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Simulation of vortex noise in superconductors in weak applied magnetic fields
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The magnetic-field dependence of flux noise spectra in superconductors is studied by Monte Carlo simula-
tion of vortex dynamics in two- and three-dimensional vortex models. Without an applied magnetic field the
flux noise power spectra typically vary with frequency approximately like 1/f 3/2. In this paper we show that in
the presence of a weak magnetic field, the spectra instead typically vary approximately like 1/f in a range of
temperatures and frequencies. Both types of behavior have been observed in different experiments.
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I. INTRODUCTION

Fluctuations and noise are always present and affect m
properties of superconductors, and it is thus highly desira
to reach better understanding of these phenomena, in par
lar in the presence of a magnetic field where most impor
applications take place. Flux noise in Josephson-junction
rays and high-temperature superconductors has been st
extensively, both experimentally and theoretically.1–13 How-
ever, most theoretical calculations of the vortex noise sp
trum has considered only the case of zero applied magn
field. In this paper we study the effects of a weak appl
magnetic field on the vortex noise power spectra in both tw
and three-dimensional models for vortex fluctuations.

Experiments on two-dimensional~2D! Josephson-junction
array~JJA! systems by Shawet al.6 determine the flux noise
through a superconducting quantum interference de
~SQUID! loop placed above a JJA. The measured flux no
power spectrum typically has two different frequency
gimes. Below a characteristic frequencyf j , a white-noise
power spectrumS( f )5const is obtained, and abovef j ,
S( f );1/f power spectrum is obtained, with no strong te
perature dependence of the power spectrum visible in thef
regime. In 3D thin films of YBa2Cu3O72x ~YBCO! similar
S;1/f results are obtained, but with a quite different te
perature dependence with a distinct peak aroundT5Tc in S
at a fixed frequency.4,5 Somewhat different results are ob
tained in the flux noise experiments of Rogerset al.8 on
Bi2Sr2CaCu2O81x films of single unit-cell thickness. The
power spectrum is nearly frequency independent below
characteristic frequency, and varies likeS;1/f 3/2 above the
characteristic frequency. Festinet al. obtained similar results
in experiments on thin YBCO films.1 In zero applied mag-
netic field, the 2D flux noise problem has been extensiv
studied theoretically and by simulations of both resistiv
shunted junction models and time-dependent Ginzbu
Landau models.9–14

In this paper we study the dependence of the flux no
power spectrum on a weak applied magnetic field, by Mo
Carlo simulations of both two- and three-dimensional vor
models. The main results of this paper is to demonstrate
by tuning the strength of the applied field, different typ
power spectra are obtained, which can be directly compa
with corresponding experimental results. In particular,
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obtain approximateS;1/f power spectra for a range of tem
peratures, magnetic fields, and frequencies.

II. MODELS, MONTE CARLO DETAILS, AND
QUANTITIES STUDIED

As a model for the electromagnetic properties of a
superconductor, we use a Coulomb gas model for vort
antivortex pair fluctuations. The partition function isZ
5Tre2H/T, where Tr denotes the sum over all configuratio
T is the temperature, and the Hamiltonian is

H5
1

2 (
i , j

qiqjGi j . ~1!

Here qi is an integer denoting the vorticity on sitei of a
square lattice withN5L3L sites with periodic boundary
conditions, andG is a lattice Green’s function defined by

Gi j 5
2p

L2 (
k

eik•(r i2r j )

422 coskx22 cosky
. ~2!

In zero applied magnetic field the total vorticity is( iqi
50, i.e., there are equally many vortices and antivortic
present in the system. In addition to the vortex-antivor
pair fluctuations, an applied perpendicular magnetic fi
contributes with a total vorticity ofNF , such that the flux of
B through the system isBN5NFF0, whereF0 is the flux
quantum.

In our Monte Carlo~MC! simulations the trial moves ar
attempts to insert vortex-antivortex pairs on randomly
lected nearest-neighbor~NN! sites. The moves are accepte
with probability 1/@11exp(bDH)#. One MC sweep consist
of on average one attempt to update each NN pair of si
We typically use up to 106 MC sweeps to compute average
and discard some 30% initial data to approach equilibriu
The model has a Kosterlitz-Thouless~KT! transition with a
critical temperatureTc'0.211, which can be computed b
finite-size scaling analysis of MC data for the helici
modulus.15 The MC calculation of dynamic quantities, suc
as the vortex noise spectrum, involves an assumption a
the dynamics. The natural dynamics for the discrete vor
variables is purely dissipative, such as the dynamics ge
ated by the Monte Carlo simulation where MC time
©2004 The American Physical Society22-1



d

e
t

o
a
k
e
o

n
b

e
I

in
er
ir

th
lie
o
n
u

-
ow

n
t

ti
a
-

of
ev
a-

e
o
o

th
b
a

he
m
ie

,
hat
are
n-

ag-
ys-
pa-
r of
ta

ce

b
r

b
o
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equated to real time. This choice of dynamics is expecte
work close to Tc , where vortex motion is slow and
overdamped.16

Flux noise experiments typically measure the tim
dependent magnetic flux through a SQUID loop placed a
distance above the superconductor sample.4,5 Following Ref.
11, we model this quantity as the time-dependent total v
ticity in a fixed pickup area in the lattice. We usually take
half plane as pickup area. The shape and size of the pic
area has no qualitative effect on the frequency dependenc
the power spectrum in our simulations, but the magnitude
the power spectrum is proportional to the linear dimensiol
of the pickup area, and we eliminate this dependence
dividing the power spectra byl. We assume that vortex nois
closely corresponds to flux noise measured in the SQU
loop.17 Let Na(t i), (t i5 iDt; i 50, . . . ,n21), denote the MC
time series generated in the simulation of total vorticity
the pickup area. With zero applied field, we obtain nonz
vorticity in the pickup area due to vortex-antivortex pa
fluctuations, where one member of the pair is inside
pickup area and the other member outside. In an app
magnetic field, we obtain contributions both from motion
field-induced vortices and from neutral pair fluctuations, a
in this case we subtract the average vorticity in the pick
area from the time series. The power spectrumS is obtained
from

S~ f k!5
1

nDt U(i 50

n21

DtNa~ t i !e
i2p f kt iU2

, ~3!

where f k5k/nDt,k50, . . . ,n21. We evaluate power spec
tra using standard fast Fourier transform and wind
techniques.18 We also consider the correlation timet, which
is computed fromt5(1/2)S(0)/^F2&. The power spectra in
the figures below are averages over 50 to 100 simulatio
and the statistical errors are of the same magnitude as
fluctuations in the data curves.

III. MONTE CARLO RESULTS IN 2D

Monte Carlo results for the vortex noise in zero magne
field are shown in Fig. 1. At low frequency we obtain
white-noise regime withS( f )5const, i.e., uncorrelated fluc
tuations. At high frequency we have a regime withS( f )
;1/f 3/2, indicating vortex diffusion across the boundary
the pickup area. Similar results have been obtained in pr
ous simulations.11,12 The spectra are similar at all temper
tures and system sizes~up to 2003200) we tried, and we
observe no 1/f regime in zero field.

Figures 2–4 show simulation results for different valu
of the applied magnetic field. Figure 2 shows the effect
applying a magnetic field that corresponds to one single v
tex to a system of size 1003100. The addition of the single
vortex significantly alters the frequency dependence in
white-noise region obtained for zero field in Fig. 1. The su
sequent figures show that this frequency dependence
proaches an approximate 1/f dependence upon increasing t
number of field-induced vortices, in the limit of large syste
size. There is also an upper limit for the range of appl
14452
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fields where we obtain 1/f power spectra in our MC data
corresponding to a vortex density of about 4%. We note t
similar results with power spectrum exponents 1 and 2/3
obtained in Ref. 19, for problems with a boundary with i
teracting particles injected at the system boundaries.

Figure 3 shows MC data forS vs f for various system
sizesL3L, at T5Tc and atT51.14Tc , whereTc denotes
the zero field transition temperature. For system sizeL550
the data curves forT5Tc and forT51.14Tc nearly coincide,
but for L5200 they are separated by nearly an order of m
nitude in the white noise regime. This indicates that for s
tems withL;1000 the corresponding curves would be se
rated by several orders of magnitude. Hence the numbe
decades of 1/f behavior grows with system size. All our da
curves also show a high frequency crossover toS;1/f a with
a.1. Such a crossover must in principle always exist, sin

FIG. 1. MC results for the power spectrum of the 2D Coulom
gas model for system size 402 and zero applied field. The powe
spectrum looks similar for all temperatures close toTc , with no
observable 1/f regime.

FIG. 2. MC results for the power spectrum of the 2D Coulom
gas model for system size 1002. The applied field corresponds t
NF51 vortex.
2-2
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the frequency integral of the power spectrum must be fin
This crossover corresponds to some short time scale as
ated with fast motion of vortices on short length scal
where we do not expect our model to accurately corresp
to experiments. Away fromTc we obtain a slight temperatur
dependence in the power spectrum exponent, and we ob
a51 with high accuracy only very close toTc .

To analyze theL dependence quantitatively, we assum
standard critical slowing down of the formt;jz, wheret is
the correlation time,j the correlation length, andz the dy-
namic critical exponent. Since the power spectrum has

FIG. 3. System size dependence of MC data for the vortex n
of a 2D Coulomb gas model in an applied magnetic field cor
sponding to a vortex density of 0.2%. Inset: Correlation timet vs
system sizeL at Tc . We find t;Lz with z'260.1.

FIG. 4. Temperature dependence of MC data for the vor
noise of a 2D Coulomb gas model in an applied magnetic fi
corresponding to a vortex density of 0.2%, i.e.,NF580 vortices at
system size 2002. Inset: Temperature scaling of the white-noi
power spectra atT.Tc and f , f j . The deviation of the rightmos
data point is a finite-size effect visible close toTc .
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dimension of time, or inverse frequency, we make the fin
size scaling ansatz

S~ f !5
1

f
g~ f jz,L/j!5Lzg̃~ f Lz,L/j!, ~4!

whereg and g̃ are universal scaling functions. For timest
.t, i.e., frequenciesf ,1/t, the vorticity inside the pickup
area is uncorrelated, and the power spectrum is white no
Hence the finite size crossover, at the zero fieldT5Tc , be-
tweenS;1/f and white noise scales asf j;L2z. From the
inset in Fig. 3 we obtainz'2, i.e. the usual value for the
dynamic critical exponent at the KT transition. Similar d
namic scaling arguments have been used for power spe
of the order parameter in Ising systems.20

Figure 4 shows results for the flux noise spectrum fo
2D system in an applied magnetic field. In the figure w
observe a crossover fromS;1/f to S;const at a frequency
f j . This crossover is related to the temperature depende
of the correlation length at the KT transition. From the usu
KT form of the correlation length,j;exp(a/AT2Tc), f S( f )
should be a function off / f j , with f j;exp(az/AT2Tc). The
inset in Fig. 4 shows data for the white-noise spectru
S( f )5const for f , f j vs AT2Tc, which displays a reason
able agreement with the KT functional form. The deviati
from the straight line in the plot of the data point closest
Tc is a finite-size effect.

IV. MONTE CARLO RESULTS IN 3D

We have also simulated a 3D vortex loop model, us
similar methods as in 2D. In the 3D case the Hamiltonian
H5(1/2)( jqj

2 , whereqj the integer vorticity on linkj of a
simple cubic lattice withL3L3L sites and periodic bound
ary conditions~PBC! in all directions. This model assume
an onsite interaction, which applies in the limit of stron
screening of the interaction between vortices. The use
PBC means that we ignore surface effects that may actu
be important in experiments. The MC trial moves are
tempts to insert closed vortex loops around the elemen
plaquettes of the lattice.16 This loop model hasTc'0.333.16

In zero field, we find a 1/f power spectrum only atT5Tc
~data not shown!. MC results for power spectra with a sma
applied field are shown in Fig. 5. With a finite number of n
vortices, we observe 1/f power spectra for a range of tem
peratures. The range of temperatures where we observe 1f is
actually broader than in 2D. We also studied randomTc
disorder,16 but this does not qualitatively modify the powe
spectra. Finally, in Fig. 6 we study the power spectrum a
fixed frequency, as a function of the strength of the appl
magnetic field. We find that the power spectrum is roug
proportional to the field, which is in agreement with the e
perimental result for YBCO in Ref. 5.

V. CONCLUSION

From simulations of vortex dynamics in two- and thre
dimensional vortex models, we study the magnetic-field
pendence of the power spectrum, and compare the resu
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experiments on flux noise in superconductors. In zero
plied magnetic field, we obtain a crossover from white no
at low frequency to 1/f 3/2 at high frequency, which is simila
to the experiments by Rogerset al.8 and Festinet al.1 With a
small net field we instead find approximate 1/f behavior of
the power spectra, which is similar to the experimental
sults of Shawet al.6 We also present simulations for a 3
model, where we obtain a magnetic-field dependence of
power spectrum that is similar to experiments by Ferr

FIG. 5. Monte Carlo results for power spectra of a 3D vort
loop model for system size 403 and an applied field correspondin
to NF516 vortex lines.
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et al.5 It would be of interest with further, systematic expe
mental results on the effects of applied magnetic fields
flux noise power spectra.
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FIG. 6. Field dependence of MC data in Fig. 5 forT50.8Tc

together with experimental data from Ref. 5. The MC data ha
been multiplied by a constant to simplify the comparison with e
perimental curve.
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