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Signal of high-energy phonons created by low-energy phonons in superfluid helium
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Starting from the solution of the kinetic equation, we have calculated the distribution function for the
high-energy phonons, which are created by a short pulse of low-energy phonons moving in superfluid helium.
This enables an explicit expression for the energy density flux to be derived. Hence we find the amplitude of
the high-energy phonon signal as a function of time on a bolometer. We divide this signal into two halves: the
‘‘head’’ and ‘‘tail’’ which arrive before and after the peak signal, respectively. We analyze which high-energy
phonons form the head and tail of the signal. The half-widths of head and tail are calculated and approximate
formulas which describe the shapes of them are obtained. The partial contribution of high-energy phonons,
with different momenta, to the total signal at different times is determined. These results are compared with the
experimental results given in the preceding paper@R. V. Vovk, C. D. H. Williams, and A. F. G. Wyatt, Phys.
Rev. B69, 144524~2004!#.
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I. INTRODUCTION

In anisotropic phonon systems, unlike isotropic ones,
phonon number density in momentum space is differen
different directions. Such strongly anisotropic phonon s
tems are created in superfluid4He at such low temperature
that the thermal excitations can be neglected~see, for ex-
ample, Refs. 1–3!. The heater injects phonons into this e
tremely pure and isotropic superfluid liquid~‘‘a superfluid
vacuum’’! and these phonons move in a direction mos
normal to the surface of the heater. In momentum space
the injected phonons are inside a narrow cone with s
angleVp!1. This strongly anisotropic system, created n
the heater, forms a phonon pulse with the dimensions in
ordinate space determined by size of the heater and the
ration of the heat pulse applied to the heater. This pho
pulse moves from the heater to the bolometer, which det
the temporal dependence of the incoming signal.

The interest of experimentators and theoreticians
strongly anisotropic systems is due to the unique phenom
caused by the anisotropy. These phenomena are governe
the unusual relaxation of phonons in superfluid4He, which
is due to the energy-momentum dependence of the phon

«p5cp@11C~p!#, ~1!

wherec is the sound velocity, andC(p) is the function that
describes the deviation from a linear dependence. Altho
this deviation is found to be small@C(p)!1#, it explains
the type of phonon interactions found in superfluid helium

At momentum less than the critical onepc , the function
C(p,pc).0 and the dispersion law allows phonon pr
cesses where one phonon can decay into two or m
phonons, or two or more phonons can create one phono
superfluid helium at saturated vapor pressurecpc /k510 K.
The raten3pp of three-phonon processes (3pp) was calcu-
lated in the limiting cases in Refs. 4 and 5, and in the gen
case in Ref. 6. The 3pp is the most rapid process which do
not conserve phonon number.
0163-1829/2004/69~14!/144525~9!/$22.50 69 1445
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At momentap.pc the functionC(p.pc),0 and three-
phonon processes are prohibited. As a result, the fastest
cesses for these phonons with high energy, are the f
phonon processes (4pp), where the number of phonons i
the initial and the final states is equal to two. The rate
four-phonon processes in superfluid heliumn4pp was calcu-
lated in Refs. 7–9. According to the results of these calcu
tions, which agree with the experimental data,

n3pp@n4pp . ~2!

Because of this inequality, phonons in superfluid heliu
form two subsystems with very different relaxation times:~1!
The subsystem of low-energy phonons (l phonons! with p
,pc , where equilibrium is attained very quickly;~2! the
subsystem of high-energy phonons (h phonons! with p>pc
which take a longer time to attain equilibrium.

Under the conditions of all the known experiments, whe
the properties of strongly anisotropic phonon systems h
been studied, thel phonons attain equilibrium instanta
neously. But the time to establish equilibrium in th
h-phonon system can be comparable with and even gre
than the typical times of the experiments.

The presence of two phonon systems, with quite differ
relaxation times, results in many unique physical phenom
which have been observed in experiments. So, in Refs
and 11, experimental results were presented which sho
that h phonons were created by a pulse ofl phonon. The
explanation of this phenomenon, where the coldl-phonon
pulse, with the typical temperatureT51 K, is able to create
h phonons with energy of«>«c510 K an order of magni-
tude greater than the temperature ofl-phonon pulse, was
given in Refs. 12–14.

The createdh phonons are lost from the main puls
through the back wall, and create a second strongly an
tropic system. As a result, the single phonon pulse tha
formed near the heater, creates two phonon signals by
time it reaches the bolometer, with very different tempo
dependences. New experiments1 have managed to extract th
©2004 The American Physical Society25-1
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temporal dependence ofh-phonon signal, and study man
properties of this unusual signal. In this paper, we cons
theoretically the creation ofh phonons by low-energy
phonons in superfluid helium.

II. THE DISTRIBUTION FUNCTION OF h PHONONS
CREATED BY l -PHONON PULSE

We start by considering a pulse of low-energy phononsl
phonons! propagating in the liquid helium. It is created b
the heater atz50 and at timet50 and moves along thez
axis. The coordinates of the back and front surfaces of
pulse are

zback~ t50!50, zf ront~ t50!5L. ~3!

The l phonons are in equilibrium and have a Bos
Einstein distribution with temperatureT0. However, they
only occupy a narrow cone in momentum space with so
angleVp . So it is a very anisotropic system. Thel-phonon
pulse moves with velocityc5238 m/s and does no
disperse.15 The l-phonons interact through three phonon p
cesses which are very fast and maintain the equilibrium o
time scale of 10210 s. There are, however, other phono
scattering processes, the most important of which are f
phonon processes (4pp), which create high-energy phonon
(h phonons!. These phonons have energye>10 K and their
creation ratenb1 is much lower than the 3pp rate so we can
always consider thel phonons to be in equilibrium. Theh
phonons have a lower group velocity than thel-phonons
(vp<189 m/s), and so they are left behind by thel-phonon
pulse. This loss ofh phonons by the pulse lowers their de
sity in the pulse below their equilibrium value at temperatu
T, so moreh phonons are created in an attempt to rest
equilibrium. Henceh phonons are continuously create
within the pulse and then go into theh-phonon cloud which
trails behind thel phonons.

The density profile of thish-phonon cloud is determine
by their creation rate as thel-phonon cloud moves from th
heater to the detector, atz5zB , and also by their consider
able dispersion. The 4pp creation rate is strongly depende
on T so as thel-phonon pulse cools, the number ofh phonons
created drops rapidly. The main aim of this paper is to c
culate the signal shape of theh-phonon cloud and then com
pare it with experiment.1

The creation ofh phonons inside thel-phonon pulse and
their evolution in the ‘‘superfluid vacuum’’ formed by supe
fluid helium is described by the kinetic equation,

]n

]t
1vp

]n

]r
5Nb2Nd , ~4!

wheren5n(p,r,t) is the distribution function ofh phonons,
which determines the number ofh phonons in the phas
volume (2p\)3 that includes the phase pointp, r andvp is
the group velocity of theh phonons.Nb andNd are the rates
of increase and decrease respectively, of the occupation n
ber of h phonons due to four-phonon processes.

Theh-phonon creation rate depends on the temperatur
l phonons, which changes with the time. The pulse cools
14452
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to the transformation ofl phonons toh phonons and also du
the increase of the transverse size of thel phonon pulse
which decreases the energy density of thel phonons.

The results of Ref. 15 show that the transverse expan
of the pulse causes a mesa shaped energy density up
distance;5 mm from the heater. So, the temperature in
region along the axis of the pulse and near its center, wh
mainly determines the phonon flux on the bolometer tha
situated on the axis of the pulse, does not change within
distance. In Ref. 15, the widening of thel-phonon pulse was
described without taking into accounth-phonon creation.
However, there is no reason to consider that creation oh
phonons changes the velocity of expansion of thel phonon
pulse. So, at a distance of 5 mm, where most of the phy
has happened and the important features of theh phonon
pulse are determined, the expansion of thel phonon pulse
can be neglected. Moreover, from the results of Ref.
where mesa-shaped pulses were observed at the detecto
creation ofh-phonons results in an increase in the width
the hot spot. Thus it is reasonable to neglect the effects
transverse widening if we just consider processes near
center of the pulse, i.e., along the axis of symmetry, perp
dicular to the heater. Apart from this, we neglect the late
expansion of the pulse in this paper.

We therefore seek a one-dimensional solution to the pr
lem of the shape of theh-phonon density along thez axis.
This approximation is valid because phonons in the pu
occupy narrow solid angleVp!1 in momentum space.11

We restrict our consideration to very short pulses,
which

L!~c2vp!td , ~5!

wheretd is the life time ofh phonons inside the pulse ofl
phonons. When this inequality~5! is satisfied, theh phonons
leave thel-phonon pulse before they begin to interact w
otherh or l phonons. We also neglect interactions betweeh
phonons outside thel-phonon pulse. This is reasonable
their density is low enough which it is if the initial tempera
ture of thel phonons is not too high.

With the inequality~5! and for not too high temperatur
pulses, theh phonons have a very long lifetime and so w
can putNd50 in the kinetic equation~4!. Then, for the one
dimensional problem, we can rewrite Eq.~4! as follows:

]n~p,z,t !

]t
1vp

]n~p,z,t !

]z
5Nb . ~6!

The solution of this equation with the initial conditions

n~p,z,t50!50 ~7!

is as follows

n~p,z,t !5E
0

t

Nb„p,z2vp~ t2t8!,t8…dt8. ~8!

This result has a simple physical meaning. The signa
point z and timet is formed by phonons with momentump
and group velocityvp , which were created at timet8 at the
point
5-2
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zb5z2vp~ t2t8!. ~9!

Taking into account that thel-phonon pulse moves with ve
locity c, the functionNb in Eq. ~8! can be rewritten as fol-
lows:

Nb~p,zb ,t8!5Nb1„p,T~ t8!…h~zb2ct8!h~L2zb1ct8!,
~10!

where h is the Heaviside step function, which is equal
unity when its argument is positive, and equal to zero wh
its argument is negative;T(t8) is the temperature of the
l-phonon pulse.

Substituting Eq.~10! in Eq. ~8! with the condition~9!
gives

n~p,z,t !5E
0

t

Nb1„p,T~ t8!…h„z2vp~ t2t8!2ct8…h„L2z

1vp~ t2t8!1ct8…dt8. ~11!

The product of theh functions in Eq.~11! differs from zero
when the timet8 of the h-phonon creation satisfies the in
equality

z2vpt2L

c2vp
<t8<

z2vpt

c2vp
. ~12!

According to this inequality the intervaldt8 is equal to

dt85
L

c2vp
. ~13!

In short pulses, when the inequality~5! is valid, during the
time interval ~13!, the temperature of thel phonons in the
pulse, essentially does not change. In this case the func
Nb1„p,T(t8)… can be taken out of the integral with the valu
of t8 equal to right-hand side~rhs! of inequality~12! we thus
obtain the distribution function for theh phonons,

n~p,z,t !5
L

c2vp
Nb1„p,T~ tb!…h~ t2tb!h~ tb!, ~14!

where

tb5
z2vpt

c2vp
. ~15!

This time has a simple physical meaning. This is the time
h-phonons, with momentump, are created, after which the
move ballistically with velocityvp and reach pointz at time
t. The expression~15! can be obtained also from Eq.~9!,
putting t85tb and taking into account that

zb5ctb ~16!

since the pulse moves with the velocityc for time tb to
point zb .

According to Refs. 12–14,

Nb1~p,T!5np
(0)nb1~p,T!, ~17!

wherenb1 is the rate of creation ofh phonon inside the main
pulse ofl phonons and
14452
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np
(0)5~e«p /kT21!21 ~18!

is the Bose-Einstein distribution function forh phonons.
In Ref. 17nb1(p,T) was calculated and showed that th

rate decreases asp increases frompc . For all the problems
solved earlier, because of the exponential dependence o«p
in Eq. ~17! the main contribution was due to phonons wi
momentum close topc . So, the momentum dependence h
little influence on the earlier results Refs. 12, 13, and 14
the problem solved here, the shape of theh-phonon signal is
determined by a considerable range of momentap. Thus, it is
important to carry out exact calculations with the moment
and temperature dependence fornb1(p,T) ~see Ref. 9!.

The ratenb1(p,T) given in Refs. 17 and 9 can be pre
sented with sufficient accuracy by the following expressio

nb1~p,T!5A1e2A2 /Te2A3[c(p2pc)/k] , ~19!

where A151.2283109 s21, A253.188 K, and A3
51.65 K21.

The dependenceT5T(tb) can be found using conserva
tion of energy; the energy going to the creation ofh phonons
comes from thel phonons. So, for a short enough puls
when we can neglect the second term in the right-hand
~rhs! of Eq. ~4!, we get the rate of change of thel-phonon
energy density~see Refs. 12–14!

]El
(0)

]tb
52Eh

(0)nb1, ~20!

where

El
(0)5

Vppk4T4

120\3c3
~21!

is the energy density ofl phonons with Bose-Einstein distri
bution function,

Eh
(0)5

Vpk4T«c
3e2«c /T

~2p\!3c2vc

~22!

is the energy density ofh phonons with distribution function
~18!, vc is the group velocity ofh phonons with momentum
p5pc , and

nb1~T!5
1

Eh
(0)E «np

(0)nb1

d3p

~2p\!3
~23!

is the average value of theh-phonon creation ratenb1
5nb1(p,T).

At present, the creation rates have only been calcula
for h phonons which move along the z axis~see Ref. 17!. So,
to obtain analytical expressions we assume that the ratenb1
is given by Eq.~19! for all h phonons, created in the soli
angle Vp and is equal to zero for thoseh phonons with
momenta lying outside the solid angleVp . Taking into ac-
count this assumption, we obtain from Eqs.~19! and ~23!,

nb1~T!5A1e2A2 /TS 11A3

c

vc
TD 21

. ~24!
5-3
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Substituting Eqs.~21!, ~22!, and~24! in formula ~20! we
get the equation for the functionT(tb), the solution of
which, with initial condition

T~ tb50!5T0 ~25!

can be presented in the following form:

nb1~T!

T4
e2«c /T5

nb1~T0!

T0
4

e2«c /T0S 11
tb

tS
D 21

, ~26!

where

tS5
4El

(0)~T0!

Eh
(0)~T0!nb1~T0!

T0

«c1A2

. ~27!

While deriving result~26! we have taken into account tha
«c@T0.

By substituting of Eqs.~17! and ~19! in Eq. ~14! we ob-
tain an explicit expression for theh-phonon distribution
function created byl-phonon pulse

n~p,z,t !5
LA1

c2vp
np

(0)e2A2 /T(tb)e2A3[c(p2pc)/k]h~ t

2tb!h~ tb!, ~28!

where the functionT(tb) is determined by relations~26!,
~27!, and functiontb5tb(p,z,t) is given by Eq.~15!. The
result ~28! solves the given problem; it gives us the numb
of createdh phonons with momentump in any spatial point
z and at an arbitrary time momentt.

III. TEMPORAL DEPENDENCE OF THE h-PHONON
SIGNAL

The amplitude of theh-phonon signal at the bolomoter
determined by the energy density flux through unit area
the surface atz5zB , which is perpendicular to axisz. This
energy density flux is given by the following equation:

I ~ t !5E
pc

pmax
vp«pn~p,zB ,t !

Vpp2dp

~2p\!3
. ~29!

Herepmax is the maximum momentum of the phonons whi
we consider. We take

cpmax

k
514 K; ~30!

as higher-momentum phonons contribute very little. T
group velocityvp can be well approximated by the expre
sion

vp5vc2a
c~p2pc!

k
, ~31!

wherevc5189 m s21, anda518.5 m s21 K21.
Substitution of Eq.~28! to Eq. ~29! gives
14452
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I ~ t !5
VpLA1

~2p\!3Epc

pmaxvp«pp2

c2vp
e2(«p1kA2)/kT(tB)

3e2A3[c(p2pc)/k]hS t2
zB

c DhS zB

vp
2t Ddp, ~32!

where, in accordance with Eq.~15!,

tB5
zB2vpt

c2vp
~33!

is the time of creation ofh phonon with momentump which
reaches the bolometer at timet. The functionT(tB) is deter-
mined by Eq.~26! by changingtb to tB . In expression~32!
we simplified the function~18! due to the strong inequality
«c /T@1.

Relation~32! completely determines the temporal depe
dence of the energy density flux at the pointzB , where the
bolometer is situated. This dependence will be discussed
fore Eq.~32! is integrated.

The integrand in Eq.~32! gives the contribution from the
h phonons with momentump in the intervaldp, to the en-
ergy flux on the bolometer at timet. We identify this energy
flux with the measured signal.

From Eq.~32! it follows that signal starts at timetst ,

tst5
zB

c
, ~34!

when bothh functions in Eq.~32! are equal to unity. At time
~34!, according to Eq.~33!, the signal is due toh-phonon
created time,

tB~ tst!5tst , ~35!

i.e., when thel-phonon pulse reaches the detector. At th
time ~35! the temperature ofl phonons has its minimum
value due to the creation ofh phonon as thel-phonon pulse
travels from the heater to the detector. The minimum te
peratureT, according to Eqs.~17! and~19!, results in a mini-
mum partial contribution for all momenta in expression~32!
at time t5tst .

At later detection times, aftertst , the creation time of the
h phonon,tB , decreases according to Eq.~33! from its maxi-
mum value~35! to zero , and the temperature ofl-phonons,
according to Eq.~26!, increases. The increase in temperatu
with the increase oft, defined in Eq.~33!, and the decrease in
tB according to Eq.~32!, results in a monotonic increase o
all the partial contributions to the signal~see Fig. 1! up to its
maximum value. We see from Eq.~32! that the largest partia
contributions come from phonons with the least momentu
i.e., p5pc .

The partial signal reaches its maximum value at time

tend~p!5
zB

vp
~36!

when the secondh function in Eq.~32! still is equal to unity.
According to Eq.~33! at time tend, Eq. ~36!, the detectedh
phonons were created at time
5-4
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tB~ t5tend!50, ~37!

i.e., just in front of the heater, where the temperature ol
phonons is highest. This explains why the maximum par
contribution of all phonons occurs at times~36! ~see Fig. 1!.

At times

t.tend~p! ~38!

the secondh function becomes equal to zero and phono
with momentump, for which this inequality is valid do no
contribute to the signal.

According to Eq.~31! the group velocity of phonons de
creases as their momentum increases. This is why the m
mum contribution from phonons with momentump occurs at
later times asp increases~see Fig. 1!. At times

t.tend~pmax!5
zB

vmin
~39!

the signal is equal to zero, as all phonons~even those with
the largest momentum which we have taken to be 14 K
practical purposes, which have the slowest group velo
vmin5115 m s21) have reached the detector. According
Eq. ~32!, the maximum partial contribution from phonon
with p5pmax is 1/730 of that for phonons withp5pc . Also
from expression~32!, it follows that the maximum value o
the partial amplitude is greatest for phonons with moment
p5pc and monotonically decreases with momentum rea
ing its minimum value atp5pmax.

The full signal is obtained by integration of all the parti
contributions. From the arguments above, the full sig
reaches its maximum value at time

tend~pc!5
zB

vc
. ~40!

This can be seen in Fig. 1, and the same result follows fr
Eq. ~32!.

FIG. 1. The temporal dependence of theh-phonon energy den
sity flux ~amplitude of theh-phonon signal on the bolometer!, ob-
tained by Eq.~32!, at pointz5zB ~solid line! and partial contribu-
tions ~dotted lines! of six serial regions of momenta in interva
pc1(n21)Dp,p,pc1nDp, where n51 –6, and cDp/k
50.2 K. Dashed lines represent the approximate expressions
the ‘‘head’’ ~48! and the ‘‘tail’’ ~57! of the pulse. The initial tem-
perature ofl-phonon pulse isT051 K andzB510 mm.
14452
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The temporal dependence of the energy density flux~the
integrated signal! shown in Fig. 1 can be separated into tw
parts: the ‘‘head’’ of the pulse, when amplitude grows fro
zero to its maximum value, and the ‘‘tail’’ of the pulse, whe
the amplitude decreases from its maximum to zero with tim
The head of the pulse is detected during the time interva

zB

c
<t<

zB

vc
, ~41!

and the tail—during the time interval

zB

vc
<t<

zB

vmin
. ~42!

The head of the pulse is formed by phonons with mom
tum close topc , which are created almost over the who
propagation path of thel-phonon pulse from the heater to th
detector. The tail consists of phonons withp.pc which are
created over part of the path starting at the heater. This
tial path depends on the momentum of the phonon an
defined by the inequality

0<z<zB

vc2vp

c2vp

c

vc
. ~43!

This can be understood as the maximum value ofz is given
by the requirement that a phonon created at this point, w
group velocity vp , arrives at the detector at timezB /vc ,
which is the start of the tail. Phonons withvp created nearer
the heater will arrive later, and those created at the he
give the lower bound in the inequality. The r.h.s. of inequ
ity ~43! has a maximum value for the slowest phonons, i
those withvp5vmin , which is at a distance of 0.757zB . So
we see that the tail is formed from phonons created at la
distances from the heater but their contribution is small.

The result~28! allows us to find a partial contribution ofh
phonons with given momentump to the amplitude of the
signal on the bolometer~see Fig. 1! at any time moment.
Figure 2 forT051K and zB510 mm presents the momen
tum dependence of the relative phonon number density

n~p,zB ,t !p2/n„pc ,zB ,tend~pc!…pc
2 , ~44!

in accordance with Eq.~28! for three times.
~1! The time t5tend(pc)2thead corresponding to the

half-width of the head~curve 1!.
~2! The time t5tend(pc) corresponding to the maximum

~see Fig. 1! of the signal~curve 2!.
~3! The timet5tend(pc)1t tail corresponding to the half

width of the tail ~curve 3!.
The momentum dependence of the relative phonon n

ber integrated over time

E
zB /c

zB /vmin
n~p,zB ,t !p2dtY E

zB /c

zB /vmin
n~pc ,zB ,t !pc

2dt

~45!

is described by curve 4.

for
5-5
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For comparison the momentum dependence of the rela
phonon number density of Bose-Einstein~18! distribution
function

np
(0)p2/npc

(0)pc
2 ~46!

is described by curve 5.
The steeper slope of curves 1, 2, 3 in Fig. 2 compa

with curve 5, can be explained by the presence in the r.h.s
Eq. ~28!, of not onlynp

(0) , but also the second exponent.
Note that the information about partial contribution ofh

phonons with given momentump to the signal on bolomete
is important for describing quantum evaporation phenome

IV. THE SHAPE OF THE HEAD AND THE TAIL OF THE
h-PHONON SIGNAL

The head of theh-phonon signal is mostly due to phonon
with momentum close topc , which were created at differen
times ~33!. The region in the vicinity of the maximum att
<zB /vc is formed by phonons created near the heater, w
the temperature ofl-phonons is close to the initial temper
tureT0. These phonons determine the maximum value of
amplitude att5zB /vc (tB50). When time decreases from
the valuezB /vc ~and tB increases from zero! the amplitude
of the signal begins to decrease according to Eq.~32! and
~26!.

The half-width of the head,thead, can be estimated as it
value is proportional to the half-width of the functio
Nb1„p,T(tB)…, which, according to Eqs.~14! and~29!, deter-
mines the amplitude of the signal, taken at the pointp
5pc . For an estimate of the half-width o
Nb1„p,T(tB)…up5pc

we can take that for the left-hand side

Eq. ~26!, it is equal totS . Finally, according to Eq.~33! the
half-width of the head approximately is given by equality

FIG. 2. The dependence of the relative phonon number den
obtained by Eqs.~28! and ~44!, on the momentump at the time
moments corresponding to the half-width of the ‘‘head’’~curve 1!,
the maximum~curve 2!, and the half-width of the ‘‘tail’’~curve 3!
of h-phonon signal on bolometerzB510 mm at initial temperature
l-phonon pulseT051 K. The momentum dependence of the re
tive phonon number density integrated over time, obtained by E
~28! and ~45!, is shown in curve 4. Curve 5 shows the depende
on the momentum p of the relative phonon number density~46! for
a Bose-Einstein distribution function atT51 K for comparison.
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thead5
c2vc

vc
tS . ~47!

According to Eqs.~47! and~27! an increase inT0 causes
thead to decrease due to the rapid decrease oftS , and so the
sharpness of the head increases withT0.

From relation~32! one can obtain an approximate formu
which qualitatively describes the shape of the head of
h-phonon signal~see Fig. 1!. For this purpose it is sufficien
to substitutep with its typical valuespc in Eq. ~32!, and find
the region of integration of Eq.~32! from the exponential
terms in the integrand in Eq.~32!.

The result for the time interval~41! is

I ~ t !5
VpL

~2p\!3

pc
2«cvc

c2vc
A1

3expS 2
A21«c

T~ tBc!
D k

c S A31
vc

cT~ tBc!
D 21

, ~48!

where

tBc5
zB2vct

c2vc
.

The tail of h-phonon signal at the moment of timet is
formed by phonons with momentump>pmin(t), where
pmin(t) is the momentum which makes the argument of
secondh function in integral~32! equal to zero. Using this
condition for the half-width of the tail of the pulse we obta
the following expression.

t tail5
zB

vpc1Dp
2

zB

vc
'

zB

vc
2 U]vp

]p U
p5pc

Dp, ~49!

where Dp is the typical interval of momentum chang
which according to Eq.~32!, can be equal to

Dp5
k

c S A31
vc

cT0
D 21

. ~50!

According to the relations~49! and~50! the half-width of
the tail unlike the halfwidth of the head@see Eqs.~47! and
~49!#, only weakly depends on temperatureT0.

From relation~32! it is possible to obtain the approximat
formula which describes the shape of the tail whent
>zB /vc . In this case the expression~32! can be rewritten in
the following form:

I ~ t !5
VpLA1

~2p\!3Epmin

pmaxvp«pp2

c2vp
e2(«p1kA2)/kT(tB)

3e2A3[c(p2pc)/k]dp, ~51!

wherevpmin
5zB /t and t>zB /vc . By using the relation~31!

and the definition ofvpmin
we obtain

pmin5pc1
k

ac S vc2
zB

t D . ~52!

ty,

s.
e
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The exponential dependence of the function under in
gration in Eq. ~51! allows us to replacep by pmin in the
weakly varying preexponential factor, to expand«p to an
accuracy which is linear with respect to the (p2pc) term in
the first exponent and to consider the upper limit in the in
gral ~51! to be equal to infinity. In the expression, obtained
this way, we introduce a new variablep8 by the equality

p5p81pmin2pc . ~53!

As a result the approximated expression for Eq.~51! can be
presented in the following form:

I ~ t !5
VpLA1

~2p\!3

vpmin
«pmin

pmin
2

c2vpmin

E
pc

`

e2(«c1A2)/T(tB)

3e2(A31vc /cT(tB))[c(p82pc)/k]

3e2(A31vc /cT(tB))[c(pmin2pc)/k]dp8. ~54!

Because of the weak dependence upon temperature i
third exponent of Eq.~54! we can substituteT(tB) by T0
since the ‘‘tail’’ of the signal is formed essentially b
phonons created near the heater, whenT'T0. In the other
exponent, we should take into account thatT5T(tB), where,
in accordance with Eqs.~33! and ~53!,

tB5tB~ t,p5p81pmin2pc!. ~55!

Since the momentum interval, which gives the main con
bution to the integral~54!, is small in comparison withpc ,
we can approximate the function~55! as follows:

tB'tB~ t5zB /vc ,p5p8!. ~56!

Starting from Eq.~54! and using the approximations mad
above, we express the density of the energy flux at any t
t>zB /vc , through its maximum valueI (t5zB /vc),

I ~ t !5
vpmin

«pmin
pmin

2

vc«cpc
2

c2vc

c2vpmin

e2(A31vc /cT0)(vc2zB /t)(1/a)

3I S t5
zB

vc
D , ~57!

wherepmin is determined by Eq.~52!
The dashed line in Fig. 1 calculated using Eq.~57!, almost

coincides with the solid line corresponded to the exact f
mula ~51! for the shape of the tail.

The result~57! allows to investigate analytically in deta
the shape of the tail. We see that the shape of the tail dep
weakly on the initial temperatureT0. The half-width of the
tail, obtained from the condition that the energy flux dens
Eq. ~57!, has decreased toe21 of its peak value, reproduce
the result~49!, ~50!. According to Eq.~57! the tail of the
h-phonon signal exists only because of the dispersion of
h phonons. For decreasing dispersion, (a→0) the r.h.s. of
Eq. ~57! decreases exponentially. If dispersion is absenta
50) then the tail disappears, i.e., the signal ends at
5zB /vc immediately after its maximum value.
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To compare the signal calculated by Eq.~32! with experi-
mental data, it is necessary to take into account the fi
value of the time constant,tB , of the detector. The detecto
cannot respond to very sharp signals; essentially it avera
the energy density flux over the finite time intervaltB .

This average value ofh-phonon signal is given by

I ~ t !5E
0

`

I ~ t2t8!e2t8/tB
dt8

tB
. ~58!

The time constant of the bolometertB was chosen
to make the time of the maximum of the experimen
curve and calculated curve coincide, hencetB51.8 ms. In
Fig. 3 the experimental data is compared with that giv
by Eq. ~58!.

It can be seen in Fig. 3 that the averaged curve given
Eq. ~58! changes more slowly than the curve calculated
rectly from Eq.~32!. This difference is caused by the inte
gration, with the finite value of the time constant, whic
smoothes out very sharp variations on the temporal scaletB .
Here we should note that the maxima of the exact and a
aged curves occur at different times. The averaged cu
peaks later by'tB .

At present there are experimental data for the differ
lengths of the heat pulses at various powers.1 However, the
theory presented here is only applicable for short pulses,
isfying the inequality~5!, and for low powers so that an
interaction betweenh phonons can be neglected. Here w
should note that at the values chosen for Fig. 3T050.86 K
and tp550 ns the inequality~5! is strong. However, atT0
51 K and tp550 ns this inequality becomes not so stron
Figure 3 shows that there is agreement between the ca
lated averaged energy density flux and the measured si
up to the timet558 ms. The comparatively large exper
mental value of the signal att.58 ms is thought to be an
artifact of the bolometer.1

FIG. 3. Temporal dependencies, obtained by Eqs.~32! and~58!,
of normalized averaged~solid line! and not averaged~dotted line!
densities of energy flux ofh phonons atzB510 mm, tB51.8 ms,
and initial temperature ofl-phonon pulseT050.86 K. The squares
denote the normalized experimental data from Ref. 1 of a meas
h-phonon signal with heat pulse lengthtp550 ns and powerW
56.25 mW/mm2.
5-7
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V. CONCLUSION

Starting from the solution of the kinetic equation~4!, the
distribution function~28! is obtained that gives the numbe
density of h phonons, as a function of momentum, at a
spatial and temporal points which are created by a s
pulse ofl phonons.

The solution~28! allows us to write an explicit expressio
~32! for the density of the energy flux, which determines t
amplitude ofh-phonon signal on the bolometer, situated
the pointz5zB .

From the expression~32! it follows that the temporal de
pendence of the energy density flux~the signal as a function
of time on the bolometer! can be separated on two parts~see
Fig. 1!: the head of the pulse, where amplitude grows fro
zero to its maximum value, and the tail, where amplitu
decreases from maximum to zero.

The expression~32! allows us to analyze whichh
phonons form the head and the tail, to find the half-widths
the head~47!, and tail ~49!, and to obtain approximate ex
pressions which describe the shape of the head~48! and tail
~57! ~see the dashed lines in Fig. 1!.

Starting from the result~28!, the partial contribution of
the h phonons, with a given momentum, to the amplitude
the signal on the bolometer as a function of time is fou
The time-integrated values of the partial contributions~see
Fig. 2! are also found.

The experimental data, on the temporal dependenc
relative signal amplitude, are compared with the values
culated by formulas~32! and~58! ~see Fig. 3!. The calculated
signal agrees well with the measured one up to timt
558 ms. Fort.58 ms the measured signal differs from th
calculated. However, it is suggested in the preceding pa
Ref. 1, that the relatively large measured signal att.58 ms
is probably an artifact.

The theory developed in this paper has some restrict
which made the problem tractable. Let us consider these
plifications.

~1! Only short l-phonon pulses were considered, f
which the inequality~5! is valid. In this case one can om
the second term, in the r.h.s. of the kinetic equation~4!,
which describes processes ofh-phonon decay inside th
main pulse ofl phonons.

~2! It was supposed that initial temperature of the m
l-phonon pulse is relatively low. This allows us to negle
interactions between the createdh phonons, during their mo
tion to the bolometer.
r,

v
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~3! We neglected the lateral expansion of thel-phonon
pulse. The justification for this approximation can be fou
in Refs. 15 and 16, where it was shown that a hot spot
exist for a long time along the axis of the pulse.

~4! We have found a one-dimensional solution of t
problem, in which allh-phonons propagate parallel to axisz.
The evidence for such an approximation is given by the
sults of Ref. 11 according to which, phonons in the pu
occupy a very narrow solid angle in momentum space.

All the above-mentioned restrictions do not prevent o
from understanding the physics of the phenomenon of c
ation of h phonons, and getting agreement between the
culated shape of theh-phonon signal and the measured s
nal, for a short pulse and relatively low heating power.

We note that an unusual phenomenon was observe
heat pulses created in solids at low temperatures.18,19 In Ref.
19 it was shown that heat pulses created in solids may
self-trapped if nonlinear effects and dispersion are taken
account. This phenomenon was observed in Ref. 18 only
pulses of transverse phonons under high input power.
possibility of a self-trapping effect in helium needs spec
consideration. Here we should note that in the experime
of Ref. 1, the maximum input power was at least two ord
of magnitude less than the input power at which the effec
self-trapping was observed in Ref. 18. Moreover, there
no transverse phonons in helium. Furthermore, the s
trapping effect observed in Ref. 18 has a temporal scale
about 0.5ms, but in the experiments in Ref. 1 the time co
stant of the bolometer is of about 1.5ms.

The theory developed in this paper explains a numbe
observed phenomena for short and low power pulses. Am
these phenomena one can point to the observed linear de
dence of theh-phonon pulse height on pulse length~see Fig.
4 in Ref. 1! for relatively short pulses, and the increase of t
half-width of the head of the signal with decreasing inp
power ~see Fig. 7 in Ref. 1! for relatively low powers.

However, many interesting phenomena observed in Re
at high input power and longer pulse lengths cannot be
scribed by the theory presented here. This gives us an im
tus to further develop the theory.
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