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Jahn-Teller effect on PrO2: A multimode vibronic model
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Recent well resolved neutron spectroscopy measurements of the magnetic excitations in PrO2 provide
evidence of the dynamical Jahn-Teller effect on this dioxide. We calculate the differential cross section in a
wide range of energy and the magnetic moment of PrO2 after the analysis of different vibronic models
~one-mode and two-mode phonon coupling models! for electrons interacting with distortions ofe and t2

symmetry. The Lanczos-recursion procedure is followed to determine the vibronic states in a nonperturbative
way and with high precision. A very convenient choice of the initial state of the Lanczos chain is suggested
here so allowing easy calculation of the differential cross section. It is found thate modes do not give reliable
results in terms of intensities of the expected transitions, whilet2 modes in a multimode vibronic model lead
to a quite good agreement with the experimental measurements.

DOI: 10.1103/PhysRevB.69.155208 PACS number~s!: 71.70.Ej, 76.30.Kg
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I. INTRODUCTION

Among rare-earth dioxide, praseodymium dioxide has
terested the researchers for its uncommon properties as
ated with Pr 4f electrons2 and for a future possibility to be
used to substitute SiO2 in decanano MOSFET transistors.3 At
low temperature PrO2 ~antiferromagnet with Ne´el point at 14
K! has a magnetic moment anomalously small4,5 when com-
pared with the value expected for the ground electron-s
state in a cube crystal field; Pr41 ions exist almost com-
pletely in a 4f 1 configuration, now an ascertained opinion,4,1

and Pr41 ground state is orbitally degenerate. So it is natu
to think of the possibility of interaction between the electr
and ion motion or in other words of a dynamical Jahn-Te
~JT! effect. Actually well resolved magnetovibrational spe
tra recently obtained by Boothroyd and co-workers1 provide
experimental evidence of this theoretical expectation. In f
the experimental spectra exhibit at low energy two pe
separated by about 130 meV, a broad band~extending from
10 to 80 meV! centered at about 30 meV and a 160 m
shoulder. These observed behaviors cannot be explained
scheme including only crystal-field and spin-orbit intera
tions, instead a JT coupling can produce a number of le
having electronic and vibrational character,6 as found also by
Boothroydet al.1 in a simplified model within a perturbativ
scheme.

In this paper we analyze in a more complete way, treat
on the same footing crystal-field and spin-orbit interactio
different linear vibronic models, single-mode and two-mo
phonon interaction models, consistent with the symmetry
the system under study. Actually a multimode interact
model is suggested by the appearance of the broad inte
diate scattering band. Then we calculate the differential cr
section and the magnetic moment.

The introduction of the electron-phonon interaction,
particular, the use of two-mode interaction models, requ
handling matrices with a very large number of degrees
freedom. However, we consider linear interaction mod
0163-1829/2004/69~15!/155208~6!/$22.50 69 1552
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leading to matrices in a sparse form, then the Lancz
recursion procedure8 can be successfully used. In the liter
ture this method has been followed in solid-state physics
connection with electronic problems9,10 or extended to dy-
namical JT problems, allowing a nonperturbative treatm
of the absorption as well as luminescence spectra of lo
ized impurity centers.11–13 Also in this dioxide the electron
orbital states of Pr41 ions can be considered reasonab
localized,1 so cooperative effects can be neglected and
Lanczos-recursion method can be efficiently used to ca
late the differential cross section and the magnetic mom
provided that the initial state of the iterative procedure
chosen in a proper way.

In Sec. II we discuss the model Hamiltonians used;
Sec. III we expose the calculation procedure; in Sec. IV
show the results obtained for the various models conside
Comments and conclusions are presented in Sec. V.

II. MODEL HAMILTONIAN

PrO2 has a fluorite structure type, where Pr41 ion is at the
center of a cube whose vertices are occupied by eight O22. It
has been shown1 that the Pr41 ion has one localized electro
in the 4f configuration giving rise to a ground2F term 14
times degenerate including spin. This term is split by a cu
crystalline field into states having the symmetry of the re
resentationsG2u , G4u , andG5u of the groupOh ~notation of
Koster14!, as shown in the left side of Fig. 1. In the next th
labelu, indicating the symmetry to respect the inversion, w
be understood. The spin-orbit interactionl(LS) produces
the following set of levels:

uE0& i5a0uG8,i& 1a08uG8,i8 & , i 52
3
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uE2& i5uG6,i& , i 52
1

2
,
1

2
,

uE3& i5a3uG8,i& 1a38uG8,i8 & , i 52
3

2
,2

1

2
,
1

2
,
3

2
,

uE4& i5a4uG7,i& 1a48uG7,i8 & , i 52
1

2
,
1

2
. ~1!

Herei labels the rows of each double group representatio
molecular exchange field interactionHmagn5gmBHJ, repre-
senting a local effective magnetic interaction with the
dered magnetic moments, removes completely the de
eracy, as shown in the right part of Fig. 1.

We assume for the spin-orbit coupling constant the va
l5100.5 meV as used in literature1 and we fix at first the
crystal-field parameters7 F4 and F6 equal to 265.8 meV and
134.3 meV, respectively.15 Then the energies of the five mu
tiplets turn out to beE050, E15129 meV,E25337 meV,
E35367 meV, andE45767 meV~the ground electron stat
energyE0 is chosen as reference energy!. The energy sepa
ration produced byHmagn on the multiplets is of the order o
2–3 meV choosinggmBH50.5 meV andH in the ~1,1,1!
direction.1 Its evident result is that, within this simple inte
action scheme, the experimental measurements canno
justified, in particular, the experimental cross section in
range 0–160 meV.

It is well known that in presence of degeneracy~or
quasidegeneracy! of molecular orbitals the Born
Oppenheimer approximation breaks down6 and the electronic
states can be coupled with molecular vibrations of pro
symmetry, called the JT active modes. In this specific s
tem, the vibrational modes of interest are those of symm
e and t2; the total symmetric mode, or breathing mode, p
duces only a line broadening16 and is neglected here.

In this paper we consider different vibronic models for
interaction both onG5 and onG4 multiplets with phonons of
symmetrye andt2. The total Hamiltonian comprises an ele
tronic part, a vibrational partHv , and a coupling partHJT,e
andHJT,t2

for e modes andt2 modes, respectively. The elec
tronic part includes spin-orbit terms, crystalline field, a
molecular exchange field. The vibrational Hamiltonian
taken in elastic approximation and written in a second qu
tization notation where a displacement is proportional to
sum of creation and annihilation operators. Let us indic

FIG. 1. Levels splitting produced by crystal field~left!; crystal
field, spin-orbit interaction, and local magnetic interaction~right!.
15520
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with Hv,e andHv,t2
the vibrational Hamiltonians for interact

ing modes of symmetrye andt2, respectively. They take the
form

Hv,e~G i !5\ve~au
† au1ae

†ae11!PG i
, ~2!

Hv,t2
~G i !5\v t2S ax

†ax1ay
†ay1az

†az1
3

2D PG i
, ~3!

where G i is for G4 or G5 , PG i
is the projector on the

electron-spin eigenfunctions belonging toG i multiplet, and
\ve and\v t2

are the phonon energy for the modese andt2,
respectively.

The JT interaction Hamiltonian with a mode ofe symme-
try can be written as

HJT,e~G i !5\veASe~G i ! (
k5u,e

@~ak
†1ak!Dk~G i !#, ~4!

whereSe(G i) is the Huang-Rhys factor or the JT energy
unit of the phonon energy,Du(G i) and De(G i) are the
Clebsh-Gordon coefficient matrices expressed on the bas
the electron functions belonging to the multipletG i and tabu-
lated by Kosteret al.14

For thet2 mode the JT interaction Hamiltonian become

HJT,t2
~G i !5\v t2ASt2

~G i ! (
k5x,y,z

@~ak
†1ak!Dk~G i !#,

~5!

where theD matrices and theS constants have the sam
meaning as before. All the previous Hamiltonians are und
stood as multiplied by the identity in the spin space.

In a two-mode vibronic model the vibrational and the i
teraction Hamiltonians are of course the sum of the vib
tional and interaction Hamiltonians corresponding to ea
mode involved in the model considered, having eventua
different symmetry, frequency, and strength of the coupli

III. CALCULATION PROCEDURE

The Hilbert space for the system in study is given by
electron-spin functions partners of the irreducible repres
tations G6 , G8 , G7 , G88 , G78 and by the vibrational state
unu ,ne& or unx ,ny ,nz& for one-mode interaction model; an
unu ,ne ,nx ,ny ,nz& or umx ,my ,mz ,nx ,ny ,nz& for a two-
mode interaction model. Herenu , ne , . . . label the occupa-
tion numbers for the partners of the phonon modes con
ered. So when the electron-phonon interaction mo
becomes more complex and a larger number of phon
must be taken into account, one arrives fastly to matrices
a too large dimension to be handled with traditional tec
nique. In Table I we show the dimension of the matr
Hamiltonian at increasing number of phonons for each m
considered.

Luckily the JT matrices are in a sparse form and t
Lanczos-recursion method can be efficiently followed to c
culate the vibronic eigenstates. For convenience we res
here the main points of the Lanczos-recursion procedure.
8-2
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more details see, for instance, Refs. 12 and 17. Essent
the method consists in a progressive building of orthonor
states for a tridiagonal representation of a given operato
our case the Hamiltonian of the vibronic system. Letuf0& ,
uf1& , . . . , ufn& denote the firstn11 normalized functions
of the Lanczos chain; theuFn11& ~unnormalized! function is
constructed through the three-term recursion relation

uFn11& 5Hufn& 2anufn& 2bnufn21& . ~6!

The next pair of parametersbn11
2 and an11 are given, re-

spectively, by the normalization ofuFn11& and by the ex-
pectation value of the Hamiltonian on it. In the new ba
ufn& the Hamiltonian operator is represented by a tridia
nal matrix TM , which is then diagonalized, and whose e
mentsan andbn are known up to the orderM of the iteration
performed. One of the major advantages of the Lanczos
cedure is that the lower eigenstates, usually those of inte
are obtained diagonalizing a tridiagonal matrix of rank mu
lesser than the original one.17

The eigenvectors are of course expressed on the bas
the chain statesufn& and are in the form

uCn& 5(
n

cn,nufn& , ~7!

where the coefficientscn,n are provided by the diagonaliza
tion of TM . Usually, for memory reason, in the three ter
relation ~6! one does not store all the vectorsufn& , and to
obtain explicitly the eigenvectorsuCn& the statesufn& have
to be regenerated by a second Lanczos procedure with
same initial seed state~two-pass Lanczos!.18 Let us remem-
ber that a crucial point to efficiently use the Lanczo
recursion procedure is the choice of the initial state of
Lanczos chain. In principle whatever linear combination
the basis functions can be used, but a suitable choice o
seed state can greatly simplify the calculations.12

One of the quantities to be calculated here is the pa
differential cross section that can be put in the followi
form in dipole approximation and cubic symmetry:15,19

TABLE I. Dimension of the total Hamiltonian at different num
ber of phonons for each interaction model;Ne,t2

(G i) indicates the
total number of vibrational quanta taken in the vibrational states
e and t2 coupling onG i multiplet.

Ne(G4) Ne(G5) Nt
28
(G4) Nt

28
(G5) Nt

29
(G4) Nt

29
(G5) N

1 1 0 0 0 0 126
3 3 0 0 0 0 1400
5 5 0 0 0 0 6174
0 0 1 1 0 0 224
0 0 3 3 0 0 5600
0 0 5 5 0 0 43904
0 0 1 1 1 1 3584
0 0 3 3 3 3 ;106

0 0 5 5 5 5 ;108
15520
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mec
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gJD 2

F2~Q!(
m,n

rnu^CmuJzuCn&u2

3d~Em2En2\v!. ~8!

Here uCn& , uCm& are the vibronic states involved in th
transitions,Jz is the component of the total angular mome
tum perpendicular to the scattering vectorQ, k i and kf are
initial and final neutron wave vectors,F(Q) is the magnetic
form factor, rn is the Boltzmann population factor of th
state uCn&, \v is the neutron energy transfer@\v
5\2/2m(kf

22ki
2)#.

Usually the experiments are performed at smallQ where
F2(Q).1. So the key ingredient in the differential cros
section ~8! remains the matrix elements modulus squa
u^CmuJzuCn&u2, which requires the knowledge of the v
bronic functionsuCm& and uCn& . In principle, they could
be evaluated through a two-pass Lanczos worked out fo
the states of interest. However, taking advantage of the f
dom in the choice of the seed state of the recursion, a fa
and manageable procedure is provided in the following.

Let uCn& be the vibronic starting state for the transitio
in study and already determined by a two-pass Lanczos
obtain the matrix element of interest it is convenient
choose as initial state of the new Lanczos procedure

uf0& 5
JzuCn&

A^CnuJz
2uCn&

, ~9!

which is the projected state throughJz and normalized. The
matrix element becomes

^CmuJzuCn&5^Cmuf0&A^CnuJz
2uCn&. ~10!

Then the differential cross section is immediately given
means ofucm,0u2, that is, the projection modulus squared
the initial state of the Lanczos chain of the vibronic states
interestuCm& and their reconstruction is so avoided.

Alternatively, it is possible~and convenient when a larg
number of recursion is needed! to consider the continued
fraction expansion of the diagonal Green function matrix
ementG00(E), whose coefficients are given by the coef
cients an and bn

2 of the Lanczos chain.10 The poles of the
continued fraction give the eigenvalues of the vibronic s
tem and their residua give the projected density of sta
which is immediately related to the differential cross sectio

As regards the calculation of the magnetic moment let
recall that

^m&52gJ(
n

rn^CnuJuCn&. ~11!

At the temperature of the experimental measurements,4,5 be-
low the Néel temperature, only few lower vibronic levels a
in practice involved, so the magnetic moment can be dire
calculated once the vibronic statesuCn& are determined, en
tering in the differential cross section calculations.

r
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IV. RESULTS

We have analyzed different vibronic models with ele
trons interacting with distortions of symmetrye andt2. Since
the JT coupling has been considered acting on the multip
G4 andG5 simultaneously, in the next we refer to the syste
(G41G5) ^ e, (G41G5) ^ t2 ~one-mode models! and (G4

1G5) ^ (t281t29) ~two-mode model!.
For each model the functions are allowed to span a

bronic space including up to a total numberN of vibrational
quanta for each vibronic interaction. Stability of the soluti
was tested with respect toN and we required energy differ
ences less than 0.5% going fromN to N11. In practice the
maximum total number of phonon needed has beenN55.

The calculations have been carried out in the framew
of the Lanczos recursion procedure as illustrated before.
numerical instabilities of this technique due to the fin
arithmetic precision of the computers are well known as w
as the remedies proposed.20 Here we have performed a sui
able number of overrecursions in such a way to obtain sta
eigenstates. When the number of overrecursion to determ
the vibronic excited states was too high~of the order of thou-
sands!, we have constructed the continued fraction expans
of the ground-state Green’s functionG00(E), as specified in
preceeding section.

A. „G4¿G5…‹e interaction model

We have obtained the vibronic levels of Pr41 ion consid-
ering the JT interaction HamiltonianHJT,e described in Sec
II and using the same phonon energy and coupling cons
for the JT interaction both onG4 andG5 multiplets. We have
first followed the behavior of vibronic energy levels at d
ferent JT energies (0,Se,1) and at different values of\ve
in the range 10–60 meV. To our knowledge, there are
phonon dispersion curves available for PrO2, however, the
experimental spectra1 suggest energies of effective phono
modes within that range.

Looking at the energies and at the peak intensities of
vibronic levels obtained we have noticed two main tran
tions shifted by about 130 meV and identified, forSe→0,
with the E0 and E1 levels ~see Sec. II!. In the middle we
have found a lot of vibronic levels, but only two having a n
negligible peak intensity. They are shifted by about 10 m
and 25 meV from the first line, and in the next we will ca
these intermediate vibronic levelsEint8 and Eint9 , respec-
tively.

We have seen that the energy of the phonon mode in
ences the energy separation ofEint8 andEint9 levels from the
first transition, while the JT energy influences, particular
the peak intensity of the transitions. However, whatever p
non energies and coupling strengths are considered in
calculations, the relative peak intensities~to respect the main
transition! of the intermediate vibronic states are of the ord
of 1022, too weak to be compared with the experimen
spectra.

We must then discard thee modes as the only or mai
responsible mode for JT coupling in this system.
15520
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B. „G4¿G5…‹t2 interaction model

The results presented here are obtained considering th
interaction HamiltonianHJT,t2

described in Sec. II. As before

the energy of thet2 phonon mode has been changed in t
range 10–60 meV, and the behavior of the vibronic ene
levels are followed as the Huang-Rhys factorSt2

is growing

from zero untilSt2
51 @St2

(G4)5St2
(G5)#. In this case also

we can obtain two main lines separated by about 130 m
many intermediate vibronic levels and among them only t
have significant intensity. We continue to call themEint8 and
Eint9 . These intermediate vibronic levels are always we
but the relative peak intensity is larger by one order of m
nitude to respect the previous model. In Fig. 2 we show h
the peak intensities ofE0 , E1 , Eint8 , andEint9 are influenced
by the strength of the phonon coupling. To construct t
figure we have taken \v t2

530 meV and St2
(G4)

5St2
(G5).

Then we have tried different values forSt2
(G4) and

St2
(G5), looking particularly to the intensities of the inte

mediate levels. The best agreement with the experime
differential cross section is obtained withSt2

(G4)50.42 and

St2
(G5)50.22.
The differential cross section calculated taking the m

netic form factor equal to one, is reported in Figs. 3 and 4
Fig. 3 we report the energies and the peak intensities of
transitions; in Fig. 4 we show a superposition of intensit
using Lorentzian line shapes with half-width taken from t
experimental spectra as indicated in the figure caption.
tice the presence of a shoulder at about 160 meV, in ag
ment with the experimental results. Of course a phonon
quency only cannot give results covering completely
observed scattering band.

Then, without any other adjustment of the parameters,
have calculated the magnetic moment considering, here
in the next,m directed along~1,1,1!. We have foundumu
50.83mB , a value smaller than that calculated without v
bronic coupling (umu51.02mB), but always larger than the
experimental ones.4,5

FIG. 2. Peak intensities in arbitrary units of the lower vibron
levels as a function ofSt2

; \v t2
530 meV.
8-4



o
-
va
a
th
a
e

an

a

the
this
ree-

ng
at

ny
und
lcu-

of
ex-

it
eV,
ula-
can
the
ed
e-
om-
ergy
the

e.
nge
-

ing
ined
re-

ur-
nic
d
al-
to
hen

ent
odel

to
ar

4
e

e
es
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C. „G4¿G5…‹„t28¿t29… interaction model

In this case the Hamiltonian includes the contribution
two phonon modes oft2 symmetry, but having different en
ergies and different coupling strengths. Fixed at the best
ues found in the preceeding section the phonon energy
the coupling strength for the first mode, we have studied
effect of the second mode, taking the phonon energy alw
in the range 10–60 meV. As expected a more rich structur
found between theE0 andE1 levels, particularly in the range
10–20 meV and near to 40 meV. In Fig. 3~top! and in Fig. 4
~solid line! the calculated differential cross section for
interaction model with two distortions oft2 symmetry is
shown. The phonon energies and the coupling strength h
been \v t

28
530 meV, St

28
(G4)50.42, St

28
(G5)50.22, \v t

29

FIG. 3. Peak intensities~in arbitrary units! and energies of the
calculated spectra for a one-modet2 model ~bottom! and a two-
modet2 model ~top!. In the insets the details due to transitions
the excited vibronic levels in the energy range 5–60 meV
shown. The parameters used are indicated in the text.

FIG. 4. Calculated spectra in arbitrary units for a one-modet2

model~dashed line! and two-modet2 model~solid line!. Half-width
for Lorentzian line shapes is 2 meV for the first few lines and
meV for lines after 100 meV. The other parameters are the sam
in Fig. 3.
15520
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560 meV, St
29
(G4)50.01, andSt

29
(G5)50.15. The crystal-

field parameters have been adjusted to fix at 130 meV
energy separation between the two main transitions, but
is not the main concern here. As it can be seen, the ag
ment with the experimental spectra1 is more satisfactory here
than in the previous interaction model, even if the coupli
strength for the second phonon mode is weak. Looking
these results we think that a dynamical JT effect with ma
frequencies is really responsible of the broad structure fo
in the measured spectra. Within this model we have ca
lated also the differential cross section in a wider range
energies, around 340 meV and 730 meV, where there is
perimental information.1 The experimental spectra exhib
transitions not well resolved around 340 meV and 360 m
then a broad peak centered at about 730 meV. The calc
tions agree satisfactorily with the experimental results, as
be seen from Fig. 5, where we show the energies and
peak intensities of the main transitions with superpos
Lorentzian line shapes having half-width roughly corr
sponding to the experimental ones. However, some c
ments are needed. The spectrum calculated in the en
range 330–370 meV corresponds to the transitions from
ground vibronic level ofG8 symmetry to excited vibronic
levels of symmetryG6 andG8 and the contribution of many
excited vibronic levels is evident looking at Fig. 5, left sid
Instead a less rich structure is found in the energy ra
700–750 meV,~right side of Fig. 5!, because the correspond
ing transitions are towards excited levels ofG7 symmetry, on
which the JT effect is much less important.

In the end we have calculated the magnetic moment us
the same set of parameters given above. We have obta
umu50.73mB , in very good agreement with recent measu
ments on single crystals.5

V. CONCLUSIONS

We have exploited the adaptability of the Lanczos rec
sion procedure to calculate with high precision the vibro
levels of Pr41 ions on PrO2 dioxides. The choice suggeste
here for the initial state of the Lanczos procedure has
lowed us to easily calculate the differential cross section
be compared with neutron spectroscopy measurements. T
the magnetic moment has been directly evaluated. Differ
vibronic models have been analyzed here, one-mode m
and two-mode model, with phonons ofe and t2 symmetry.

e

as

FIG. 5. Calculated spectra around 340 meV~left side! and 730
meV ~right side! for a two-modet2 model. The peak intensities ar
given in arbitrary units. Half-widths for the Lorentzian line shap
are 4 meV and 10 meV, respectively.
8-5
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The results obtained indicate thatt2 distortions are more im-
portant thane distortions and a two-mode vibronic mod
better agrees with the experimental results. The knowle
of PrO2 phonon dispersion curves should be greatly adv
tageous to more strictly define the vibronic model, as wel
the knowledge of the coupling constants calculated by fi
principles and their behavior at different temperature. V
recently Gardineret al.21 have found interesting temperatu
effects in the measured lattice parameters that should als
reflected in the calculation of the coupling constants and
D
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lid

S.

s

n

,

J.
,

ev

15520
e
-
s
t

y

be
n

the nature of the ground vibronic state at low temperature
the literature there are examples of vibronic systems hav
the ground state with symmetry and degeneracy differ
from the starting orbital state for a certain range
parameters.22–24Work is in progress to explore this possibi
ity in our models too. Moreover the results presented in
same paper21 suggest the presence of cooperative JT effe
In our paper the interaction among different JT centers
different sites is not taken into account, but it should be
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