Here,sp,=1 if m=0, s,,=(—1)" if m<O0, K, is the modi-  incoming direction dictated by the Cherenkov angle. How-
fied Bessel function of orden, and CEnV) is the Gegenbauer ever, for small impact parameters the angular patterns show a
polynomial#® rich structure that varies strongly with the shape of the ob-

The experimental data of Atet al*® (points in Fig. §are  ject, suggesting the possibility of employing this effect to
well reproduced by the retarded calculation of E29) (thick ~ analyze buried structures in transparent materials, combining
curves using optical data to model the dielectric function of in this way the nanometer spatial resolution of electron mi-
Al,03.% In particular, substantial energy losses take placeroscopes and the possibility of measuring different wave-
below 7 eV for large spheredower figure, 55 nm radiys  lengths(i.e., changing the size of the object relative to the
where the dielectric function of alumina is rélso that wavelength with the excellent energy resolution of light de-
energy absorption by the medium is negligible. Thereforetectors.
these low-energy losses must originate in the emission of Interestingly, convergence towards the ladgdimit is
radiation induced by the passage of the electrons, and thimther slow: near-field and curve wave-front effects in the
constitutes a genuine manifestation of retardation effects thatherenkov emission are still making a dramatic contribution
cannot be explained by the nonretarded counterpart of Eat a separation db=11\, and this is most clear for elon-
(22) (thin curves, which was first obtained by Ferrell and gated structureglower part of Fig. 9. The absolute maxi-
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b=1.11L b=11 L b—seo presented above describes reasonably well available
experiments?®

When a dielectric is confined along two spatial directions,
such as in cylinders, the emission induced by an external
charge moving along the translational direction of symmetry
can only take place for discretized wavelengths that resonate
with the propagating modes of the cylindrical wave guide.
This confined modes have been also shown to couple to
point charges moving perpendicularly to dielectric cylinders,
giving rise to resonant features in the transition radiation that
they produce.

The bulk Cherenkov limit has been recovered for charges
crossing spheres of increasingly large radius. In the opposite
limit of small radius, the emission from both spheres and
cylinders is strongly suppressed, since losses in this regime
can be well described within the electrostatic limit, where no

FIG. 9. (Color online Angular dependence of the CR emission radlr?ltlon is allowed. o L.
for a 200 keV electron moving in a medium describedeby3 and Finally, the angular distribution of Cherenkov emission

passing near ellipsoidal voids, as shown in the insets. The trajecton?‘f"s been analyzed for electrons passing near voids in dielec-
is parallel to the axis of symmetry of the voids. Different aspect!fiCS. A strong dependence on impact parameter and void

ratios and impact parametesare considered, as shown by labels. Shape is obtained, suggesting the possibility of using this

Darker regions correspond to higher intensity. The plots represeri€chnique to provide some sort of holographic reconstruction

the angular emission in a stereographic projection of the uppe®f buried structures.

hemisphere, as defined by the trajectory, represented by a point at

the center of each contour plot. The bulk Cherenkov cone emission ACKNOWLEDGMENTS
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buried objects. This b/behavior can be easily understood in

the case of the sphere, for which the emission probability =~ APPENDIX: THE ANISOTROPIC FILM UNDER

excluding the Cherenkov cone is given analytically by an OBLIQUE INCIDENCE

expression similar to Eq22), wherey has to be replaced by

1/\1— ev?/c?, which becomes imaginary under the Cheren-

kov condition, so that the Bessel functiér, has an imagi-

nary argument and oscillates withwhile its modulus decays

like 1/\/b.

200

The formalism presented in Sec. Il for planar interfaces
can be easily generalized to deal with anisotropic media and
oblique incidence. Solving Maxwell’'s equations in momen-
tum space, one can generalize the plane waves of Sec. Il to
the expressions

IV. SUMMARY Ke=(Q.2k))

We have shown that the CR emission is strongly modifiecIOr the momentum and

by the presence of dielectric boundaries. The case of a planar N C
surface shows that CR can be produced inside the medium éprzk—Q(ingjle‘j‘ ,—Qzleji)
by the induced charges accompanying the external charge,
even when this is outside the materfake Fig. 1 For mo-  for the polarization vector gf waves[the polarization vector
tion inside the medium, the emission probability oscillatesof s waves is still given by Eq(4)]. Here,
with the distance to the surface, as a signature of interference
effects between direct Cherenkov emission and its total re- k= Vk2e)—Q2, kb= \k%e|—Q?%ell e,
flection at the inner dielectric boundary. I ) ] ] o

In thin dielectric films, only guided modes can be excited,€ @nd Ef_ denote the dielectric function of mediupnfor
which in the case of trajectories parallel to the film surfaced?0larization along the directions parallel and perpendicular
implies that the losses are restricted to specific values d the film surfaces, respectively, and the constaims cho-
momentum and energy transfer, as defined by the dispersicgen such thag;, has unit norm.
relation of those modes. Electrons crossing thin films are The bulk field for oblique incidence takes a relatively
capable of exciting guided modes as well, and the theorgimple form when the parallel momentughis contained in
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the plane determined by the surface normal and the velocitfthe rest of the components are zenghere
vector. In particular, choosing the latter within the z plane
[v=(vy,0v,)], one obtains Q,=0)

ENM(Qy02) =[ (K% —Q2)vy/v,— Qu0,IF, (Ala)

EP(Qy.02) =[ (k%€ —62) — Q,q.vx/v,IF, (Alb)

e (4mik/c)e'dz?
(Qua)%— (ke — Q2) (k2| — )

H™(Qu.02) = (0,Ejx— QuEj,) /K (Alc) andg,=(o—Quy/v,.
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