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Theory of the quantum Hall effect at »=3 in a wide quantum well
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In a monolayer system a compositg fermion with two flux quantdfluxons is known to be generated at
the Landau level occupation numkéHing factor) v= % In a bilayer system two fermions are bound via the
phonon exchange to form a p&p) ¢ boson with parallel electron spins and the system of condguskdsons
generates a quantum Hall effe@HE) state atV:%. Similar pc bosons are formed more efficiently at
=1, and the QHE state developed is stronger. These QHE states become weaker at a tilted magnetic field since
the pc boson has @-wave-type charge distribution with the preferred axis alpo@i].

DOI: 10.1103/PhysRevB.69.155313 PACS nuntder73.43—f, 05.20.Dd

[. INTRODUCTION belowT., (d) the flux quantization(e) Meissner effect, and
(f) Josephson effects. The Josephson effects can be observed
Suenet al! (Eisensteinet al?) discovered the quantum in the bilayer QHE systembAll others have been observed
Hall effect(QHE) state at the Landau LevéllL) occupation in single-layer GaAs/AlGaAs. Following Bardeen, Cooper,
ratio (filling factor) »= 12 in a single(doubl® well Al-GaAs/  and SchrieffeBCS),*? we regard the phonon exchange as
GaAs/AlGaAs. This is quite remarkable since in a heterothe causes of both effects. Starting with a reasonable Hamil-
junction GaAs/AlGaAs the Fermi liquid state is observed attonian, we calculate everything using the standard statistical
v=1, while the QHE is observed at=P/Q, oddQ. When  mechanical methods. Since our theory is quite different from
the magnetic field is tilted, the deep resistivity minimum at the prevalent theories, we briefly summarize our theory of
v=73 disappears for tilt angl®>10°, see Fig. 1, indicating the monolayer QHE in Secs. Il and Ill, and treat the bilayer
a spin-sensitive QHE state. Ezawa surveyed in his baok systems in Sec. IV.
number of the experimental and theoretical papers, and char-

acterized thev=3 state as the bilayer-“locked” state. In the IIl. THE HAMILTONIAN
present work we shall show that tHestate arises from the . o
Bose-Einstein condensati¢éBEC) of the electron-pairs with Let us take a dilute system of electrons moving in the

parallel spins containing four quantum fluxéfuxons  plane subject to no fields. Applying a magnetic fi@cer-
bound by the phonon exchange, thus clarifying the microfendicular to the plane, each electron with the effective mass

scopic origin of the “locking.” m* will be in the Landau state with the energy
Laughlin introduced the ground-state wave function for
the correlated electrons in the description of the single-layer E=(N_ +1/2Ahwy, N =0,1,2,..., (8]

fractional QHE? Laughlirf and Haldan® argued that the B s _
quasiparticle(elementary excitationover the ground state Wherewo=|eB/m*| s the cyclotron frequency. In this state
has a fractional charge* =e/Q for the QHE state aw the electron can be viewed as circulating around the guiding

—P/Q, odd Q. Their prediction was experimentally con- center. The radius of circulatidr=(#/eB V2 i about 81 A
firmed by Clarket al. and other§. The compositéc) boson &t @ typical field 10 T. We now apply a weak electric fi#ld
(fermion), each containing an electron and an d@den

number of fluxons, were introduced by Zhaegal. and bl @ ? ®) |
otherg (Jairf) for the discussion of the QHE at= P/Q, odd na=1 B0 an? . 8=16°
Q (the Fermi liquid state at= ). The prevalent theorié$ I
based on the Laughlin ground-state wave function deal with ¢ | 172 -
the QHE at 0 K and immediately above. The resistivity data ~
under fields up to 50 T by Leadlest al.'° indicate that the 3, 23 =, 1
QHE is temperature dependent. We need a finite temperatur,,
theory. The same data also indicate that the QHE state is 23 | Ly
more stable av=13 than atv=1, suggesting some kind of _
bonding between the electron and the fluxon. The theories p m |
based on the Hamiltonian with the repulsive Coulomb inter- LW SR N N g
action is unlikely to describe this behavior. We need anew ¢ 2 ¢ 6 8 10 12 W 16 1213 “eli_ 16
bonding Hamiltonian. Laughlin pointed out a remarkable B Beosé (1)
similarity between the QHE and the high-temperature super- FIG. 1. (a) The magnetotransport data &t=26 mK for ng
conductivity (HTSC), both occurring in two-dimensional =1.8x 10 cm 2 after Sueret al. (Ref. 1). A QHE state av= % is
(2D) systems?! The major superconducting properties ob- observed with a deep minimum jmand a plateau ipy quantized
served in the HTSC ar@) zero resistancéhp) a sharp phase at 2h/e? to within 0.3%. This3 state becomes weaker in a tilted
change at the critical temperatufie, (c) the energy gap magnetic field as shown ib).
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in the x direction. With the scatterer$mpurities, phonons

the guiding centers can jump from place to place preferren—HZE, > Gﬁl)nﬁls”r%, > Gﬁz)n%”r?, > €N
tially in the x direction, generating a current. The theory can S S S

simply be extended to theparticle. We regard the fluxon as D )t Wt

a half-spin fermion with zero mass and zero charge. Our  —v1>, ; 22 [Bk'qSBI((J(i)s+ Bk'qu(ké)sT

view is supported by the fact that the magnéétectrig flux a k'S

line cannot(can terminate at a sink, and hence the associ- +B? BB BT 3
ated fluxon(photon is fermionic(bosonig. No half-spin fer- k’gs—kas * Pk’gs—kgs d»

mion can disappear by itself because of angular momentum G p
conservation. Fujita and Morabitbshowed that the center- where nys is the number operator for the “electror(l)

of-mass(c.m) of anycomposite moves as a fermid@moson, [*hole” ((]2)) fluxon (3)] at mome“ntunk an? SpiTS with the
that is, the c.m. momentum occupation number is limited 07> 9Y ks - We represent the “electron(*hole” ) number
0 or 1 (unlimited), if it contains an oddeven number of n& by cd'cf, wherec (c') are annihilation(creation
elementary fermions. Hence the composite containing afPerators satisfying the Fermi anticommutation rules
electron andQ fluxons moves as a bosdgfermions if Q is

. N D AT AT Dt (G
odd (even. The c particle (boson, fermiohin the prevalent {Cﬂls) ,Cﬁ’,)sl}=c(k's)c(k'f)sr+Cf<’r)sfc(k's)= Ok k' Os,5' 01 i »
theories? is defined as the complex comprising an electron
and Chern-Simons statistical field objettsThese objects {C(kis),cf(j,)s,}=0. ()

are neither bosons nor fermions. In our theory the fluxons are

fermions and hence the quantum statistics oftharticlesis  We represent the fluxon numbgr(k?;) by alsaks, with
well founded. The countability and statistics of the fluxonsa(at), satisfying the anticommutation ruIes.B%)sT
are fundamental quantum particle properties. Hence they (1)t

1 (2) = (2 The pri
: ; ; - +q/2sa—k+q/2—5! qus_ Ck+q/25a—k+q/2—s-. € prime on
lcf:tmggot be derived from any Hamiltonian and must be postug, " ¢\ 0w means the restrictions 8{)<f wp , wp

Assume the interface in AlGaAs/GaAs being (001). =Debye frequency. If the fluxons are replaced by the con-

- duction electrong“electrons,” “holes”) our HamiltonianH
The planner arrays of G&(A) and AS™(B) are located . p ' £
alternately along100) asABA'B'AB -~ . The longitudinal is reduced to the original BCS Hamiltonian, Eg4) of Ref.

phonon, acoustic, or optical, proceeding(I90) can gener- 12. The “electron” and “hole” are generated, depending on
ate a density wave, which affects the fluxalectron mo- the energy contour curvature si¢fhEor example only “elec-

tion by the lattice-ionic charge currefdisplacement estab- trons” (“holes”) are generated for a circular Fermi surface
lishing the fluxon(electron-phonon interaction. The same with the negativepositive curvature whose insideutside

e . is filled with electrons. Since the phonon has no charge, the
condition also holds for the phonon proceedingda0). The .
lattice wave proceeding in tH@021) plane can be regarded as phonon exchange cannot change the net charge. The pairing

a superposition of the waves proceeding100 and(010), mterac(:ggn('i()arms in Eq(3) cons?rve the ETarge. The term
and hence the corresponding phonon can also generate the?1BiasBias: Where v1=|VqVq|(fiwoA) %, A=sample
electron (fluxon)-phonon interaction. The electrdfiuxon)- ~ &r€a, 1S the pairing strength, generates the transition in the
phonon interaction can be represented by a vertex bilinear irfl€ctron” states. Similarly, the exchange of a phonon gen-
the electron(fluxon) creation and the annihilation operator €rates a transition in the “hole” states, represented by
and linear in the phonon creatigor annihilatior) operator —le(erSB(kﬁ)sT- The phonon exchange can also pair-create
having the interaction streng¥,(Vg), whereq is the pho- and pair-annihilate “electron’{(*hole” )-fluxon composites,
non momentum transfer. The phonon exchange between aepresented by—leﬁl,LLB(ké?, —le(kz,LSB(kéL. At 0 K the

electron and a fluxon generates a transition in the electrogystem can have equal numbers-ef+)c bosons, “elec-
states with the effective interaction trons” (“holes”) composites, generated byv B, B{2)'
) /qs -

ho Ill. THE HALL RESISTIVITY PLATEAU
q

Ver=|VoVyl ( 2

The ¢ bosons, each with one fluxon, will be called the
fundamental {) ¢ bosons. Thédc boson with one fluxon can
be viewed as the electron circulating around one magnetic
where the Landau quantum numiéy is omitted; the bolk  fiux. Their energiesvl)) are obtained frof
denotes the two dimension@D) guiding center momentum d
and the italick the magnitude. The interaction is attractive ) /
when the electron states before and after the exchange ha\)@g)q’(k,q)=ef;{lqﬁl’(k,Q)—(ZWﬁ)*ZvoJ d?k’' W (k’,q),

2 2 20
€lk+gls™ €ks) T g

the same energy as in the degenerate LL so that (5)
—|Vch’]|(ﬁwq)*1, see more detail in the work by Fujita,
Tamura, and Suzukf whereW (k,q) is the reduced wave function for tfieboson;

Following Bardeen, Cooper, and Schriefi@C9),}> we  we neglected the fluxon energy. The enewgﬁ) is negative,
start with a HamiltoniarH with the phonon variables elimi- which is obtained after an indefinite number of phonon ex-
nated: changes between the electron and the fluxon, each generated
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by BT  called the ladder-binding process. Thgrep- condensed monochromatically at the momentum directed

k’gs—kgs*
resents the attraction strength after the ladder diagram bm@long the sample length. The supercurrent densitagni-

ing. For smallg, we obtain ude J, calculated by the rule (charge)
>< (carrier densityng) X (drift velocity vq) is
—ﬁwD

Y= — ey =g* =% 1) _ (@2
explvoDg) -1’ 6) J=e*ngug=e*no(2/m)|vE’ — v (10)

wi =wo+(2imvdla,  wo=

The induced Hall field(magnitude Ey equalsvyB. The
magnetic flux is quantizeB=n(h/e), n,=fluxon density.
¥ence we obtain

where v{)=(2e/m;)Y? is the Fermi velocity, andD,
=D(eg) the density of states per spin. Note that the energ
w(’ dependdinearly on the momentun.

The system of freéc bosons undergoes a BEC in 2D at En vyB 1 h
the critical temperatufé PH= 3 = SFngng e ng e/ 1D
kgTe=1.24 hvend?, (7)  If e*=e, n,=ny, we obtainpy=h/e?, explaining the pla-

teau value observed.

The same model can be extended to the integer QHE at
v=P (Q=1). The field magnitude is less. The LL degen-
eracy €BA/h) is linear inB, and hence the lowe# LL's
must be considered. THe boson densityng per LL is

wheren is the boson density. The interboson distafge
=n, 2 calculated from this expression is 1724 (kgT,) ~*
The boson size calculated from Eq(6), using the uncer-
tainty relation Quado~%) and |wg|~kgTe, is g
= (2/m)hve(kgTe) ~ 1, which is a few times smaller thaRy,.
Hence, the bosons do not overlap in space, and the model of No=nNe/P, (12)
free bosons is justified. Let us take GaAs? =0.067m,, ) i o
m.= electron mass. For the 2D electron density*kn 2, wheren, is the electron density and the fluxon densityis
we have vp=1.36x10° cms't. Note all electrons are —n )

bound with fluxons since the simultaneous generations of Ng="o/P. (13
+fc bosons is required. The minority carrighole” ) den-

0 em2,
sity controls thefc-boson density. Fong=10cm™®, Tc ¢ fermions moving in the crystal have a Fermi energy. The

=1.29 K, which is reasonable. +¢ fermions have effective masses. The Hall resistiyity
In the presence of Bose condensate belowhe unfluxed a5 aB-finear behavior while the resistivity is finite.

At v=13 there arec fermions, each with two fluxons. The

electron carries the energE(kj)= Ve +A% where the Let us now take a general case= P/Q, odd Q. Assume
quasielectron energy gapis the solution of that there aré sets ofc fermions withQ— 1 fluxons, which
X 1 occupy the lowesP LL's. The c fermions subject to the
_ “D _ 2 A2\ 1271 -1 availableB-field form ¢ bosons withQ fluxons. In this con-
1=voD f d6(52+A2)1/2{1+eXF[ P(eFADTR, figuration thec-boson density, per LL is given by Eq(12),
and the fluxon density,, is given by Eq.(13). Using Egs.
B=(kgT) ™. (11) and(13) and assuming the factional chatge
Note that the ga@\ depends orT. At T, there is no con- e*=elQ, (14)

densate and henck vanishes. )
Now the movingfc boson belowT, has the energyy, W€ obtain

obtained from
En Udg (
¢

pHET:

h h
—)%;, (15

——n
e ngvy “\e

D60 =Bl ¥ (k) — (2h) v [ kW (K" @) T
®) as observe_zd. We note that the m_te@emdlcates the number
of fluxons in thec boson and the integét the number of the
whereE() replacede!)) in Eq. (5). We obtain from Eq(8) LL's occupied by the parentat fermions, each withQ—1
fluxons.
W) =Wo+ (2imvd g=wo+ g+ (2/mva,  (9) We note that our Hamiltonian in E¢3) can generate and
_ i i _ stabilize thec particles with an arbitrary number of fluxons.
where Wo(T) is determined from %DOUOfo “Cdel|Wol  For example a fermion with two fluxons is generated by
+(e2+A%)Y271 The energy differenceWo(T)~W,  two sets of the ladder diagram bindings, each between the
= ¢,4(T) represents th@-dependenenergy gapbetween the electron and the fluxon. The ladder diagram binding arises as
moving and the stationarfg bosons. The enerdy, is nega-  follows. Consider a hydrogen atom problem. The Hamil-
tive. Otherwise, thefic boson should break up. This limits tonian contains kinetic energies of the electron and the pro-
€4(T) to be|w| at 0 K. The ¢y declines to zero as the ton and the attractive Coulomb interaction. If we regard the
temperature approach@&s from below. Coulomb interaction as a perturbation and use a perturbation
The fc boson, having the linear dispersi¢®), can move theory, we can represent the interaction process by an infinite
in all directions in the plane with the constant speedset of ladder diagrams, each ladder step connecting the elec-
(2/77)1;(” The supercurrent is generated by théc bosons  tron and the proton. The energy eigenvalues of this system is
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electron front layer back layer This HamiltonianH , is now added to the Hamiltonian in Eq.
(f’_"‘\) J 4 (3). The energyNg’) of the pair(p) c boson can be calculated
by solving the Cooper-like equation
¢ Ponon —— — ’ ’ i )

exchange ~_ ~_7 Waa(k,q)=[e(|k+a/2) + e(| —k+a/2])]a(k,q)

( ) 1 ’
flux line ~— - vaf d’*k’a(k’,q), (18)

(@) (b) where the prime on th&' integral means the restriction 0

<e(|k+a/2])+e(|—k+0a/2))<hwp and thev, represents

the binding strength after the ladder diagram binding be-
tween twoc fermions. We note that the net momentaris a
constant of motion, which arises from the fact that the pho-
non exchange is an internal process and hence cannot change
the net momentum. The pair wave functioagk,q) are
coupled with respect to the other variaklemeaning that the
fexact (or energy-eigenstatavave functions are superposi-
tions of the pair wave functiona(k,q). We solve Eq.(18)

and obtain to the linear in

FIG. 2. (a) Two composite fermions, each one electaircle)
with two fluxons(lines), are bound by the phonon exchargeavy
line). The pair composite boson formed a#% carries two elec-
trons(circles and four fluxons(b) The pc boson is more efficiently
formed atv=1.

not obtained by using the perturbation theory but they ar
obtained by solving the Schdimger equation directly. This
example indicates that the binding energlge negative of
the ground-state enerjys calculated by a nonperturbative

method, see Sec. IV for the case of thdoson. The binding WgJ):WOJF(Z/W)vg)q' (19
energy of thec boson increases with the number of fluxons

in it, which is experimentally supported. Leadley all° ~2hwp

found that the st th, d by the width, of the QH =———<0.

oun at the strength, measured by the wi of the Q W, exp(2/upD0)—1<O (20

state atv=73 is greater than at=1.

The brief derivation of Eqg18)—(20) is given in the Appen-
IV. PAIR COMPOSITE BOSON dix. As expected, the zero-momentyro boson has the low-
est energy. The excitation energy is continuous with no en-
Suppose that a pair af fermions with two fluxons, one  ergy gap. The energy, increasedinearly with momentum
each in the two layers, are bound by the phonon exchange @sfor small q rather than quadratically. This fact arises since
shown in Fig. 2. The composite moves as a boson since the density of states is strongly reduced with increasing mo-
contains six elementary fermiorisvo electrons, four flux- mentumg, and this behavior dominates th2 increase of the
ons. It carries two electronic chargeedivided by the num-  kinetic energypc bosons move similar to massless particles
ber of fluxons 4, that is, the net charge (¥2)lo describe  \ith a common speedi: /.
this Composite it is necessary to introduce a pairing Hamil- Since the phonon has no Charge, the phonon exchange

tonia;]n. N o o I generates in pair thec pc bosons having four fluxons and
The phonon exchange between two electrons generate ; ; W@t
p 9 9 Shving different chargeste* via D7) D2

transition in the elect tat ith the effecti <aDkqs - The “elec-
ransition In € electron states  wi € elective yon» pc bosons, having the greater speed, dominates the

: A2
interactiort BEC, and the critical temperatufi, is given by
vl o, KeTc=1.241vng, (21)
| q| (e —€ S)Z—flzcuz : :
[k+als™ €k q wheren,, is the pc-boson density.
The pc boson containing two electrons and four fluxons is
=— VoA (hiwy) "1, (16)  similar to the Cooper pair in HTSC’s. But it is different in

) . ) that it has a net magnetic moment due totlheallel electron
where the last line was obtained since the states before anghin-pairs. This makes the boson the magnetic field-

ing the phonon variables, we obtain the pairing Hamiltonian e are now ready to analyze the experimental data. Suen
et al! observed that the resistiviyhas a deep drop and the

_ AN AN (1)t~ (1) (Dt~ (@2)T Hall resistivity p, has a near-plateau quantized ai/&
Hp=—v22)" 3 kZ z [DiasPras T PirgsPras within 0.3% for the QHE state at=%, T=26 mK, andB
~15T. Sincep is finite (nonsuperconductingwe must as-
T DI((Z,) D+ D2 D&M, sume that the critical temperatufg is less than 26 mK. The
s~ Kkgs k’gs—kgs . .
deep drop inp can be interpreted as follows.
DW=t Ot DR =c? 2 The ¢ bosons with the linear dispersion relati®) can
kas = “k+a/2s¥—k+a/2s' “kas™ “k+a/2sv—k+qg/2s > move in all directions in the plane, and they are scattered by
impurities and phonons. The equation of motion for the
Uo=—Vgd/A. (177 c-boson subject to the electric field in thkedirection is
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p duy _

c dt

where we renametV—e¢, q—p, see Eq.(19). Hence the X
O

e*E, e=(2/mvegp=cp, (22

drift velocity v is -
v=c?e*E(e Y7, (23 =pin

where 7 is the time between scatterings and the angular
brackets mean the thermal average. If the Bose-Einstein dis-
tribution for thepc bosons abové@ . is approximated by the
Boltzmann distribution, we have

[001]

barrier

1 _1 FIG. 3. The pc boson with parallel electron spins have a
(e )=(kgT) . (24) p-wave-type wave function, preferrably aligned [®01], positive
Using Ohm's lawj =e* n,v 4= o'E, we obtain the following ~©n one side and negative on the other.

expression for the conductivity:
P o absent in the QH stafet’ We note that the effective field’

cr=(e*)2npc2(ka)*17-. (25 s defined in the same form as that for théermion model
by Jain® Only the reference state is bosortfermionic) in

Hence the resistivityp=1/0 decreases at least inverse- gy (Jain's case. Our theory based on H@6) predicts the
linearly with the temperaturel. The actual decrease is |eft-(low field) right (high field symmetry relative to the
steeper since the time between the scatteringbecomes center position ¢=1) in the resistivity dip in agreement
greater with fewer phonons and since the BEC takes place gjith the experiments. The plateau stability with respect to
a finite temperature. We predict that the dip minimumtne applied electric field can be explained in terms of the gap
reaches zergsuperconductivity at a finite critical tempera- €, in the c-boson excitation spectrun9). The Bose distri-
ture. This is significant since the resistivigyat v=3 for a  pution near absolute zero is reduced to the Boltzmann distri-

monolayer system remains finite. bution . so that
Let us now turn to the Hall resistivity, . Below T the
current density is given in the form(10) with no=n,, with f(E)= ae Aleg™oP) = yo~Bege—hCP
the assumption that the bosons condenses in the momen-
tum along the sample length. Here the drift veloaity is = const, (28)

given by theunaveragedvelocity difference and hence the

exact cancellation of they occurs in the calculation gf, in ~ which contains the activation-energy type Boltzmann factor
Eq. (11), giving rise to the extreme accuracy () for the exd —€y/(ksT)]. In the prevalent theories the so-called “en-
plateau value. The plateau is formed due to the Meissnegrgy gap” is regarded as the energy required to create a
effect. Consider the case of zero temperature nead. quasielectron and a quasihole. The connection between this
Only the energyE matters. Thdc bosons are condensed with theoretical gap and the experimental gap is not clear. Our
the ground-state energy,, and hence the system eneifgy interpretation is more logical. AbovE, the ¢ bosons move
atv=1 is 2Nowy, whereN, is the number of-fc bosons in all directions and hence the drift velocity is the quantity

(or +fc bosong. The factor 2 arises since there atefc averaged over angles. In addition there atec bosons.
bosons. Away fromy=1 we must add the magnetic field Hence the cancellation afy in the calculation ofpy is an

energy (o) tA(B’)?, so that approximation. The observed accuracy of 0.3% reported by
Suenet all is reasonable. It is highly desirable to lower the
E=2Nowo+ (2u0)  A(B")?, (26) temperature to observe the superconducting state and the

stable plateau at=3 since this proves the existence of the

boson &0 K unquestionably.
B'=B-B, (27) The t_heory dealing with the temperature behaviop ahd

pn applies to all QHE states. In particular the temperature
is the effective field relative to the field; atv=1. 1f B’ is  dependence of the QHE stateiat 5 in a monolayer system
small, thefc-boson numbeN, should be unchanged and the observed by Leadlegt al° follows the same trend.
superconducting state be maintained. When the field is re- Suenet al! observed the} state becomes weaker in a
duced, the system tries to keep the same nurNgday suck- tilted magnetic field §=16°). Thepc boson with parallel
ing in the flux lines. Thus the magnetic field becomes inho-spins atd=0° has ap-wave-type charge distribution, shown
mogeneous outside the sample, generating the magnetic fieildl Fig. 3, which is symmetric around the preferred direction
energy (2u0) A(B’)2. If the field is raised, the system [001]. For 6 in addition 0° the symmetry is broken. It can
tries to keep the same numbidp by expeling out the flux align its spins along the field; but its cyclotronic motion only
lines. The inhomogeneous fields outside raise the field emccurs in the plane, making the diamagnetienergy-
ergy as well. There is a critical fielB’ = (4uo/wo|)¥% Be-  lowering effect weaker and therefore the binding energy
yond this value, the superconducting state is destroyed. Thismaller. This explains qualitatively the observed behavior. In
is significant. Some authors stated that the Meissner effect isontrast thec boson with three fluxons generating the QHE

where
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state atr=2 has aswave-type charge distribution, and out by the experiment]é’.The strenglth_of the QH state mea-
hence the state is stable against the tilting. sured by the plateau width at=3 is greater than that

The QHE state av=1 is closely connected with that at atv=1. o o
»=1. Thepc boson as depicted in Fig(td may be formed T_hese examples indicate that thg bl_ndmg energy of a com-
at v=1. Since this is formed more symmetrically and moreP0S!t® depends not _only on the prlncllpa'l attraction but also
efficiently, the binding energy is greater a1 than atv on the quantum statistics of the constituting particles and the

—1 Infactth duct tate with a stable plat interaction among the particles. Prior to the experimental dis-
— 2. Infactthe superconducting state with a stavle plateau gl qy, yoshioka, MacDonald, and Girtfhand Heet al®
v=1 is visible at 26 mK for the sample of the nominal

- s ) discussed the QHE state @t 3 in a bilayer system, starting
electron density = 2.8 10" cm , see Ref. 1, Fig. 2. The  yith the Coulomb interaction Hamiltonian and using numeri-
weakening of this state observed in a tilt magnetic fiehd ( ca| methods for few-particle systems. The predicted optimum
=31°) supports our model. layer separatiord is approximately 2;=2(%/eB)Y2 while

Eisensteinet al? observed the; QHE state in a double the experimental one is found a few times greater. Our theory
quantum wells. The strength of the state decreases with ins significantly different. We assume that the phonon ex-
creasing interwell center-to-center distantéOtherwise the change between the electron and the fluxon and among the
near-plateau ipy and the deep drop ipare similar to those electrons generates attractive interactions, creatjpayticles
observed by Sueet all in a single wide well. This is a little  (bosons, fermionsand pc bosons. Thec bosons condense
surprising since a barrigAIAs) exists between the two lay- below some critical temperatufe, and generate the super-
ers. The puzzle may be solved as follows. conducting QHE state with an energy gap for eachv

The two electrons in thec boson have parallel spins =P/Q. For a bilayer system, our theory predicts that
unlike the Cooper palf since their spins are aligned in the p-wave-type pc bosons with parallel electron spins are
external magnetic field. Then the electron exchange requirdermed atv=3, generating a deep resistivity drop as ob-
that the space part of the wave function be antisymmetric aserved in the experiment.The pc boson has a net spin and
shown in Fig. 3, making the node of the wave function resideanisotropic charge distribution and hence it is unstable
at the barrier center. In this antisymmetric configuration theagainst the tilted magnetic field.
thin barrier is a small hindrance for a quantum state extend- Before closing we briefly discuss a connection between
ing over the two layers. If the width of the barrier increases,our theory and the Laughlin wave function. The ground-state
the quantum state becomes weaker and eventually disaprave function forany quantum particle can be represented
pears, which is supported by the experiments. by a positive near-constant everywhere except at the sample

In the formation of goc boson we chose a two-step sce- boundary. The state in which allbosons with(odd) Q flux-
nario: first,c fermions are formed and then twofermions  ons occupy the same state is the many-boson ground state at
are bound to form g@c boson. This appears to suggest thaty=1/Q. If this state is viewed in terms of the electrons in
the phonon exchange interaction between electron and fluxahe system, the Laughlin wave function for th&létate is
(IVql) is stronger than that between two electron¥,()  represented by
contrary to the common belief. This puzzle may be solved as
follows. Thec fermions have spins aligned due to the applied
field and hence thec boson, if formed by the phonon ex-
change, must have antisymmetric wave function. This re-
striction makes thes-fermion binding very weak although 2=(x—iy)/l (29)
the phonon exchange interaction between the two electrons B
is the stronger one|Yq|>|V|). Here the fermionic nature .
of the ¢ fermions played an important role for the binding. The highly correlated electron statg can be developed by the

This is somewhat similar to the atomic binding. ConsiderPhonon exchange and/or the longitudinal photon exchange
a neutral atom containing electrons and a nucleus having (Coulomb interaction. As in the HTSC the phonon exchange
the chargeZe The cause of the binding is the Coulomb at- 1S more relevant here since this can generate an attractive
traction between the electrons and the nucleus and the Coifiteraction needed to form thebosons angc bosons. The
lomb repulsion among the electrons. In the self-consisten@round-state wave function can carry no current. The wave
field approximation each electron moves in the medium ofunctions
the total charges concentrated at the nucleus just as for the
electron in the hydrogen atom. Hence the hydrogenlike or-
bital description is justified. Applying the Fermi-Dirac statis-
tics to the electrons and considering the spin degeneracy, we
can explain the periodic nature of the atomic bindifmn-  can carry currents, where=sample length and==*1,
ization) energy and the reason why there are eight columns-2,..., and a periodic boundary condition is assumed. Since
in the Mendeleev’s periodic table. There is however a differ-L is macroscopic, the momentupy, is small and so is the
ence. The particle(boson, fermiohis bonded only between associated energy=cp. If all = ¢ bosons occupy a single
the electron and a number of fluxons with no inter-p,, the supercurrent density is given by Eq.(10). Any
action between the fluxons. This condition makes the bindingtherp’s will have an energy gap and hence the supercurrent
greater in proportion to the number of fluxons. This is borneis stable.

Wory,ra,...rn)=1lic; (zi—z)%exp—3i|z]?),

Cexplippx/f), pp=f(2mn/L), C=const (30
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APPENDIX A: DERIVATION OF EQS. (18)—(20) Woa(k,q)=[e(|k+q/2))

If we drop the “hole” contribution and the “electron” +e(|—k+a/2)]ak,q) — (27h) 2
indices from our Hamiltoniati +H,, see Eqs(3) and(17), P

we obtain the Cooper Hamiltonian XJ’ A2 a(k’,q){1— fo[ e(|k+q/2])]

Hc=2 ; (€l a2+ €—k+qr2) DkgDiq +fele(|1—k+a/2)]}, (A5)
NN t where (ny) =14 exp(Be,) +1}=fc(e,) is the Fermi distribu-
_2 2 E VpDyrqPia- (AL) tion func?ion with the lOenergyep bging measured relative to
the Fermi energyc bosons and electrons are quite different
Using Egs.(Al) and(4), we obtain particles, and hence their motion is correlated weakly, and
N . the factorization is justified. In the low-temperature limit
[He,Dygl=le(|k+a/2))+ (| —k+0a/2[)]Dyq (T—0,8—) fe(e,)—0 (,>0). Equation(A5) then be-

comes Eq(18). Assuming that thec boson is bound so that
v, Dl,q(l—nk+q/2_n7k+q/2)- (A2)  W,<0, we then obtain from EqA5)
k/

The net momentung is a constant of motion, which arises ) L
from the momentum conservation in the phonon exchangé = (2 h f d*k’[e([k+a/2) + e(| —k+a/2) +[Wy|]-
process. The HamiltoniaH_, is bilinear in ©,D"), and can (AB)
therefore be diagonalized:
We now assume a free fermion model, whose Fermi surface
Ho=> Wqblba, (A3)  is acircle of radiugmomentuny ke=(2m,er) 2 wherem;
represents the effective mass.
The prime on thek integral means the restriction 0
<e(lk+0/2)), e(|-k+q/2])<hwp. We may choose the
axis alongg. Thek integral can then be expressed by

whereW, is the boson energy and the annihilation op-
erator at the simultaneous eigenstate of c.m. momergum
and energy. We multiply EqA2) by ¢gpgc from the right
and take a grand ensemble trace and obtain

(27771)2 ke +kp—(1/2)q cosd kdk
Wayg=[e(|k+a/2]) + e(| —k+q/2]) ]ay f

kg+(1/2)q cos6 |Wq|+(k2_k|2;)/ml
|Wq| +27iwp—veq cosa‘

.
~052 (Drg(1-Mies gz N_irq2) bg)s (Ad)
k' |Wg| +veq cosd

w2
=2m1f délin . (A7)
0

whereaqu<D|Iquq>; the angular brackets means the grand

canonical ensemble averag#y)=Tr{Apq}=Tr{Aexp@N  where ko=mywpfiket, and we retained the linear term in
—BH)}/Tr{exp(@N—BH)}. Denoting the wave function in the (kp/kg) only. We assume a smajland keep terms up to the
bulk limit by a(k,q) and using a factorization approxima- first order ing. After performing thef integration, we obtain
tion, we obtain from Eq(A4) Egs.(19) and(20).
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