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Solid-liquid equilibria in nanoparticles of Pb-Bi alloys
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The melting behavior of isolated nanoparticles of Pb-Bi alloys was observed by hot stage transmission
electron microscopy. Dark-field images acquired as a function of temperature permitted the melting behavior of
individual nanoparticles to be characterized as a function of their composition and size. In this way, the
experimental measurements could be used to find the temperature at which the onset of melting occurred and
the temperature at which the transition from a liquid-solid two-phase particle to a complete liquid particle
occurred. From these data, phase diagrams of individual, isolated nanoparticles were constructed as a function
of the size of the nanoparticle. Several deviations from the melting behavior of bulk materials were observed.
For particles of a given composition the melting temperature is lowered relative to the melting temperature of
bulk material and the depression of temperature increases with the inverse of the particle radius. The liquid and
solid phases follow melting paths that form liquidus and solibasdson the temperature-composition phase
diagram. The range of two-phase coexistence shrinks as the solute concentration decreases, and the liquidus
and solidus bands finally coalesce into a single line at low solute concentrations in apparent violation of the
Gibbs phase rule. Of particular interest is the observation that melting begins and ends abruptly as temperature
is increased. Considering the isolated particle as a thermodynamic system in contact with a heat reservoir and
a pressure reservoir, the conditions for two-phase equilibrium in the particles were calculated from the total
internal energy of the particle and the reservoirs. The loci of parameters of the calculated minimum points of
the total energy were compiled to calculate a phase diagram for alloy nanoparticles as a function of their size.
This calculated diagram contains all of the special features observed experimentally and agrees quantitatively
with the experimental measurements. These features should be sufficiently general to apply to other alloys. The
guantitative conformance of the experimental with the calculated results is sensitive to the material properties,
in particular to the composition dependence of the surface energy of the liquid.
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[. INTRODUCTION dynamics. Some were attributed either to the large surface
energy?® or to the large hydrostatic pressure exerted by the
Much of the interest in nanostructured materials origi-surface stres¥ or to significant surface segregatithlt is
nates from the challenge to find materials with properties thatherefore highly desirable to have a consistent, general for-
are substantially different from those of the same materials imulation of the thermodynamics of nanoparticles. It should
larger-scale forms. New dielectrie.g., Ref. }, ferromag- provide a comprehensive description of the role of the vari-
netic(e.g., Ref. 2, optic (e.g., Ref. 3, catalytic(e.g., Ref. 4,  ous relevant variables, including the surface energy, surface
and other properties are indeed being realized. Of particulagtress, adsorption to surfaces, composition, curvature, pres-
interest are nanoparticles that exist in new structures, metaure, shape, and size, in the equilibrium states or phase dia-
stable structures, or known structures extended beyond thgams of nanoparticles. In this work we present the results of
composition or stability ranges of ordinary bulk materials. 3 experimental study of the solid-liquid equilibria of nano-
Many examples were recently described. These include nok;j;eq binary alloys of Pb-Bi and a careful thermodynamical
mally crystalline alloys as amorphous onesg., Ref. 3, gnayysis. The melting of isolated, spherical nanoparticles of
icosahedral nanoparticlés.g., Ref. 6, carbon as fullerenes, Pb-Bi alloys was observed bip situ transmission electron
and other structurege.g., Ref. 7. Many metastable phases microscopy(TEM) and modeled by adding surface terms to

were identified during solidification or crystallization of : ; :
amorphous alloyse.g., Ref. 8. Extended ranges of stability th?n t()ali;kturtzfa(:rg]n?dggi?ig]rfsigguaﬂgrs]: gifa t:g]r‘::rﬁs aﬂﬁ?’;&g
appear as increased solubility and liquid phase premelting oée P P P 9 y

solids as will be described below. The sustained melting o erived.

solids in confined spaces was also obsef/Edhanced solu- The precursor to the binary phase diagrams of nanopar-
bility was found in many alloys, e.g., in Fe-Agttributed to ticles was the determination of the depression of the melting

segregation to grain boundarjéd Ni-Ag,ll Ni-Al 22 and point in nar_woparticles of pure e_Iements. Lord Kelvin realized
Al-Zr, 3 and of hydrogen in metaé.Synthesis of nanocrys- that small isolated particles will melt at a reduced tempera-
talline materials often yields phases known to be stable dre relative to the melting temperatufg, of bulk materials.
higher temperatures or pressures, e.g., cubic B@,T?O This is called premeltin@% He predicted that the melting
monoaclinic yittrial® tetragonal zirconid! y-aluminal® and  temperature will change b T, in proportion to the curva-
titania as anastasé Many of these observations have beenture 1f of a spherical nanoparticle and the latent heat of
successfully explained in the framework of classical thermomelting AH,,, by the well known Gibbs-Thomson formula
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where the solid-liquid surface energy 8, and the atomic ':!-'p.. .3....3' -
volume of the solid i8/°. Premelting behavior was first dem- 09 ‘2".‘.*. "y
onstrated experimentally by Takagiwho used hot stage “ 0.‘*«... ‘.r'
transmission electron microscopy to observe the melting '““." ‘-”‘3
temperature of a collection of isolated small crystals of pure .‘.Qi : ,.’f.
bismuth, lead, and tin. Melting was determined by the disap- 2O M ) 8

fetting was e %% Jo ¥ 0
pearance of the crystalline diffraction pattern. Her work was h S ‘ -" "‘ L
followed by several investigations using dark-field electron .a‘.‘. .:,. e
microscopy to determine the melting temperature of indi- ;... .‘..-...Q%Q v g
vidual isolated nanoparticles of fi;?> Sn2°-2° gj 253031 a® ase Ll a0l
Pb2330317] 32 Ge3? Ag,®2 Au,®® Cu2? and CdS* In these FIG. 1. Bright-field transmission electron micrographimfsitu
studies the 1/ dependence was assessed although the exadeposited alloy particles of Bi-Pb. Compositions vary with size
relation between them remained ambigu6if:3335-37 from 51 at. % Bi at a radius of 4 nm to 56 at. % Bi at a radius of

Extending the studies of the melting behavior of one-25 nm.
component nanoparticles to that of binary alloys has been
accomplished for simple eutectic systems in the Al-rich sidghe particles was controlled by the temperatures of the source
of the Al-Cu diagran?® In-Pb3° Bi-Sn*® and several hypo- baskets. The temperature of the substrate during the deposi-
thetical systemé! In the present work we extend the studiestion was 480-520 K. In this range most of the alloys are
to the more complicated binary system of Pb-Bi, where speliquid; hence spherical isolated particles were obtaittég.
cial features of the melting behavior of nanoparticle alloysl).
were experimentally revealed. An explanation of the behav- The individual nanoparticles are believed to be in a radia-
ior based on a deliberate thermodynamic account of the sution equilibrium with the heater wall, whose temperature is

face properties of the nanopatrticles is presented. measured by the thermocouple, because those particles in the
radiation shadow of the grid bars melted at higher tempera-
Il. EXPERIMENTAL METHODS tures than their neighbors away from the grid bars. Radiation

equilibrium allows particles of different sizes to be at the

The experimental apparatus utilized for this study was asame temperature as the heater wall, so the measured tem-
dedicated Siemens 1A transmission electron microscope, thgerature of the heater wall gives the temperature of the par-
specimen chamber of which has been replaced by a specialticle. If the nanoparticles were heated by conduction through
designed vacuum chamber to alldw situ physical vapor the copper grid and the carbon substrate, different sized par-
deposition of metals on very thin substrate films supported irticles could be at different temperatures. Further, such a
a specimen cartridge made of high-thermal-conductivitymode of heating would lead to the particles nearer the grid
copper-beryllium alloy. It is inserted into a heater that uti-bar being at a higher temperature than those away from the
lizes electromagnetically self-canceling bifilament tantalumgrid bar, and hence the particles away from the grid bar
wire for its heat source. A Chromel-Alumel thermocouple would have to be heated to a higher wall temperature to melt.
junction was attached near the specimen and calibrated b§ince the opposite behavior was observed, a radiation ther-
the melting temperatures of thick films of the pure metalsmal equilibrium rather than a mass thermal conduction
The melting temperature of flat thin films was found to bemechanism is believed to be the operative mechanism of
reduced by only 1-2 °C below that of bulk material of simi- heating.
lar composition. Electron beam heating was estimated by Melting experiments were performed by recording a se-
conducting heating experiments with the electron beam ofies of dark-field micrographs while heating at a rate of 1
the microscope off and comparing to ones with the beam ork/min. Selected area diffraction was performed in each
Heating from the electron beam was found to be only a fewspecimen to determine the crystalline phases. Chemical
degrees when the beam current was at its minimum settingenergy-dispersive spectroscopy analysis was performed in a

Substrate films of thin amorphous carbon supported orPhilips EM 400 electron microscope on identical specimens,
100-mesh copper grids were placed in the specimen cartridgexcept that the particles were covered with a second layer of
for coevaporation of Bi and Pb to nucleate nanoparticles. Thamorphous carbon to limit contamination. It was found that
carbon substrates were baked at 300 °C for at least 12 h atfar a given deposition the size of a particle determined its
pressure of 10* Pa to remove contamination and cooled to composition. In order to detect the melting temperature of
the deposition temperature. Then Pb anddipurity 99.99—  individual crystals, dark-field electron microscopy was ap-
99.999 % were evaporated from separate, wire-wound basplied. In this technique only electrons that were diffracted
kets of Mo and W, respectively. A molybdenum sheet shuttethrough a specific range of Bragg angles are used to create
between the substrate and metal sources was used while otite image. Hence only crystals that have a selected orienta-
gassing and stabilizing the rate of deposition. Then the shution form bright images while other crystals have dark im-
ter was opened and particles were produced by covapages. When a crystal melts the intensity of electrons dif-
deposition of Bi and Pb. The composition of the vapor andfracted through the specific angles is strongly reduced and
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FIG. 2. The melting of a small solid particle of raditg and 415

surface energy®?to form a solid core of radiusg and interfacial aol| 2

energyy®, completely wetted by its melt of surface energ$ and 405 ‘ ‘ ‘ _ , ‘
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the image of a particle that was bright becomes dark. Micro- 40

graphs were taken at regular temperature intervals and wer® 4ss e .
analyzed to obtain the melting temperatures versus particleﬁ 450 - ‘r. »
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vidual particle still appears bright and the succeeding micro-" 435 - _ f: .. o

graph(only a degree or two highgm which it appears dark 430 1 iy r

is assigned as the melting temperature of that nanoparticle :;: i rﬁ ;'“ .

For alloy nanoparticles the onset of melting appears as & a5 | L L .
reduction in the size of the bright regidim dark-field modg a10 4 co e o

corresponding to the sudden appearance of an amorphou .. : , i i . , ,
(liquid) layer surrounding the crystalline coréwo-phase 0025 005 007 a1 o5 015 0175 0g
solid-liquid equilibrium. This onset of melting is taken as _ _1’1_‘ i

the solidus temperature. Similarly, the temperature at which F!G- 3. The dependence of the solidus and liquids temperatures
the same, two-phageolid-liquid) nanoparticle transforms to ©n the size of a set of nanoparticléa) Two points connected by
complete liquid(the entire particle appears daik taken as thin arrows represent a single partlcle,_whlch_ begins to melt
the liquidus temperature. The temperature interval betwee bruptly at the lower temperature; then its solid core gradually

these two melting events defines the range of temperatureS rinks untl it reaChes. th.e size des'g.nated by a rhombus, where it
hich th lid and liauid coexist in equilibrium abruptly melts(b) The liquidus and solidus temperatures of a larger
over whic € solid and liqui xistin equilibrium. collection of particles. The composition of the particles resides in

the e-phase region varying with particle size from 51 at. % Bi for
Ill. EXPERIMENTAL RESULTS particles of 4 nm radius to 56 at. % Bi for 25 nm radius.

Most of the particles in the Pb-Bi system were singlesuddenlyto form an entirely liquid particle. The solid core of
phase and single grain and showed a spectrum of sizes anadius ranging between approximately Ry8and 0.R, thus
compositions after deposition. A typical TEM micrograph of abruptly disappears from the image. The solid core of many
as-deposited nanoparticles is shown in Fig. 1. particles that show up bright in the dark-field image “blinks”

Upon heating, the initial melting of the particles was con-on and off before the particles completely disappear. This is
firmed to take place by the formation of a definite amount ofinterpreted as an oscillation in the orientation of the particle
liquid sheath surrounding a crystalline core. This is consisin and out of the Bragg condition. As mentioned earlier, for
tent with the usual wetting condition of a melt in contact each composition and size of an individual particle the tem-
with its solid. Further heating of the liquid-solid particles perature at which the liquid sheath first forms is designated
showed shrinkage of their dark-field images, without a conas a solidus point. Similarly, the temperature at which the
comitant diminution in the size of their bright-field images, solid core of that particle completely melts is designated as a
i.e., shrinkage of the crystalline solid. In some cases it wasiquidus point.
possible to discern a faint dark-field image of the peripheral The melting behavior of individual particles obtained in a
edge of the liquid sheath, which had essentially the same sizsingle deposition was determined as a function of their size
Ry as that particle before any melting occurred. and composition. Representative data are shown in Figs. 3

At a specific temperature reached during heating, a liquichnd 3b), determined for compositions corresponding to the
sheath of a definite thickness appeswsldenlyand forms a  e-phase field of the bulk diagraib1-56 at. % Bj. In Fig.
layer around the solid core. This is the first indication of3(a) the (solidug temperature at which melting begins for
melting. Simultaneously with the appearance of a liquideach particle of the indicated si#®, is represented by a
sheath the radius of the solid is observed to change abruptiguare and theéliquidus) temperature for which the solid-
from Ry to a value between 0.8 and 0.&,. This abrupt liquid abruptly transforms to complete liquid is denoted by a
transition is schematically shown in Fig. 2. rhombus plotted at the solid core radiug. The pair of

After this abrupt melting the liquid layegradually in- points for the same particle are connected by an arrow. In
creased in thickness as the temperature increased. Then aFig. 3(b) the liquidus and solidus temperatures for a collec-
higher specific temperature the remaining solid core meltsion of individual particles are plotted against the full particle
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600 ciently small sizes of less than 5 nm radius one can expect
x4 580 the solid-liquid region of coexistence to disappear as was
2 560 mentioned in the discussion of Fig. 3 and has been reported
£ 540 with the Sn-Bi systend?

2 520 The thermodynamic analysis of the equilibrium in the
5500 solid-liquid state depicted in Fig. 2 is presented in the Ap-
pendix. The details needed for the calculations are included

480 in the next section.

460

440 IV. METHOD OF COMPUTATION

:?)3 A. The thermodynamic formulation details

380 The states of equilibrium were found in two ways accord-

0 0.2 0.4 0.6 0.8 1 ing to the analysis in the Appendixi) plotting of the ther-

Composition Xgp; modynamic potentialh¢ [Eqg. (A8)] as a function of the

R=5nm composition of the liquid phaseX', and the fractional
amount of the liquid,f;, and then searching on these sur-
faces for minima, andii) solving the analytical conditions
for equilibrium[Eg. (A15)].

1. Plots of A ¢(f, ,X")

Calculations of¢ require it to be related to a reference
state, which is naturally chosen to be the solid particle of the
same overall compositioX,. Hence the following differ-
ence has been calculated, according to B®):

Ap=¢>"'- &%, (28)
0.6 0.8 1 representing the energy change upon transfornngiting)
Composition Xg; of a single solid particle into a two-phase state of a solid core

FIG. 4. The experimental binary phase diagram for Bi-Pb nano€nveloped by a liquid sheatlrig. 2):
particles. The dashed lines are the bulk phase diagram and the solid
lines interpolate the experimental observations into the phase dia N s, s s I I sl sl
gram of thF:a nanoparticlgs for particles @ 10 nm radii,(b) 2 nm Ap(fX")= EI Ny (0.X7) + EI nimi(0.X)+ y°=
radii. The symbols denote experimental data points: stars stand for
the start of melting and circles for the end of melting. n 7'92'94- ped(nsvS 4 V1) — ( 2 nit,uis(O,Xo)
radiusR,, by moving the rhombi of Fig. @& from rg to Ry '
and adding several liquidus points for which no correspond- _
ing solidus point was determined. One can see that the points + 7 Xo) 2%+ PethtVS) : (2b)
vary reasonably linearly with the inverse of particle radius.
The slope of the solidus points is less than that for the liquiHere the chemical potentials are explicit functions of the
dus points; hence at a particular size below about 7 nm thpressure and composition. The number of moles of each con-
liguidus temperature and the solidus temperature merge intstituent obeys the mass conservation equatii?). ¢ is
the same temperature. This corresponds to the disappearargatculated and plotted as a function of the liquid composition
of the solid-liquid two-phase equilibrium region. X' and the fraction of the liquid in the two-phase partitje
Combining the data for the phase with that for the Pb- The Gibbs free energy of mixing bulk liquid and solid
rich solid solution and the Bi-rich solid solution leads to the solutions areAG'M andAG3,, respectively. The excess free
two phase diagrams for nanoparticles of 10 nm radliig.  energies of mixing are represented by the Redlich-Kister se-
4(a)] and 5 nm radiugFig. 4b)]. From these figures one can ries taken from the Scientific Group Thermodata Europe

see that the solidus composition and the corresponding solySGTE) database 8f THERMOALC for each phase:
bility of Pb in Bi dramatically increased for nanopatrticles,

tenfold from its bulk value, which is only a few at. % of Pb AGHP=XpXg[ LB+ LY(Xa—Xg) +LB(Xa—Xg)?] (3)

in Bi. On the other hand, the solidus composition and solu- -

bility of Bi in Pb which in bulk form is significan(10—29 Where the three coefficients; depend on temperature
at. % Bi) changed only slightly. Also shown in these figuresthrOngh the constants;, andL;,:

are the depression of the melting points and a substantial
narrowing of the three solid-liquid fields showing that the
coexistence of solid and liquid is becoming increasingly dif-The chemical potentials of each element are derived from
ficult as particle size is reduced to the nanoscale. For suffiEg. (3) using known thermodynamic relatios.g., Ref. 42

Li=Lip+LoT. (4)
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TABLE |. Thermodynamic data for Bi-Pb solutions.

Property Bi Pb

Y am? 0.404(Ref. 44 0.52(Refs. 44, 52, 58
dyMdT I m2K™Y —2.9x10°° (Refs. 44, 54 —1x10 % (Refs. 44, 54
Y am? 0.065(Ref. 44 0.05 (Refs. 44, 55

YW @m?) 0.375(Refs. 43, 56 0.46 (Refs. 43, 52, 5p
dyMdT I m2K™Y —7%1075 (Refs. 43, 52 —2.6x1073 (Refs. 43, 52
vy @m?) 0.3755+ 0.0643p,+ 0.009K3,

—(7.1- 6.2Xpp+ 6.6X3) X 10 °
X (600—T) (Refs. 46, 47

V' (1076 m® mole™ %) 20.90(Ref. 43 19.58(Ref. 43
1 110 127
;d\/'/dT(lO*G K1)
VS (10 ® m®* mole™ 1) 21.62 18.92
1 40 87
;d\ﬁ/dT(lO’G K™
Tnert (K) 544 600
AG,, from « phase(J/mole 2500~ 7.4T 4799-7.99T (Ref. 42
AG,, from & phase(J/mole 2100-7.4T 4474—8.9481

a phase(Ref. 33 e phase Liquid phase
ay (1078 m®*mole™ ) a a 0.24 (Ref. 57
Lo (J/mole (Ref. 42 6993-22.331 3897-22.881 —980-10.75T
L, (J/mole 0 0 —41+0.007T
L, (J/mole 0 0 960-0.46T

&Taken as zero in the absence of data.

and substituted in Eq2b). Equation(3) for AGy, assumes atomic layers at the surface. It also assumes the existence of
that the components are already in the crystal structure of then underling “bulk” reservoir of material, which is obvi-
resultant solution; when this is not the physical case a Gibbsusly unrealistic when the liquid sheath is thin. Hence the
free energy of transformatioftlattice stability” term) AG,,  adsorption derived from Ed5) was modified to have a de-
is added to each component. pendence on the thickness of the liquid shehti function

The surface energies of alloys depend on their composiwas chosen to depress the adsorption of a thin layer and then
tion. There is a large uncertainty in the values of surfacdgo show a rapid increase to its full vallEq. (5)] ash in-
energies of solid-liquid interfaceg® of pure elements and creases. The factdd by whichT; is reduced is
therefore, of their alloy4®** For the sake of simplicity a .
linear dependence was assumed betwgof pure Pb and D 2+Yh/Rg 6
of pure Bi. On the other hand the surface energies of the B 3 ' ©®

liquid-gas surfaces/¥ are reasonably well determined. We TherebyT';(h) = — DX;dy/dy, was used in Eq(A8) for ¢

45 -
chose the method of Tanaka al.™ to calculate the variation [in the second approach to finding the equilibrium states by

of ¥'9 with composition, using the surface energies of thet " " L )
pure elements and the Gibbs free energies of the constituen%glvmg Eqs{A15), D is introduced by the equation of mass

in bulk liquid solutions. The resulting function was then ap- Conservatioh This feature of the adsorption seems physi-

. o ; : _ cally reasonable but it is open to question. Fortunatélis
proximated by a polynomial given in Table I. This polyno not sensitive to the form ab.

mial agrees well with direct measurements in the Pb-Bi It has been arqued that the surface enerav varies with
systent®*’Here it is used also to calculate the adsorption to g Jy

the liquid-gas surfac&’; according to the Gibbs adsorption ﬁsrevdattl;]rs'rggﬁoﬁﬁggtw\ﬁs a;:(;yfﬁg (l:)grv};ctfr?gg‘\llzhrgrg eth e
equation’® The convention defined by Kaufman and Y :

Whalen?® namely, thal;= — T, for a binary alloy consist- result the r_elation of_the_ adsorption and the curvature can
ing of cbmponen’ts's andlj wasj édopted to calculate the ad- also be Qenved. Application of these results shows that they
. ’ ; have an influence of about 20% brbut only about 0.5% on
sorption of each element by the relation s
v and therefore a small effect on the equilibrium states. Ac-

dy dy dX cordingly, this effect will not be included in the present cal-
iTn = " Nax du (5)  culations.

i i DA The particle is assumed to be a solid sphere surrounded by
The Gibbs adsorption equation accounts for the whole excess concentric spherical shell of liquid so that the following
quantity of material adsorbed to an unknown number ofgeometrical relations hold:

Fi:_x
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Aqr3 radii reported in the experimental results Sec. Ill. Tinaitu
SS=4qr2, 3V=47R2, VS= 3 TEM measurements in a hot stage provided not only the
temperature-composition region over which the solid and lig-
A uid phases coexist but also the qualitative melting behavior,
V'=— (R3-r39). (7)  namely, an abrupt onset of melting and an abrupt final melt-
3 ing. The thermodynamic model will also be evaluated with
For lead and bismuth the partial molar volumes in a solutioffegard to this melting behavior. In the Appendix and in Sec.
are nearly equal to those of the pure eleménffhus the IV, two equivalent approaches were outlined. One is to

molar volume of the solid aIIoVS is taken to be a weighted evaluate the location of minima in the three-dimensional

average of the molar volumes of the pure solid eIement%?’D) plot of A¢ versus composition of the liquid and the
V0-43 raction of the system which is liquid. The other is to solve

i the analytical conditions for the equilibrium state of the sys-
— tem. The two methods yield essentially identical results.
VE= XSV -+ XSV0S ®) y y

Available data on the molar volume of the liquid alloys were ) ] )
fitted to a parabolic lavet A. Terminal solid solutions
. o o The Bi-rich solution in the Pb-Bi phase diagram shows
V!I=XRVa + XEVR + ayXpXg, (9)  very limited solubility in the bulk. The thermodynamic de-
: . o _scription of such phases is usually arbitrary. It is typically
whereay is a _reg_ular solutlt_)n parameter. The specific vol taken as a regular solution with large positive interaction
umes of the liquid and solid elements are assumed to be . . .
linear functions of the temperature: parametet_, which reproduces the small solubility. This pa-

P ' rameter is not reliable for extension beyond the limited solu-
V=\01% aoT (10 bility range and hence no calculation will be performed for

! T this side of the phase diagram. Tanaka and Harancluded
whereay is the thermal expansion coefficient. that experimental observations of nanoparticles of such solu-
The computation proceeds as follows. The fraction of lig-tions with low solubility can reveal the hidden part of

uid in the two-phase particld,, and the liquid composition A Gpix-
X' are picked in a regular array. The adsorption to $hie On the other hand, the solubility in the Pb-rich terminal
surface is calculated frond'. The composition of the solid is  solution is relatively large and the existing thermodynamic
now determined by solving the mass conservation equatiofléscription of these phases is more reliable. Therefore de-
(A12). This allows determination of the volumes and thetailed calculations were undertaken on this side of the dia-
bulk Gibbs free energies of mixing of the two phases and th@ram. We chose to illustrate the model calculations for a
areas and surface energies of the two interfaces. N&n; nanoparticle of radius 10 nm and overall composition 0.2 Bi

calculated by summing the terms in HAS8) by plotting A¢ and searching for minima over a range of
temperatures. Two types of plots are useful for following the
2. Solution of the equilibrium condition trends of the equilibrium states as a function of temperature.

One is the 3DA¢ energy plot and the other is its projection
on a 2D contour map. The 3D¢ energy surface is shown in
rLI:ig. 5a) at a temperature for which an energy minimum

numerically solved so that they are satisfied for a chosen = L
" ) : exists. The appearance of a minimum on the energy surface
overall compositiorX,. The details of the required terms are .~ . S A
indicates the existence of a stable solid-liquid equilibrium,

given in Sec. IVA 1. The equations have a second solutloril_ﬂe_' a two-phase region on the phase diagram. To better see
el

as well as the desired one. One can distinguish the desire[ ocation of the minimum an enlarged view is given in

solution by plottingA ¢ and confirming that the solution cor- Fig. 50b). The minimum is a shallow one lying in a long,

responds to the minimum energy. The second solution is a,. )
: ) Slightly curved, energy valley running almost parallel to the
saddle point maximum.

axis of liquid fraction. As temperature increases the position
of the elongated valley gradually moves while the location of
the relative minimum slides along the valley toward larger
The thermodynamic data used for the calculations of thdractions of liquid. These trends of the energy valley and its

The set of two equilibrium equatiori&15) and an equa-
tion for the mass conservation of one compongit?2) are

B. Thermodynamic data

Pb-Bi system are listed in Table I. shallow minima can be accurately followed on 2D contour
plots.
V. RESULTS OF THE CALCULATIONS A set of four contour plots oA ¢ is shown in Fig. 6 drawn

for the same parameters as Fig. 5 for four different
In this section the thermodynamic model developed in theemperature&® Figures a) and Gb) are drawn for two
Appendix and evaluated by the computational method disnearly equal temperatures, one at a temperdti68.5 K) for
cussed in Sec. IV will be compared to the experimental datavhich the relative minimum does not exist and the nanopar-
presented in Sec. Ill. This comparison takes the form of calticle has its lowest energy when it is completely solid, and
culating temperature-composition phase diagrams for isothe second for a temperatu(é69 K) at which the relative
lated nanoparticles of radii 10 and 5 nm, which are the sameninimum first appears. The significant features are that in
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continuous transition from all solid to a finite amount of

/ liquid coexisting with the solid core is that the composition

e of the equilibrium solid will also jump discontinuously from

/' its initial value of 0.2 Bi to another value. Recently Shirin-
yan and Gusak analyzed a phase diagram of nanoparticle

200

200~ '\ alloys with a stoichiometric compound and found a tempera-
180 ' ‘ ' ture range for which an abrupt transformation occrEhe
4 ' ' ' ’IV / origin of the abrupt transformation in their work and this
ae ' ' " “ "\ work is similar and derives from the variation in energy with
a8 ' ' "y size and composition.
10°° 3 . S
N " N,“ "' ~__ The presence of an abrupt initial melting in the model
100 ""“M““N ’\ 100 agrees with experimental observation. Once the relative
' ' ““N' “ " minimum appears, further increases in temperature lead to its
o (I N

sliding along the energy valley toward larger amounts of

e

N " " '“ " ’ "" liquid. Accompanying this motion along the valley is the
40 ' " "'““N . ‘ ' tilting of the valley toward the 100% liquid point, i.e., the
/'l""l,"'l"’ii”””’Q“.’.‘.‘W“.““ \\ end of the valley at high fractions of solid becomes higher in
20 'I"'l"""l"'""",.’.‘w..‘Qw‘wm" W‘ T energy while the end of the valley at high liquid fraction
0 " "'""l""""”"'M‘"‘M:‘O‘O’Q'“““‘““““M\‘"V 0 becomes lower. Interestingly, at some elevated temperature
.20\. | ,'I,,‘l,"',‘t,?:‘q:o: 0.:.:0:0,0.0.0‘0:0:”‘0&‘”&M““‘\““\&‘\‘ the energy of the state of 100% liquid energy canldveer
pe "I,z:z::"o{'l;:o,b,.o,o,o,o,o.o.o‘q&:@.‘:&s\‘t&\‘&&&,§~‘"" - than the energy of the relative minimum. At such tempera-
"""'5;55'24:3202020’0‘{0!01".02:‘2‘1{?‘2&.“3&‘%&‘:&2’”" tures a saddle point maximum exists between the relative
06 05 4"%’:’:’:‘.:2::::{‘?:‘:‘:”“ g 06 * minimum and the absolute minimum at 100% liquid. Even
COMposmor; 04 04 acTioN though_ a _Iower-energy state i_s available to the system _for
OF LIQUID X, OF LIQUID 100% liquid, complete melting is suppressed by the inability
(a) 02" 700 of the system to jump over the saddle point. Further increase

in temperature causes both the maximum and the relative

16~ ‘ NI minimum to disappear leading to the two-phase solid-liquid
-18.] “‘\‘“N \\ \N\ \\ \\ il equilibrium being replaced by 100% liquid. This transition is
2 \“\\“N\\\\\“ \\\N \\\\ illustrated in Figs. &) and &d). As the temperature is in-
) \““\N \H\\\\ \“\\\\\\\\\\\\\ i creased from 493 to 493.5 K the relative minimum disap-
AD | N\\\“\\ \\ \\\\\\ \\\\ \\\\\\\\\\\\\\\;’////////////////////// pears, representing an abrupt disappearance of the solid core
0% \\\\\\‘\\\\\\\\\\ \\\\\\\\\ \\\\\\\\\\\\\\“v,:’///////////////////////////////// at the liquidus temperature. This is in agreement with the
26 \.“\ \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\WW////,/% experiment. The compositions of the phases should discon-
J \“\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\WM%&% tinuously jump at the liquidus temperature 493.5 K, i.e., the
28 \\\\\‘\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\WW’ liquid composition abruptly changes from about 0.23 bis-
30 \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\Q\\\\\E}z%%% 4 muth to the overall composition of the particle, 0.20 bismuth.
5 \\\‘\\\\\\\\\\\\\\\\\\\\\\\\\:\\\:\\:-:\}“” The result of the analysis is that a nanoparticle of average
] \\\\\\\\\\\“\\\:\\:\:\\\“ N composition 0.2 bismuth and radius 10 nm shows two abrupt
% 3 = meltings, one at the solidus temperature of 469 K and an-
FRACTION % 0™ 5as o2 030 028 026 024 022 020 other at the liquidus temperature of 493.5 K. Between these
(b) OFHr COMPOSITION OF LIQUID two temperatures a two-phase equilibrium exists. By select-

ing other initial compositions and applying similar calcula-
tions, the temperature dependence of the liquidus and solidus
temperatures can be determined and hence the phase diagram
for a nanoparticle of radius 10 nm can be drawn. Before
performing these calculations, it is helpful to explore the
compositions of each of the two phases in the temperature
Fig. 6@ the energy valley exists but it is monotonically range between 469 and 493.5 K.

inclined so that the solid is the stable phase, while in Fig. For bulk phases in a two-phase region of a binary phase
6(b) the energy valley first drop8 to the relative minimum diagram, the equilibrium compositions of the phases are
and then rises to the 100% liquid point. Accordingly, 469 K given by the ends of the tie lines lying on the liquidus and
is the first temperature at which the two-phase solid-liquidsolidus lines. However, because of the abrupt initial melting
equilibrium appears. Notice that, unlike the bulk case forand final melting, the liquidus and solidus lines no longer
which an infinitesimal amount of liquid can be in equilibrium give the compositions of the actual phases. To explore this
with the solid, here a finite amount of liquid is required for further it is instructive to plot the compositions of the two
the first equilibrium, namely, the liquid sheath is expected tophases coexisting in equilibrium as the temperature is in-
appear abruptly with a finite thickness when the temperaturereased. Upon reaching the solidus temperature the first
reaches the solidus temperature. A consequence of this diamount of liquid appears with a compositigh greater than

FIG. 5. 3D plots ofA¢ at 475 K for a particle of radius 10 nm
and nominal composition 0.2 Bfa) General view; the location of
the shallow minimum is indicated by a vertical arrdilv) A close
up viewed from the left side ofa).
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0.5

e
S

b
o

Composition of Liquid Xg;

Composition of Liquid Xg;j

. 0.8
Fraction of Liquid f, Fraction of Liquid f,

FIG. 6. Contour maps ak¢ at four temperatures, following the melting path of a particle of radius 10 nm and nominal composition 0.2
Bi. The abrupt initiation of melting and the abrupt end of melting, emphasized by the choice of the four temperatures, take place within small
temperature intervals. Notice that equienergy lines with finer spacings were drawn in the vicinity of the minima. Unitsark
particle.

the initial composition of the particl¥,. Mass conservation Hence the radius of the solid core will be different for the
coupled with the feature that the amount of first-to-form lig- two particles when they reach the same temperature. There-
uid is substantial places the composition of the solid phase dere particles of different composition will follow different

a significantly smaller bismuth amount than 20%. This ismelting paths. These shallow “s” melting paths for the com-
shown in Fig. 7 as a discontinuous jump in the compositiorPositions of coexisting solid and liquid will have loci that
of the solid fromX,=0.2 bismuth to about 0.17 bismuth. As Map into compositiorbands(Fig. 7). These solidus and li-
temperature is increased the amount of liquid increases; tHguidus bands show where the ends of the tie lines lie and
compositions of the solid and liquid follow their respective have boundaries indicating states of the start and end of
paths. These paths always betsidethe two-phase region Melting, respectively. The I|qU|d_us an_d solidus lines def_l_ne
bounded by the liquidus and solidus lines and exhibit a difthe part of the phase diagram in which two-phase equilib-
ferent temperature dependence from that of the liquidus antlum €XIsts. . o . .

solidus lines. The composition lines permit determination of When the positions of the liquidus and solidus lines on the
the composition of the phases and serve for application of@noparticle phase diagram are quantitatively compared to
the lever rule for mass conservation. A tie line has beerh€ir counterparts on the bulk phase diagram, one finds that
drawn at 470 K in Fig. 7. Note that it does not have its enddhe two-phase field is considerably narrower and shifted to
on the liquidus and solidus lines, but runs outside these to th@Wer temperatures. Such a comparison will be made later in
compositions of the phases, as it must for mass conservatioR)is section and can be seen in Fig. 4.

In order to determine the phase diagram for this nanopar-
ticle of radius 10 nm, a series of initial compositions is ana-
lyzed in the same way. A particle with similar initial size but  The intermediate phase of Pb-Bi shows the same type of
different composition will melt at a different temperature. behavior as that of the terminal solid solutions, namely,

B. Intermediate solid solution (¢ phase
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I 580
M \ , initial 0.06 R=10nm
. \ % liguid w560 —_— 0.07
= 490} %\ meling % composition
2 solidus Npatn 5 g il 0.10
[ =
2 g 520t 0.15
g final’, g //
= liguid, g S00F
4ol ﬁnal compd’s_ztian = 50k 0.20
composition ] 460°F 0.23
Y L\ I 0.28
liquidus wor  — - 030
420}
470 initial tie line 0.35
solid  \ 4001
composition \ a - - - : 0'4(_)
o1 Y 0.3 0 01 02 03 04 05 06 07
Composition Xp; Fraction of Liquid f;
. . . . 520 s 01 o12 R = Snm
FIG. 7. The process of melting of the 10 nm particle with nomi- % sook
nal composition 0.2 Bi plotted in th&X plane. 2 0.15
£ 480}
g
abrupt melting, narrowed two-phase field, and shifts of the ;‘-460' //__,——-—————Ezo
liquidus and solidus lines to lower temperatures. A feature of & 4l
both thes phase and the Pb-rich phase that was not discussed /3
in detall in the preceding subsection is the narrowing of the 420
two-phase field as the initial compositiofy, is decreased. 400}
Consider a series of initial compositions frag= 0.4 bis- 380k 0.33
muth decreasing to 0.25 bismuth, corresponding tog¢he ~— ~ |  seeee 0.35
phase and 10 nm radius. From the solidus temperature for 3eor 0.40
which the first melting of thes phase occurs in the case of o= : : .
0.4 bismuth, to the liquidus temperature where the final melt- 01 : 0.3 0.4 05 :

. ! oo : Fraction of Liquid f
ing occurs, the fraction of liquid begins at about 0.16 and raction of Hadie h

ranges up to about 0.55. When the initial composition of 0.3 FiG. 8. The evolution of the amount of liquid during heating of
bismuth is investigated the fraction of liquid that appears a{a) 10 (b) 5 nm radius particles of several nominal compositions.
the solidus temperature is about 0.17 and it ranges up to 0.3%ompositions in ther range are plotted by solid lines; compositions
at the liquidus temperature. This narrowing of the range ofn the e range are plotted by broken lines.

liquid fractions with initial composition is plotted in Fig(&
for four values ofX,. The noteworthy feature here is that for

Xo=0.25 the range of liquid fractions reduces to zero, rep- From the information in the above subsections, one can
resented by a single point. At this point the liquidus line construct a 3D phase diagram for nanoparticles with recipro-
merges with the solidus line and the range of the two-phasgg| size being the third axis. The experimental determination
field narrows to a Single line. Meltlng for this initial COMpoO- of the phase diagram has a|ready been performed and is
sition begins and ends at a single temperature. This is thenown in Fig. 4 for two particle radii, 10 and 5 nm. Here the
same behavior found in a pure bulk solid. For comparisonthermodynamic model is used to calculate the liquid equilib-
the fraction of liquid range for the Pb-rich phase is alsorjym with the Pb-rich phase and teephase. The Bi-rich side
shown where it is seen that whe®@ becomes 0.06 bismuth, of the phase diagram for these two sizes was not modeled as
the two-phase field disappears and complete melting occugsxplained in Sec. V A. Twal-X diagrams are stacked on a
at a single temperature. reciprocal radius axis. The result is displayed as a perspec-
tive drawing in Fig. 9. Included in each 2D section and
shown by light dashed lines is the projection of the bulk
phase diagram which normally would be located at thHe 1/
The coexistence of a liquid with two solid phases appears=0 position. The liquidus and solidus lines and bands are
in the Pb-Bi system in bulk form at a peritectic temperatureincluded in the diagram. The bands are composed of pairs of
and again at a eutectic temperature. The three-phase equilibemposition paths for the coexisting solid-liquid. The agree-
rium was not investigated experimentally, nor was it ana-ment between the model and the measurements is believed to
lyzed with the thermodynamic model. Because of the heterobe satisfactory.
geneous pressure in the system and its dependence on theSeveral features of the phase diagram for Pb-Bi nanopar-
amounts of the phases present through the surface curvatutesles are apparent from Fig. 9. The melting points of the
one can expect the three-phase region of the bulk diagram foure elements have been depressed by more than 20 K at
span a temperature range. Investigation of the three-pha$&=10 nm and about 45 K aR=5nm. The temperatures
equilibria is left for a future work. over which two phasediquid and solid coexist have been

D. Size-dependent phase diagram

C. Three-phase equilibrium
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Pressure —— | Heat

Reservoir Reservoir

600

550 FIG. 10. An isothermal system in contact with constant tem-
perature and a constant pressure reservoirs.

500F

Temperature K

developed from thermodynamic first principles. Agreement
between the model and experiments is quantitatively reason-
able and qualitatively accurate, e.g., in describing the abrupt
melting phenomena. Phase diagrams for nanoparticles are
affected by the presence of curved surfaces that shift the
chemical potentials and internal pressures from their values
02l . A , when in bulk form. The features of the phase diagram for
/ 1 M 0.2 0.3 0.4 nanoparticles that emerge as significantly different from that
Composition X of bulk phases are as follow§) There is a size-dependent

FIG. 9. The calculated Pb-Bi phase diagram of isolated nano_melting temperature depressed from the values of bulk ma-

particles for 10 and 5 nm radii are stacked to make a compositée”al' (ii) There_ IS a ”a”o"_v'”g__"f two-phase _f|elds_to _the
phase diagram as a function of the particle size. The bulk phasd®dree of pinching off to a lingiiii) The conventional liqui-
diagram is plotted in dashed lines. The liquidus and solidus ar&lus and solidus lines are replaced with shifted liquidus and
drawn as thick lines; the actual compositions of the liquid and soligSolidus lines lying inside liquidus and solidus composition
at the beginning and ending of melting are drawn as broken line?ands. The liquidus and solidus bands determine the compo-
The actual paths of melting of the solid and the liquid are shown insitions of the coexisting phases, and the liquidus and solidus
thin continuous lines. The experimental data are represented Bynes determine the extent of the two-phase coexistelice.
circles and stars. A dramatic increase in solubility is possible. The present
paper evaluates the case of Pb-Bi, but the principles should
depressed from their bulk values and the temperature fielle sufficiently general to hold for other binary alloys as well.
has also been considerably narrowed. For all of the single-
phase regions, it is found that the solidus lines have been ACKNOWLEDGMENTS
shifted toward the lead-rich side of the phase diagram as
compared to the bulk case. This corresponds to an increase in The financial support of the Binational Science Founda-
lead solubility of bismuth in the liquid and a decreased solution of Israel and the USA is gratefully acknowledged. This
bility in the solid (shown in Fig. 4. On the other hand, the Work was supported in part through the MRSEC Center for
increase in lead solubility in the Bi-rich solid phase is dra-Nanoscopic Materials Design by the National Science Foun-
matic in the nanoparticle when compared to the small soludation under Award No. DMR-0080016. The authors are
bility found in the bulk alloy. Perhaps the most interestinggrateful to M. Hillert for encouraging conversations.
feature of this diagram is the merging of liquidus and solidus
lines and bands, resulting in the pinching off of the two- APPENDIX: THERMODYNAMICAL ANALYSIS
phase regions. Above this pinching-off temperature there is
no longer a stable equilibrium between liquid and solid
phases. The equilibrium becomes an unstable one so the par- First the thermodynamic potential that is minimized at
ticle is experimentally found as either all liquid or all solid. equilibrium of a system with heterogeneous pressure should
The size dependence of these features clearly shows an ibe defined®®” Consider such a closed system, in contact
creased effect of all the features discussed as size decreaseith a heat reservoir and a pressure reservoir, interacting
namely, an increased depression of the melting points angith the reservoirs only through the external boundaries of
two-phase fields; increased narrowing of the two-phase fieldthe systemwhich are considered as flexible and diathermal
such that below some size they may disappear altogethelbut impermeable, as illustrated in Fig.)1@sing subscripts
narrowing of the solidus and liquidus bands; and change ofuniv,” “sys,” and “res” for the universe, system, and res-

450}

4001

1. The thermodynamical potential

the solubility in the single phases. ervoir, respectively, a general variation in the state of the
system changes the internal enefgyf the universe by an
VI. SUMMARY AND CONCLUDING COMMENTS amount
In this paper it is shown that equilibrium phase diagrams SE yniv= 0Egys+ 5ErTes+ 5523, (A1)

for isolated nanoparticles are significantly different from

those of bulk alloys. Measurements for the Pb-Bi alloy fromwhereErTeS is the energy of the heat reservoir alﬁﬂS is the
in-situ TEM experiments on isolated nanoparticles of radiienergy of the pressure reserwifThe state of the heat res-
ranging from 5 to 40 nm have been compared to a modeérvoir is changedby definition only by a heat exchange
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with the system, while the state of the pressure reservoir is By adding and subtracting twa(u!I';})3 terms, the sur-
changed only by an exchange of mechanical work, and hendace terms in Eq(A6) are expressed by the surface energies
of Eq. (A7), yielding
5Euniv 5Esys+ Tres58res reévres (AZ)

The change in voluméV/,of the surrounding isobaric pres-  ¢=>, nfu’+ 2 N+ S s+119319) 4!
sure reservoir is also the negative of the change of volume of !
the system, andS! Sies IS the change in entropy of the isother-

mal heat reservoir. According to the second law, the entropy  +
changes obey the equation

8Suniy= 8Ssyst 8Se=0. (A3) —E e+ E i+ PSS+ T9819) )
Using this inequality,

2 /~L|FS| ESI-I- Ig 2 M:F:g 2|g+ Pext\/syS
i

+ SIS S IS 104 pery (A8)

_— _ ext . . . i .
OBuniv= 0B sys T3Sqyst P 0V ey, (A4) All the chemical potentials in this equation are evaluated at

where P is the fixed external pressure maintained by thez€ro pressure; the chemical potentials in both the inner and
pressure reservoif, is the isothermal temperature of the sys- outer boundaries of the liquid have been taken as those of the
tem, andVy s its total volume. At equilibrium the inequal- liquid. In practice,A¢, the difference between the potential

ity in Eq. (A4) becomes an equality; therefore E&4) de- ¢ for the two-phase particle and a reference state, chosen to

fines a thermodynamic potentia} which is minimum at be the solid particle before it melts, will be calculated. Plot-
equilibrium (8¢=0): ting A¢ will permit the identification of the stable states of

the system, namely, the states of the minimuna i
¢E Esys_ T Ssys+ PQXtVsys= Asys+ PeXtVsys- (AS)

. 2.Th ilibri iti
Agys is the Helmholtz free energy of the system agds @ equilibrium conditions

minimum at equilibrium in a system with a fixed amount of ~ An alternative way to identify the stable states of the
material, uniform temperature, and a constaxternalpres-  nanoparticle is to find the minimum af¢ analytically. To
sure but possibly nonuniform internal pressure. The potentidhis end, the differential oé given in Eq.(A8) is evaluated
¢ can be viewed as a specialized form of the Gibbs freéand equated to zero:
energy®

Thermodynamic data for binary alloys are available as the
Gibbs free energy at 1 atm. However, the pressures in nano-
particles can rise to very high values. In relating the Gibbs
functionG(P,) data at low pressure to the Helmholtz func- 1yl shesly | - I slacs
tion A(P) at the high pressur®, one can sho¥ that for +2i n‘d’“i+zi 27T d'“‘-’-Z SO Pdui+ y7d
incompressible phase&(P,=0)=A(P), and therefore
also for the partial quantities of the bulk phasgs(0) +3%dy"+ y9d39+ 399+ P*AV,=0.  (A9)
= Qi ( P) .

The potentiakp of the two-phase system in Fig. 10 or Fig.
2is

dop= Z ,ulsdnerZ Sdﬂf+2 mid(nj+ 25+ 319779

To simplify this equation, the Gibbs-Duhem relations are ap-
plied. For the solid and liquid phases of volumé&sandV' at
constant temperature,

o= 2 n|M|(0 +2 n; ,u,(o +aSIES'+a'92'g+PeXtV oy

VedPS— ) n¥duf=0, (A10a)
(A6) '
wheren is the number of moles of the relevant phase arsl - Lo
the specific excess Helmholtz free energy of the relevant VidP —Z nidu;=0. (A10b)

surface are@. The specific surface energger unit areais
defined as the excess QSZaQ)d canonical potential of the surfag®yr the bulk solid and liquid at zero pressure the first term in
between phases and : each equation vanishes. For the surface phases the Gibbs-
Duhem relation at constant temperature, generalized to in-
161
yaﬁzeaﬁ_-l—saﬁ_zi: Miyriaﬁ:aag_Z Iuiyria,B, clude the effect of the surface stref€¥, is

(A7) (’)/S|— fs')d2§'+ E Esll—‘is|dlui7+ Sslg 75|: 0, (A100)

wheree®? ands*? denote the specific excess internal energy
and entropy respectively/ is the chemical potential asso-
ciated with the surface adsorbed atoms, Erfféf is the sur- lo_ £l9ygs'9 4 SIOr19g 47+ 3199 9= 0 A10
face excess quantity of atoniadsorption of componenti. (v Jdze Z et [ (A109)
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The elastic deformationl, of the surface is taken to be Equation(A15) implies a shift of the states of equilibrium of
zero for the accretive variation at the solid-liquid interfacea solid and a liquid in the shape of a small particle relative to
because of the assumption of incompressible phases. For lithe same alloy in the bulk form, where equilibrium satisfies
uids, y and f are identicaP? so for both solid and liquid |

phases the first term is zero. The second terms in B4€c) ©(0) = pi(0)=0. (A16)

and (A10d) include the variation ofy with the composition  1hg notationu(0) serves to emphasis that the chemical po-
and pressure, tc; be discussed in the next sect|on.| As In E@eniial is measured at ambient pressure. For pure materials
(A8) we takedu” in Egs.(A10c) and(A10d) to bedu” and  gjighily deviated from the bulk melting temperatuge3(0)

substitute Eqs(A10) into Eq. (A9) to yield —1'(0)=AH ei(Tm—T)/T,,. Substitution in Eqs.(A15)
yields approximately Eq(l).
dp=2, widnf+ > pid(ni—nP)+ldS s+ y9dse Equation(A15) was derived by Hansz&hand conforms
' ' with several experimental results on the melting tempera-
+ pextdvsyszo, (A11) tures of pure metaléas mentioned in the IntroductinnAl-

Hhough Eqgs.(A15) do not show explicitly the effect of ad-
o?orption, their practical solution requires application of the
mass conservation equatigAl2), where the adsorption is
taken into account. The difference between the chemical po-
tentials at the actual pressures prevailing in the nanoparticle
nf:Xo,int=XiSnS+ Xgnl_l_zsll-\isl_l_zlgl":g_ (A12) isEIso implicit in Egs.(A15). This can be seen by adding
psVi— p'V{ to both sides of Eq(A15) and adding and sub-
tractingp'V; to the right-hand side, yielding

where the following mass conservation condition for eac
constituent has been used, denoting the atomic fraction
each component by’ andX! and the overall composition by
Xoj:

For a two-component system, two partial derivatives¢of
with respect todn? are obtained from EqAL1):

L A L VY [13(0)+ PVE |~ l(0) + pIV]
dns KT HTY dn? Y dnis_ ;

|
- . . ~(p- Vi 2T p V)
where the derivative of the ter®*dVy is neglected in r's

view of the small magnitude of the external pressure.

lg
The remaining derivatives are evaluated using the chain - %(W_V{)_ (A17)
rule:
ds® dsddve 2 For an isotropic spher@s—p'=2fr,, wheref® is the

surface stress of the solid-liquid interface and, neglecting the
pressure of the surrounding gag=27'9R (y=f for lig-
dslo  gslo gyt o uids). Substitution of these relations reduces El7) to
s = /ot s _(Vis_v!)! (A14) sl__ sl
dn®  dV° dn® R (%) I)22(1‘ _y)iﬁ
for a spherical particle with a solid core of radiusand a #iP) = pilp rs .

liquid sheath of radiuR (Fig. 2, whereV} andV; are the  Thjs discontinuity of the chemical potential was found by
specific volumes of the componeinin the solid and liquid,  Gibb<$® for a particle of a pure material embedded in a large

dre AV dm o

(A18)

respectively. Thus Eq¢A13) reduce to quantity of fluid and was extended by C&hio alloy par-
" Iy ticles. It contradicts other conventiofis®®~%according to
13(0)— ph(0)=— L5 - %(VZ_VIA)! which the pressure jump is2r but the chemical potential is
I's continuous across curved boundaries. The solution to Eg.
" " (A15) or Eq.(A18) yields the special behavior of the melting
siay_ | __ Y s Y s of nanoparticle alloys detailed in Sec. V, which conforms
#8(0)~ 1g(0) s VBT R (V= Ve). (ALY with the experimental observations described in Sec. IIl.
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