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Two-fluxon dynamics in an annular Josephson junction
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Two-fluxon state in an annular Josephson junction in the presence of external magnetic field is studied
analytically, numerically, and experimentally. We obtain an analytical expression for the potential of interaction
between the fluxons moving at arbitrary velociti@gthout the use of the “nonrelativistic” approximation
Treating the fluxons as quasiparticles, we then derive equations of motion for them. Direct simulations of the
full extended sine-Gordon equation are in good agreement with results produced by the analytical model, in a
relevant parameter region. Experimental data qualitatively agree with the numerical results.
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[. INTRODUCTION studied theoretically by Karpmeet al. (see Ref. 13 and ref-
erences therejnThose authors found an analytic expression
A magnetic flux quantunifluxon) in a long Josephson for the interaction force between fluxons in the case of a
junction (LJJ) is a well-known physical example of a sine- small relative velocity, which corresponds to the “nonrela-
Gordon soliton. Ring-shapetannulay LJJ's serve as the tivistic” approximation, when the relative velocity is much
ideal setting to study the fluxon dynamics, as it is not persmaller than the limit velocity in the LJ3he Swihart veloc-
turbed by boundary conditions at edges, which is the case fdty). However, in the situation relevant to the experiment, the
linear LJJ's' Due to the magnetic-flux quantization in a su- latter condition is not met, in the general case. In this paper,
perconducting ring, the number of fluxons initially trapped inWe aim to develop an analytical approach to the interaction
an annular junction is conserved. A handy tool, which makegvhich will be valid in the general“relativistic” ) case, and
it possible to create an effective spatially periodic potentiaWill make the results interesting in a more general context, as
for a fluxon trapped in the annular LJJ, is external dc magmentioned above. The theory will be based on an asymptotic
netic field directed parallel to the ring’s plafef 6 is the ~method for weakly interacting solitons in nonintegrable
angular fluxon coordinate along the ring, the effective potensystems:****The analysis will be followed by direct simu-
tial is U(#)~H cosé, whereH is the strength of the mag- lations and presentation of experimental results.
netic field. The minimum of the potentia| is located at the The theoretical model for the annular LJJ in the external
spot where the fluxon’s magnetic moment is directed alongnagnetic field was proposed in Ref. 2. It is based on the
the external field. The dynamics of a single fluxon in the€xtended(perturbed sine-Gordon(sG) equation for the su-
spatially periodic potential has attracted a great deal of intefPerconducting phase differengebetween the electrodes of
est, as shown by many theoretical and experimental work€ junction:
dealing with this subject, see Refs. 3—11 and references
therein. The potential for further investigations offered by the Pyx— @1t~ SINe=a g+ y+hsin(gx). (1)
annular LJJ’'s with trapped fluxons is still far from exhaus-
tion, which is attested by the very recent experiments withtHerex is the coordinate along the ring, which is normalized
quantum fluxons in this system at ultralow temperatures—to the Josephson penetration depth the timet is normal-
the first ever direct observation of quantum tunneling of
solitons*? fluxon1
The objective of the present work is to study, both theo-
retically and experimentally, dynamics of two fluxons with
equal polarities trapped in the annular LJJ. The system is
schematically shown in Fig. 1. In the presence of the external
magnetic field, the problem is distinguished by the interplay
of the above-mentioned effective periodic potential acting on
each fluxon and interactiofmepulsion between them. While
soliton-soliton interactions are a well-known topic for theo-
retical analysi$,the present setting gives a unique possibility
to directly study interactions between solitons in a real physi- fluxon2
cal system under fully controllable conditions, which makes
the problem relevant to a much broader context than the FIG. 1. The schematic view of an annular Josephson junction
LJJ'sper se In fact, our approach to the interaction is essenith two trapped fluxons; the magnetic field is applied in the
tially different in comparison with earlier works, and, in this plane of the junction. Josephson tunnel barrier is shown by thick
respect, it may also be of interest to many applications.  black line; in gray are shown superconducting electrodes, which are
The interaction between two fluxons in LJJ's was firstextended in the junction plane in order to feed the bias current.
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ized to the inverse plasma frequenoy *, « is a coefficient  progressive motior(“rotation”) of the fluxon around the
of the dissipation due to the quasiparticle tunneling acrossing, with a nonzero mean value of the Veloci{_ySolutions
the junction, andy is the bias current density, normalized to of the second type correspond to small oscillations of the
the critical current density, of the junction. As commonly fluxon around the minimum of the effective potential with
accepted, we assume that the bias current is uniformly dighe frequency
tributed along the ring. Furtheq=2#x/L, wherelL is the

normalized circumference of the junction ard is the w?
strength of the external magnetic fielti normalized by a @o= VoL
sample-specific geometric factof.If N fluxons are trapped

in the ring, Eq.(1) is supplemented by the boundary condi- the average velocity being zero. This state existby|f is

172

2
hzseci?(W )—72 , (6)

L

tion below the critical value,
e(L+x,t)=p(x,t)+ 27N, (2a) yP=hsectiw?/L). (7)
ex(L+X,1)= o, (X,1). (2b) In the presence of dissipatioa ¢ 0), the oscillations are

-1/2

1+ (8)

) i . i damped, and in the stationary state the fluxon is at rest. On
The paper is organized as following. The single-fluxonihe other hand, the progressive motion remains possible if
Il B, the derivation of an effective force of interaction be- ayerage velocity, which, in the first approximation, is given
tween two fluxons, valid in the generaklativistic) case, is  py the McLaughlin-Scott formufa
Sec. lll. In Sec. Il A, we analytically consider a special case )
of an ostensible resonance in the two-fluxon system. In Sec. (éo)=
in an annular LJJ. Equation(8) determines the normalized current-voltage char-
acteristics of the junction with a single trapped fluxon.

: are quasiparticles interacting with a certain folsee be-

A. The basic model low), and all the forces in Eq5) act on each fluxon sepa-
fluxons are well separated from each othgh— &,[>1, expected{i) oscillations of both fluxongdue to dissipation,
where ¢, , are coordinates of their centers. In this case thehe oscillations of fluxons in the well are damped, i.e., a

dynamics in the annular LJJ is reviewed in Sec. Il A. In Secihe dissipation is not too strong. The fluxon moves with the
presented. Results of numerical calculations are displayed in
4a)2
IV, we present experimental results for two fluxons trapped Y
Il. THEORY In the case of two trapped fluxons, we assume that they
In our theoretical approach, we assume, as usual, that thately. In this case, three different dynamical regimes are
two-soliton state may be represented by a linear combinatiopero-voltage state, hence, we call this state “static-static”

of two single-soliton solutions: (S-S regimd, (ii) rotation of both fluxong“R-R” regime),
and (iii) rotation of one fluxon and oscillations of the other
P=¢1F ¢, (3 one(“R-0” regime). Note that in the R-O regime oscilla-
where tions take place even in the presence of dissipation, because
the fluxon whose average velocity is zero is periodically ex-
X—&:(1) cited by collisions with the rotating one.

on,=4arctan ex +27(n—-1), (4

Vi-¢2 B. The interaction force

(n: 1,2) is the sing|e_so|it0n solution of the unperturbed sG In order to find the interaction force between two fluxons,
equation, antfn is its velocity. The last term in Ed4) is a we use the center-of-mass reference fra@drame. In this

shift of the background phase which is necessary to descrigs2me the solitons move with velocitiesu. It follows from
a two-fluxon configuration. the Lorentz transformation that

Before discussing the interaction of the fluxons, we . . ,
briefly recall known results for a single fluxon trapped in an 1866 V1- &EVN1-& 9
annular LJJ. This fluxon may be considered as a quasiparticle u= E— & ' ©)

obeying the well-known equation of motiot
) ) In the subsequent calculation, we gg &, for the definite-
d 3 aé 7h ? Ty ness’ sake.
V(—) sin(q§) = e

at o —+ 5 5€¢ To calculate an effective potential of the interaction be-
\/1—52 \/1—52 tween the fluxons, which will then produce the interaction
(®)  force, we start with the Hamiltonian of the unperturbed sG

which is equivalent to the equation of motion for a relativis- €uation in the infinitely long system:

tic pendulum in a lossy medium under the action of a con- . 1 1

sftant torqu_e. This equation ha_s sqlutio_ns of two typgs. The H :J dx(_gotzJr _€D§+ 1—cose|. (10)
first type gives rise td&(t)| growing indefinitely. It describes Y 2
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For the calculation of the Hamiltoniaf10), we divide the  where the contribution of the right half space is taken into
space into two parts. The leftight) part occupies the space account, and
from —oo (+) to the midpoint between the two fluxons,

a= (&, + &)/2. We perform the actual calculation for the left 1+ &8~ V1-E2\1- &
part only, as for the right part the calculation is just a mirror V= Py (16)
image. SRKY.

In the left part, we substitute the solution as the linearis the velocity of the center of mass of the two-fluxon con-
combination(3), whereg, is considered as a small perturba- figuration in L frame. In the case of equal velocities, the
tion, once the two fluxons are assumed to be well separategotential(15) reduces to the well-known result of Karpman
Then, the Hamiltonian is written, in the first approximation, et al®
as Due to the ring geometry of the system, the poteriti&)

gives rise tawo forces acting on each soliton, which should
Hier=H1+ 6Hiesint» (11 be added to the individual forces in E&). These interaction

forces are
whereH;=8/\/1—u? is the Hamiltonian of the unperturbed

sG soliton, and the interaction term is of the first order with .
i (Fin)1= = (Fin2=— g gay SHim®
respect to the weak field,, int/1 int’2 8 dAx ~ nt

. p(_ AX
X 1-u?
17

whereAX=|&,—&,|, and 8 is for the effective mass of the
fluxon in the present notation. Equatiof and (17) de-

scribe the dynamics of the two-fluxon system in an annular
5H|eft,iﬂt:(1_u2)(‘Pl)X‘P2|a—oo L\]\]

4
1-V

Hieftint= J_mdx[((Pl)x((P2)x+ ()i @2) i+ @asine,]. =
(12

Substituting the expression valid for a moving soliton,
(¢n)1=— &n(@n)y and, integrating by parts, we obtain

a
+f dX[ — (@) xxt (@)t sine]e,. lIl. NUMERICAL CALCULATIONS

(13) In order to verify the theory presented above, we checked
numerical solutions of the quasiparticle equations of motion
The integral term in Eq(13) is zero as the bracketed expres- against direct simulations of the full equati¢h). The qua-
sion is the sine-Gordon equatigtihis way of nullifying the  siparticle equations of motion were numerically solved by
integral terms is known in the general analysis of the intermeans of the fourth-order Runge-Kutta method. The time
action between separated solitthsThe contribution to the step wasAt=0.05. Equation(1) with boundary conditions
first term in Eq.(13) at the left limit,x=—o, is zero too (2) was numerically integrated using the stabilized “leap-
because both;), and¢, decay exponentially at infinity. In  frog” method!’ The steps in time and space were taken as
order to calculate the contribution from the upper limit, we At=Ax=0.05. We verified the accuracy of the numerical
use the asymptotic forms ofe), and ¢, valid at large routine by halving and doubling the discretization of the
values ofx (it is also a known point in the general analysis of steps. Here we present numerical results for experimentally
the soliton-soliton interactiony: relevant values ofvr=0.02 andL=20. The bias curreny
was varied in steps of 0.002.
4 X—&; The general behavior of the system can be described as
(P1x)asymp= — —=€XP — T follows. While vy increases from zero, both fluxons originally
1-u Vi-u stay pinned in the effective potential induced by the mag-
netic field, so that the voltage across the junction is zero. At
X=§& a critical value of the curreny., the system switches into
(¢2) asymg= —4exr( ﬁ) 14 the R-O regime, in which one of the fluxons rotates, while
the other one oscillates due to periodic collisions with the

After the substitution of the expressiofis}) into Eq.(13) ~ moving fluxon. This state is stable in a regigrcys, up to
and calculation of the nonvanishing contribution to the first2nother critical pointys. On the other hand, decreasing the

term from the right limit.x=a, and then getting back from bias current leads to a transition to the regime with both

the C frame to the laboratory reference frathdrame), we  [1UXons pinnedzero voltagg at a different valuey=y; .

arrive at an expression for the interaction potential for two_ At ¥>7¥s, the system operates in R-R regime with both
moving fluxons in the infinitely long junction, fluxons rotating. Further increase of the bias current does not

change the state of the system, up to a large value of the
current, at which the junction switches to the “whirling”
1—-u? -
ot 32" p(_ & §2|>,

ex (15)  (resistivg state, with uniform rotation of the phase over all
J1—V? Jy1-u? the system. When decreasing the bias current, the system
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FIG. 2. The current-voltage characteristics of the long annular  FIG. 4. The dependence of the maximum current of the first step
junction with two trapped fluxons found from direct numerical in thel-V curve,y5, on the magnetic fielth, as found from direct
simulation of Eq(1) (dotg and from the analytical model based on simulations of the full equatiofl) (dots, and from the analytical
Egs.(5) and(17) (solid ling). In this case, the magnetic field is fixed model based on Eq$5) and(17) (line).
to h=0.3.

switches first into the R-O regime and then into the zero- For small currents, the-V curves for the R-O and R-R
voltage one. regimes, found from the direct simulations of Et), feature
Typical current-voltage I€V) characteristics, which dis- additional small steps. Additional analysis shows that they
play all these states and transitions, are presented in Fig. &re¢ due to resonant generation of radiation by the fluxons
Points shown by dots correspond to the numerical solution ofoving in the periodic potential; this phenomenon has been
the full equation(1), while the lines depict solutions of the studied in detail beforé.
quasiparticle model based on E@S) and (17). As is seen, The comparison of the other critical value of the bias
the analytical quasiparticle model making use of the expreseurrent, v, (which corresponds to the first step of the/
sion(17) for the interaction forces is in good agreement with characteristics again as found from the direct simulations
the direct simulations. and from the analytical model, is shown, vs the magnetic
The comparison of the critical valueg, of the bias cur-  field, in Fig. 4. At small values of the field, these dependen-
rent, obtained from the full simulations and from the ana'yti-cies agree very well. However, for>0.48 the curve gener-
cal model, is shown in Fig. 3. A small difference betweenated by the direct simulations goes down with the increase of
them is explained by the fact that, in the S-S regime, thene field. Clearly, in this region the parametersand h are
actual distance between the pinned fluxons is small, hengg, large to apply the perturbation theory. The ansatz used in

the assumption of far separated ones is not accurate in this,, approach breaks down, since latggenerates extra flux-

case. Indeed, the numerical computations show that the di%— : - . : :
’ ; ) . .ons in the junction. With the further increase laf y de-
tance between the fluxons in the static case varies, dependin J af 75

o . B Weases until it becomes equal¥p. At a still stronger field
on the magnetic field, in the range of 0.8-1.5. (h>0.58), the system jumps from the S-S regime directly

05 into the whirling state.

On the other hand, the curve produced by the analytical
04 b approximation continues to go up with the field until
' =0.5. For fields larger than 0.5, the system resonantly
= switches from the R-O regime into the R-R one, but at so
S 03 - large values of the field the quasiparticle model based on the
§ perturbation theory becomes irrelevant.
IS 02
S 01 L A. The resonance condition
A noteworthy feature of the two-fluxon dynamics in the
0.0 T R-O regime is a possibility of a resonance between the natu-

0.0 ' 0.1 ' 02 ' 0.3 ' 0.4 ' 05 ' 06 ' 07 ral frequency of oscillations of the trapped fluxon and peri-
odic excitation due to its collisions with the rotating one. The
resonance condition can be predicted by equating the small-
FIG. 3. The critical currenty, vs the magnetic fieldh, obtained  0Scillation frequencyw,, which is given by Eq(6), and the

from direct numerical simulations of the full equatith (dots and  rotation frequencyo, = q(¢,), whereé, is the velocity of the
from the quasiparticle modéline). rotating fluxon, that can be obtained from E§). This yields

Magnetic field (h)

144502-4



TWO-FLUXON DYNAMICS IN AN ANNULAR JOSEPHSON . .. PHYSICAL REVIEW B59, 144502 (2004

5 5
= |
4 i £ 4L
< g |
E w
=3 d 7 3
C =
£ 5 r
2 "E 2_
5 } £
o 21
— g 1+
1) e i P S TP R S ot 11 1
0 20 40 60 80 100 120 140 00 05 10 15 20 25
Voltage (uV) Magnetic field (arb. units)

FIG. 5. Current-voltage characteristics of the annular Josephson FIG. 6. The experimentally found critical current for the jump
junction with two trapped fluxons. The open circles correspond tofrom the one-fluxon step of thieV curve to the two-fluxon one, as
the experimental data and the solid line to the numerical solutiong function of the magnetic field.
of Eq. (1) with «=0.025,L=28.5, andh=0.3.

5 T applying the bias current from the top electrode of the
h=y,.c08 77_) \/ 64T Vres (19) junction to the bottom one and measuring the dc voltage
Yre L L2(7T27r2es+ 16a2)2' generated due to the motidrotation, in terms of the theo-

. _ _ retical considerationof the trapped fluxons. The results pre-

where yes is the value of the bias current corresponding t0gented helow were obtained for a junction with the mean

theltresonatl)nce. ted that thi Id Itin diameter 10Qum and ring’s width 3um. The circumfer-
may be expected that this resonance would resu nce(length of the annular junctionn the normalized units

resonant switching from the R-O regime into the R-R one _
and there would appear a drop in the dependence of th\gasL—28.5. The measurements were performed at 4.2 K.

first-step critical curreny, vs the magnetic fielt. This drop At zero magnet".: field, depinning of a fluxon was ob-
is predicted by the numerical solution of the analytical modelsfemEd as a switching from the zero voltag_e state into the
(the solid line in Fig. 4 However, at low magnetic fields the Single-fluxon step of thé-V curve(the state with one mov-
system actually switches into the R-O branch at a higheid fluxon), at the current, that was smaller by a factor of
current than the current value corresponding to the resgabout 65 than the critical current for the same junction, mea-
nance. At larger magnetic fields, it switches directly into thesured without trapped fluxons. This fact indicates a high de-
R-R branch, because the total perturbatifield and bias 9ree of homogeneity of the junctida strong local inhomo-
curreny becomes too strong. geneity would give rise to a much larger value of the fluxon-

In fact, the perturbation approach is not applicable in thisdepinning critical current
situation, as a more detailed consideration of the analytical e measured theV curves of the state with two trapped
model shows that it formally predicts strong periodic over-fluxons for different strengths of the applied magnetic field.
lapping between the two fluxons, which cannot take place ifPne of these curves is shown in Fig.(@pen circles The
reality. With the increase of the junction’s length the in-  solid line corresponds to the numerical solution of EL.
tersection point of the Curveﬁc(h) and yregh) moves up- with parameters found from experimental date=0.025,
ward in bias current, while its dependence on magnetic field-=28.5, andh=0.3 (solid line in Fig. 5. The experimental
is very weak. curves agree quite well with those predicted by the above

analysis. Two branches of theV characteristic are ob-
IV. EXPERIMENT served. The first branch, at the voltage of abouff cor-
responds to the R-O regime, and the second one, observed at

Measurements of theV characteristics of the two-fluxon about 130uV, clearly pertains to R-R regime. The actual
state were performed in long annular Nb-Al-AlDIb junc-  losses in the experiment were apparently stronger than that
tions. Due to the magnetic flux quantization in the supercontaken for numerical simulations. This explains why small
ducting ring, the number of initially trapped fluxorisoli-  steps(generated by the resonant emission of plasma waves

tong is conserved. Trapping of a magnetic flux in the by the fluxon present in numerical data are suppressed in the
junction was achieved while cooling the sample below theexperiment.

critical temperature of niobiumiy?=9.2 K, in the presence Figure 6 shows the measured value of the switching cur-
of a small bias current passing through the junction. Theent for the transition from the R-O regime to the R-R one vs
number of trapped fluxons was determined from the highesthe external magnetic field. The curve is similar to the de-
voltage of the tallest resonant branch on the current-voltagpendencey(h) (dots in Fig. 4, which was obtained above

characteristicdsee Fig. 5. Experiments were performed by from the direct integration of the full sine-Gordon mod#).
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V. SUMMARY accurately predicted by the quasiparticle model, if compared

. . the direct simulations. For this case, we have also inves-
In this paper, we have reported results of theoretical an

experimental studies of two-fluxon dynamics in a long annu-, gated the possibility of the resonant excitation of the
P : S y g trapped fluxon by periodic collisions with the rotating one,
lar Josephson junction in the presence of the external ma

netic field. The analytical expression for the interaction forcgd-nd eventually concluded that this case, although seeming
: y =XP : - superficially natural, is irrelevant, due to limitations on the
between two fluxons moving at different velocities has been licability of th bation th
derived, without assuming the motion nonrelativigtichich applicability of the perturbation theory.
) ' : ; ) In the third regimgthe R-R ong, both fluxons rotate. The
is an essentially unique element of the analys$®lutions of . ' . . :
L correspondingl-V curves found in the direct simulations
the system of the two resultant coupled quasiparticle equas

. . emonstrate several additional small steps, which are ex-
tions of motion for the fluxons demonstrate good agreemen(fI , ; L
with direct numerical simulations of the two-fluxon state in plained by resonant generation of small-amplitude plasma

the full sine-Gordon model including all the perturbations. waves by fluxons moving in the periodic potential; the latter

- : : effect was considered earlier for the single-fluxon case.

Three distinct dynamical regimes of the two-fluxon state The method develooed in this work to calculate. in the
have been thus identified. First, both fluxons may be pinned ped It . T
in the potential induced by the magnetic figltie S-S re- general case, the effectlve_ mteract_lon_forc_e acting be_tween

. . . - - two moving solitons may find application in other soliton-
gime). There is some discrepancy in the prediction of the .

- : d : ) bearing systems.
critical current, which destroys this static regime, between
the quasiparticle model and direct simulations, due to the

fact that the separation between the two trapped fluxons is ACKNOWLEDGMENTS
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