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Optical properties of polaronic excitons in stacked quantum dots
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We present a theoretical investigation of the optical properties of polaronic excitons in stacked self-
assembled quantum dots, which is based on the nonadiabatic approach. A parallelepiped-shaped quantum dot
is considered as a model for a self-assembled quantum dot in a stack. The exciton-phonon interaction is taken
into account for all phonon modes specific for these quantum dots~bulklike, half space, and interface phonons!.
We show that the coupling between stacked quantum dots can lead to a strong enhancement of the optical
absorption in the spectral ranges characteristic for phonon satellites.

DOI: 10.1103/PhysRevB.69.155325 PACS number~s!: 78.67.Hc, 73.21.La
on
ici
o
t

on
lu
p

si

om
ro

di
u
ts

is
ur
p-
ic

, i
tu
s

to
fo
d

tio
at
f t
,

A

a
th
o

d
in-
s,
ked
tion

-

ted
As
n of
s

ed

e.
Nonadiabaticity is an inherent property of exciton-phon
systems in various quantum-dot structures. Nonadiabat
drastically enhances the efficiency of the exciton-phon
interaction. The effects of nonadiabaticity are important
interpret the surprisingly high intensities of the phon
‘‘sidebands’’ observed in the optical absorption, the photo
minescence, and the Raman spectra of quantum dots, in
ticular, an enhancement of these intensities with decrea
the quantum-dot size~see, e.g., Refs. 1 and 2!. Deviations of
intensities of the phonon-peak sidebands, observed in s
experimental optical spectra, from the Franck-Condon p
gression, which is prescribed by the commonly used a
batic approximation, find a natural explanation within o
nonadiabatic approach.3–6 Recently, stacked quantum do
have received increasing attention~see, e.g., Refs. 7–13! due
to the possibility to finely control their energy spectra. Th
makes stacked quantum dots very promising for fut
nanodevices.12,13 In the present work, the nonadiabatic a
proach is applied to stacked InAs/GaAs quantum dots, wh
reveal a richer structure of phonon and exciton spectra
comparison with those for a single quantum dot. Namely
the stacked quantum dots, as distinct from a single quan
dot, the exciton~phonon! spectra contain groups of state
~modes! of different symmetry with close energies~frequen-
cies!. Owing to small energy differences between the exci
energy levels within these groups, additional channels
nonadiabatic transitions as compared to a single quantum
open in stacked quantum dots. Therefore, optical absorp
spectra of stacked quantum dots contain more phonon s
lites than those of a single quantum dot. These features o
optical absorption can be experimentally revealed, e.g.
the photoluminescence excitation measurements.

In order to model coupled self-assembled InAs/Ga
quantum dots, we consider a stack ofN parallelepiped-
shaped quantum dots with heightsl n (n52,4, . . . ,2N) and
with the interdot distancesl n (n53,5, . . . ,2N21) along the
z axis. Within the present approach, the lateral sizes of e
quantum dot in a stack are supposed to be much larger
its size l n along the growth axis. The stack is a system
(2N11) layers (n51, . . . ,2N11) with parameters

l n ,«n5« InAs for n52,4, . . . ,2N,
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l n ,«n5«GaAs for n53,5, . . . ,2N21,

l n→`,«n5«GaAs for n51,2N11.

The bulklike optical-phonon frequencies in InAs an
GaAs layers of the stacked InAs/GaAs quantum dots co
cide with the LO-phonon frequencies in InAs and GaA
respectively. The interface frequencies belong to the stac
quantum dots as a whole and satisfy the dispersion equa

detiakn~v!i50 ~k,n51, . . . ,2N!, ~1!

whereakn(v) is the dynamic matrix of the interface vibra
tions with the matrix elements

ann~v!5«n~v!cothqil n1«n11~v!cothqil n11 ,

an,n21~v!5an21,n~v!52«n~v!/sinhqil n ; ~2!

all other matrix elements are equal to zero.
In Fig. 1, typical interface-phonon spectra are represen

for stacked InAs/GaAs quantum dots formed by two In
parallelepipeds. The frequencies are plotted as a functio
the in-plane wave numberqi , which takes discrete value

FIG. 1. Interface-phonon frequencies for two stack
parallelepiped-shaped InAs/GaAs quantum dots.v0

(InAs) is the fre-
quency of LO phonons in InAs at the center of the Brillouin zon
©2004 The American Physical Society25-1
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due to the quantization of the phonons in thexy plane. In a
stack ofN quantum dots, each interface-phonon frequency
a single quantum dot splits intoN branches. The splitting o
the interface-phonon frequencies is due to the electros
interaction between the optical polar vibrations of the diff
ent quantum dots.

These features of the optical-phonon spectrum of stac
quantum dots are manifested in their optical properties.
calculate the optical absorption spectrum of polaronic ex
tons in stacked quantum dots starting from the Kubo f
mula. Within the nonadiabatic approach3 the following ex-
pression results for the linear coefficient of the optic
absorption by the exciton-phonon system in a quantum
structure:

a~V!}Re(
b,b8

db* db8E
0

`

dt ei (V2Vb1 i01)t^buŪ~ t !ub8&,

~3!

whereV is the frequency of the incident light,db and Vb
are, respectively, the electric dipole matrix element and
Franck-Condon frequency of a transition between the exc
vacuum state and the one-exciton stateub&. Exciton states in
stacked InAs/GaAs quantum dots are determined using
exact diagonalization of the exciton Hamiltonian with simp
parabolic valence and conduction bands within a fin
dimensional basis of the electron-hole states. The evolu
operator averaged over the phonon ensembleŪ(t) is

Ū~ t !5T expH 2
1

\2 (
l
E

0

t

dt1E
0

t1
dt2Fe2 ivl(t12t2)

12yl
gl~ t1!

3gl
†~ t2!1

yleivl(t12t2)

12yl
gl

†~ t1!gl~ t2!G J . ~4!

In Eq. ~4!, T is the time ordering operator, the indexl labels
the phonon modes specific for the quantum-dot structure
der consideration,vl are phonon frequencies,gl(t) are the
exciton-phonon interaction amplitudes in the interaction r
resentation, andyl5exp(2\vl /kBT).

Within the adiabatic approximation, which has be
widely used to calculate the optical spectra of quantum d
nondiagonal matrix elements of the exciton-phonon inter
tion are neglected when calculatinga(V) as given by Eq.
~3! with Eq. ~4!. In the adiabatic approach14,15 one supposes
that ~i! both the initial and the final states of a quantu
transition are nondegenerate and~ii ! the energy differences
between the exciton states are much larger than the pho
energies. It has been shown in Refs. 3–6 that these co
tions are often violated for optical transitions in small qua
tum dots, which have sizes less than the bulk exciton rad
In other words, the exciton-phonon system in a quantum
can be essentially nonadiabatic. The polaron interaction
an exciton in a degenerate state results in internal nona
baticity ~‘‘the proper Jahn-Teller effect’’!, while the existence
of exciton levels separated by an energy comparable with
LO-phonon energy leads to external nonadiabaticity~‘‘the
pseudo-Jahn-Teller effect’’!.
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In general, the efficiency of the exciton-phonon intera
tion, as revealed through the optical spectra of quantum d
depends on their geometric and material parameters
complicated way. On the one hand, an increase of the c
finement strength, which results from a decrease of
quantum-dot size or from a rise of potential barriers at
quantum-dot boundary, enhances the efficiency of the in
action with phonons for a solitary electron~a solitary hole!.
On the other hand, strengthening confinement leads to
increasing overlap between the electron and hole wave fu
tions so that the net charge of the electron-hole pair a
correspondingly, the efficiency of the exciton-phonon int
action tend to decrease. As a result, the efficiency of
exciton-phonon interaction appears a nonmonotonous fu
tion of the confinement strength even within the adiaba
approximation~see, e.g., Ref. 16!. Effects of nonadiabaticity,
related to phonon-assisted transitions between different e
ton states, drastically enhance intensities of phonon satel
in the optical spectra of quantum dots and, at the same t
make these intensities dependent on a vast set of parame
which characterize the phonon-induced coupling between
the involved exciton states. Thus, side by side with the Fr¨h-
lich coupling constanta, energy spacing between excito
states strongly influences the aforementioned intensit
When the above spacing is comparable with the LO-pho
energy, nonadiabatic effects can strongly affect the opt
spectra even in quantum dots of III-V semiconductor co
pounds, where the Fro¨hlich coupling constant is significantly
smaller (a50.0504 for InAs! than the valuesa;0.5 typical
for II-VI semiconductors considered in Refs. 3 and 6.

In Ref. 3, a method was proposed to calculate the abs
tion spectrum given by Eqs.~3! and ~4! taking into account
the effect of nonadiabaticity on the probabilities of phono
assisted optical transitions. The key step is the calculatio
the matrix elements of the evolution operator^buŪ(t)ub8&.
In order to describe the effect of nonadiabaticity both on
intensities and on the positions of the absorption peak
diagrammatic approach can be used. When calculating th
matrix elements we take into account that in a quantum d
due to the absence of momentum conservation, the pro
^b1uglub2&^b2ugl* ub3& can be nonzero forb1Þb3, as dis-
tinct from the bulk case. Consequently, the evolution ope
tor is, in general, nondiagonal in the basis of one-exci
wave functionsub&. For the absorption coefficient we obta

a~V!}2Im(
b

udbu2Gb~V1 i01!2Im(
b,b8

dbdb8
*

3@Qbb8
(1)

~V1 i01!1Qbb8
(2)

~V1 i01!#, ~5!

where

Gb~V!5 (
$ j l52`%

$`%

C$ j l%b
(1) FV2Vb1(

l
Sl,bvl2(

l
j lvl

2Sb
(1)S V2(

l
j lvlD 2Sb

(2)S V2(
l

j lvlD G21

,

~6!
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C$ j l%b
(6) 5)

l
~61! j lexpF7~2n̄l11!Slb1

j l\vl

2kBT G
3I u j luS SlbF2sinhS \vl

2kBTD G21D . ~7!

I n(x) is a modified Bessel function of the first kind andSlb
is the Huang-Rhys parameter, which is related to the inte
tion of the exciton in the stateb with phonons of thelth
mode:

Slb5U^buglub&
\vl

U2

. ~8!

The self-energy termsSb
(1)(V) andSb

(2)(V) in Eq. ~6! are
obtained by summing diagrams, which describe one-
two-phonon nonadiabatic contributions,

Sb
(1)~V!5 (

j 561
(
l,b1

Fbb1
~V2 j vl!Mlbb1b1b

( j ) ~9!

and

Sb
(2)~V!5 (

j 1 , j 2561
(

l1 ,l2
(

b1 ,b2 ,b3

Fbb1
~V2 j 1vl1

!

3Fbb3
~V2 j 2vl2

!@Fbb2
~V2 j 1vl1

2 j 2vl2
!

3Ml1bb1b2b3

( j 1) Ml2b1b2b3b
( j 2)

1Fbb2
~V!

3Ml1bb1b1b2

( j 1) Ml2b2b3b3b
( j 2)

~12db2b!#, ~10!

where

Fbb1
~V!5 (

$ j l52`%

$`%

C$ j l%b
(2) Gb1S V2(

l
j lvlD , ~11!

Mlb1b2b3b4

( j ) 5mlb1b2b3b4

( j ) 2mlb1b1b1b1

( j ) db1b2
db3b4

,

~12!

mlb1b2b3b4

( j ) 5
j ^b22 j uglub32 j&^b21 j ugl

†ub31 j&

\2~12yl
j !

. ~13!

The above restriction to one- and two-phonon contributio
is justified when the nonadiabatic exciton-phonon interact
is weak: u^buglub8&u2!\vl for b8Þb. The functions
Qbb8

(1) (V) andQbb8
(2) (V) in Eq. ~5!, which describe contribu-

tions of one- and two-phonon processes to nondiagonal
trix elements of the evolution operator, take the form

Qbb8
(1)

~V!5Gb~V!Gb8~V!~12dbb8!

3 (
j 561

(
l,b1

Gb1
~V2 j vl!mlbb1b1b8

( j ) ,

~14!
15532
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Qbb8
(2)

~V!5Gb~V!Gb8~V!~12dbb8!

3 (
j 1 , j 2561

(
l1 ,l2

(
b1 ,b2 ,b3

Gb1
~V2 j 1vl1

!

3Gb3
~V2 j 2vl2

!$Gb2
~V2 j 1vl1

2 j 2vl2
!

3@~12db3b1
!m

l1bb1b3b8

( j 1)
ml2b1b2b2b3

( j 2)

1ml1bb1b2b3

( j 1) m
l2b1b2b3b8

( j 2)
#1Gb2

~V!~12db2b!

3~12db2b8!ml1bb1b1b2

( j 1) m
l2b2b3b3b8

( j 2)
%. ~15!

The absorption spectrum is thus expressed through the f
tionsGb(V), which in turn are determined by a closed set
equations, Eq.~6! and Eqs.~9!–~11!.

In Figs. 2, 3, and 4 the calculated optical absorption sp
tra are shown for a single quantum dot, two stacked ident
quantum dots, and two stacked dots with somewhat differ
heights, respectively. The calculations were performed
low temperatures,$yl!1%, when the absorption-line broad
ening due to the exciton-LO-phonon interaction is negligib
The broadening shown in Figs. 2–4 is introduced only
enhance visualization. From the comparison of the spe
obtained in the adiabatic approximation with those result

FIG. 2. Absorption spectra, calculated with the adiabatic
proximation@panel~a!# and with the nonadiabatic approach@panel
~b!# for a single quantum dot. Optically active and nonactive ene
levels of a bare exciton are shown as dotted and dashed lines
spectively.V1 is the transition frequency for the lowest state of
bare exciton.
5-3
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GLADILIN, KLIMIN, FOMIN, AND DEVREESE PHYSICAL REVIEW B 69, 155325 ~2004!
from the nonadiabatic approach, the following effects
nonadiabaticity are revealed. First, the polaron shift of
zero-phonon lines with respect to the bare-exciton level
larger in the nonadiabatic approach than in the adiabatic
proximation. Second, there is a strong increase of the in
sities of the phonon satellites compared to those given by
adiabatic approximation. This increase can be by more t
two orders of magnitude. Third, in the optical absorpti
spectra found within the nonadiabatic approach, there ap
phonon satellites related to nonactive bare exciton states

Fourth, the optical-absorption spectra demonstrate
crucial role of nonadiabatic mixing of different exciton an
phonon states in quantum dots. This results in a rich struc
of the absorption spectrum of the exciton-phon
system.4,5,17 For the stacked quantum dots, this effect is s
nificantly enhanced when the exciton-level splitting, caus
by the coupling between quantum dots, is comparable wi
LO-phonon energy@see Figs. 3~b! and 4~b!#. Similar conclu-
sions about the influence of the exciton-phonon interac
on the optical spectra of quantum dots have been rece
formulated in Ref. 18 for the ‘‘strong coupling regime’’ fo
excitons and LO phonons. Such a strong coupling regim
a particular case of the nonadiabatic mixing related to a re
nance, which arises when the spacing between exciton le
is close to the LO-phonon energy. As seen from Figs. 3
4, effects of nonadiabaticity lead to a significant increase
absorption peaks in the spectral ranges, characteristic
one- and two-phonon satellites, even in the case when

FIG. 3. Absorption spectra, calculated with the adiabatic
proximation@panel~a!# and with the nonadiabatic approach@panel
~b!# for two stacked identical quantum dots. Notations are the sa
as in Fig. 2.
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exciton-level spacing is relatively far from satisfying th
aforementioned resonant conditions.

In some cases~see, e.g., Ref. 3! the luminescence spec
trum of a quantum dot can be easily derived from its abso
tion spectrum. For example, under the assumption that
distribution function of the states of an exciton coupled
the phonon field,f (V), depends only on the energy of
state, the luminescence intensity at low temperatures ($yl

!1%) can be represented as

I ~V!} (
K50

`
1

K! (
l1 , . . . ,lK

f S V1 (
k50

K

vlkD
3S )

k51

K
]

]ylk

D a~V!U
$yl→0%

. ~16!

Equation~16! is applicable, for instance, for thermodynam
equilibrium photoluminescence. In this case the radiat
lifetime of an exciton is much larger than the time charact
istic of radiationless relaxation between one-exciton state

We have calculated the spectra of thermodynamic equ
rium luminescence atT→0 ~not shown here! for quantum
dots with parameters indicated above. Both for single and
coupled quantum dots, the intensities of phonon satellite
these spectra are significantly smaller than in the absorp
spectrum. This is because in quantum dots under cons
ation the lowest one-exciton energy level~with b51) is less

-

e

FIG. 4. Absorption spectra, calculated with the adiabatic
proximation@panel~a!# and with the nonadiabatic approach@panel
~b!# for two stacked quantum dots of different height. Notations
the same as in Fig. 2.
5-4
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OPTICAL PROPERTIES OF POLARONIC EXCITONS IN . . . PHYSICAL REVIEW B69, 155325 ~2004!
affected by the phonon-induced nonadiabatic mixing
states than higher levels. The luminescence spectrum at
temperature is determined by transitions from the state w
b51, while the absorption spectrum contains apprecia
contributions due to transitions to higher exciton-phon
states.

Due to nonadiabaticity, multiple absorption peaks app
in the spectral ranges characteristic for phonon satelli
From the states, which correspond to these peaks, the sy
can rapidly relax to the lowest emitting state. Therefore,
the photoluminescence excitation~PLE! spectra of quantum
dots, pronounced peaks can be expected in spectral ra
characteristic for phonon satellites. Experimental evidenc
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