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Solid-liquid equilibria in nanoparticles of Pb-Bi alloys
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The melting behavior of isolated nanoparticles of Pb-Bi alloys was observed by hot stage transmission
electron microscopy. Dark-field images acquired as a function of temperature permitted the melting behavior of
individual nanoparticles to be characterized as a function of their composition and size. In this way, the
experimental measurements could be used to find the temperature at which the onset of melting occurred and
the temperature at which the transition from a liquid-solid two-phase particle to a complete liquid particle
occurred. From these data, phase diagrams of individual, isolated nanoparticles were constructed as a function
of the size of the nanoparticle. Several deviations from the melting behavior of bulk materials were observed.
For particles of a given composition the melting temperature is lowered relative to the melting temperature of
bulk material and the depression of temperature increases with the inverse of the particle radius. The liquid and
solid phases follow melting paths that form liquidus and solidusbandson the temperature-composition phase
diagram. The range of two-phase coexistence shrinks as the solute concentration decreases, and the liquidus
and solidus bands finally coalesce into a single line at low solute concentrations in apparent violation of the
Gibbs phase rule. Of particular interest is the observation that melting begins and ends abruptly as temperature
is increased. Considering the isolated particle as a thermodynamic system in contact with a heat reservoir and
a pressure reservoir, the conditions for two-phase equilibrium in the particles were calculated from the total
internal energy of the particle and the reservoirs. The loci of parameters of the calculated minimum points of
the total energy were compiled to calculate a phase diagram for alloy nanoparticles as a function of their size.
This calculated diagram contains all of the special features observed experimentally and agrees quantitatively
with the experimental measurements. These features should be sufficiently general to apply to other alloys. The
quantitative conformance of the experimental with the calculated results is sensitive to the material properties,
in particular to the composition dependence of the surface energy of the liquid.

DOI: 10.1103/PhysRevB.69.144121 PACS number~s!: 81.30.Bx, 05.70.Np, 61.46.1w
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I. INTRODUCTION

Much of the interest in nanostructured materials ori
nates from the challenge to find materials with properties
are substantially different from those of the same material
larger-scale forms. New dielectric~e.g., Ref. 1!, ferromag-
netic~e.g., Ref. 2!, optic ~e.g., Ref. 3!, catalytic~e.g., Ref. 4!,
and other properties are indeed being realized. Of partic
interest are nanoparticles that exist in new structures, m
stable structures, or known structures extended beyond
composition or stability ranges of ordinary bulk materia
Many examples were recently described. These include
mally crystalline alloys as amorphous ones~e.g., Ref. 5!,
icosahedral nanoparticles~e.g., Ref. 6!, carbon as fullerenes
and other structures~e.g., Ref. 7!. Many metastable phase
were identified during solidification or crystallization o
amorphous alloys~e.g., Ref. 8!. Extended ranges of stabilit
appear as increased solubility and liquid phase premeltin
solids as will be described below. The sustained melting
solids in confined spaces was also observed.9 Enhanced solu-
bility was found in many alloys, e.g., in Fe-Ag~attributed to
segregation to grain boundaries!,10 Ni-Ag,11 Ni-Al, 12 and
Al-Zr,13 and of hydrogen in metals.14 Synthesis of nanocrys
talline materials often yields phases known to be stable
higher temperatures or pressures, e.g., cubic BaTiO3 ,15

monoclinic yittria,16 tetragonal zirconia,17 g-alumina,18 and
titania as anastase.19 Many of these observations have be
successfully explained in the framework of classical therm
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dynamics. Some were attributed either to the large surf
energy18 or to the large hydrostatic pressure exerted by
surface stress,16 or to significant surface segregation.20 It is
therefore highly desirable to have a consistent, general
mulation of the thermodynamics of nanoparticles. It sho
provide a comprehensive description of the role of the va
ous relevant variables, including the surface energy, sur
stress, adsorption to surfaces, composition, curvature, p
sure, shape, and size, in the equilibrium states or phase
grams of nanoparticles. In this work we present the result
an experimental study of the solid-liquid equilibria of nan
sized binary alloys of Pb-Bi and a careful thermodynami
analysis. The melting of isolated, spherical nanoparticles
Pb-Bi alloys was observed byin situ transmission electron
microscopy~TEM! and modeled by adding surface terms
the bulk thermodynamic equations of binary alloys.
temperature-composition-size phase diagram is ultima
derived.

The precursor to the binary phase diagrams of nano
ticles was the determination of the depression of the mel
point in nanoparticles of pure elements. Lord Kelvin realiz
that small isolated particles will melt at a reduced tempe
ture relative to the melting temperatureTm of bulk materials.
This is called premelting.21 He predicted that the melting
temperature will change byDTm in proportion to the curva-
ture 1/r of a spherical nanoparticle and the latent heat
melting DHm , by the well known Gibbs-Thomson formula
©2004 The American Physical Society21-1
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DHm

Tm
DTm5

2gslV̄s

r
~1!

where the solid-liquid surface energy isgsl, and the atomic
volume of the solid isV̄s. Premelting behavior was first dem
onstrated experimentally by Takagi,22 who used hot stage
transmission electron microscopy to observe the mel
temperature of a collection of isolated small crystals of p
bismuth, lead, and tin. Melting was determined by the dis
pearance of the crystalline diffraction pattern. Her work w
followed by several investigations using dark-field electr
microscopy to determine the melting temperature of in
vidual isolated nanoparticles of In,23–25 Sn,25–29 Bi,25,30,31

Pb,23,30,31Al,32 Ge,32 Ag,32 Au,33 Cu,32 and CdS.34 In these
studies the 1/r dependence was assessed although the e
relation between them remained ambiguous.25,27,33,35–37

Extending the studies of the melting behavior of on
component nanoparticles to that of binary alloys has b
accomplished for simple eutectic systems in the Al-rich s
of the Al-Cu diagram,38 In-Pb,39 Bi-Sn,40 and several hypo-
thetical systems.41 In the present work we extend the studi
to the more complicated binary system of Pb-Bi, where s
cial features of the melting behavior of nanoparticle allo
were experimentally revealed. An explanation of the beh
ior based on a deliberate thermodynamic account of the
face properties of the nanoparticles is presented.

II. EXPERIMENTAL METHODS

The experimental apparatus utilized for this study wa
dedicated Siemens 1A transmission electron microscope
specimen chamber of which has been replaced by a spec
designed vacuum chamber to allowin situ physical vapor
deposition of metals on very thin substrate films supporte
a specimen cartridge made of high-thermal-conductiv
copper-beryllium alloy. It is inserted into a heater that u
lizes electromagnetically self-canceling bifilament tantal
wire for its heat source. A Chromel-Alumel thermocoup
junction was attached near the specimen and calibrated
the melting temperatures of thick films of the pure meta
The melting temperature of flat thin films was found to
reduced by only 1–2 °C below that of bulk material of sim
lar composition. Electron beam heating was estimated
conducting heating experiments with the electron beam
the microscope off and comparing to ones with the beam
Heating from the electron beam was found to be only a f
degrees when the beam current was at its minimum sett

Substrate films of thin amorphous carbon supported
100-mesh copper grids were placed in the specimen cartr
for coevaporation of Bi and Pb to nucleate nanoparticles.
carbon substrates were baked at 300 °C for at least 12 h
pressure of 1024 Pa to remove contamination and cooled
the deposition temperature. Then Pb and Bi~of purity 99.99–
99.999 %! were evaporated from separate, wire-wound b
kets of Mo and W, respectively. A molybdenum sheet shu
between the substrate and metal sources was used while
gassing and stabilizing the rate of deposition. Then the s
ter was opened and particles were produced by cova
deposition of Bi and Pb. The composition of the vapor a
14412
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the particles was controlled by the temperatures of the so
baskets. The temperature of the substrate during the dep
tion was 480–520 K. In this range most of the alloys a
liquid; hence spherical isolated particles were obtained~Fig.
1!.

The individual nanoparticles are believed to be in a rad
tion equilibrium with the heater wall, whose temperature
measured by the thermocouple, because those particles i
radiation shadow of the grid bars melted at higher tempe
tures than their neighbors away from the grid bars. Radia
equilibrium allows particles of different sizes to be at t
same temperature as the heater wall, so the measured
perature of the heater wall gives the temperature of the
ticle. If the nanoparticles were heated by conduction throu
the copper grid and the carbon substrate, different sized
ticles could be at different temperatures. Further, suc
mode of heating would lead to the particles nearer the g
bar being at a higher temperature than those away from
grid bar, and hence the particles away from the grid
would have to be heated to a higher wall temperature to m
Since the opposite behavior was observed, a radiation t
mal equilibrium rather than a mass thermal conduct
mechanism is believed to be the operative mechanism
heating.

Melting experiments were performed by recording a
ries of dark-field micrographs while heating at a rate of
K/min. Selected area diffraction was performed in ea
specimen to determine the crystalline phases. Chem
energy-dispersive spectroscopy analysis was performed
Philips EM 400 electron microscope on identical specime
except that the particles were covered with a second laye
amorphous carbon to limit contamination. It was found th
for a given deposition the size of a particle determined
composition. In order to detect the melting temperature
individual crystals, dark-field electron microscopy was a
plied. In this technique only electrons that were diffract
through a specific range of Bragg angles are used to cr
the image. Hence only crystals that have a selected orie
tion form bright images while other crystals have dark im
ages. When a crystal melts the intensity of electrons
fracted through the specific angles is strongly reduced

FIG. 1. Bright-field transmission electron micrograph ofin situ
deposited alloy particles of Bi-Pb. Compositions vary with si
from 51 at. % Bi at a radius of 4 nm to 56 at. % Bi at a radius
25 nm.
1-2
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the image of a particle that was bright becomes dark. Mic
graphs were taken at regular temperature intervals and w
analyzed to obtain the melting temperatures versus par
size data for individual particles. For pure elements, the
erage temperature between the micrograph in which an i
vidual particle still appears bright and the succeeding mic
graph~only a degree or two higher! in which it appears dark
is assigned as the melting temperature of that nanopart
For alloy nanoparticles the onset of melting appears a
reduction in the size of the bright region~in dark-field mode!
corresponding to the sudden appearance of an amorp
~liquid! layer surrounding the crystalline core~two-phase
solid-liquid equilibrium!. This onset of melting is taken a
the solidus temperature. Similarly, the temperature at wh
the same, two-phase~solid-liquid! nanoparticle transforms to
complete liquid~the entire particle appears dark! is taken as
the liquidus temperature. The temperature interval betw
these two melting events defines the range of temperat
over which the solid and liquid coexist in equilibrium.

III. EXPERIMENTAL RESULTS

Most of the particles in the Pb-Bi system were sing
phase and single grain and showed a spectrum of sizes
compositions after deposition. A typical TEM micrograph
as-deposited nanoparticles is shown in Fig. 1.

Upon heating, the initial melting of the particles was co
firmed to take place by the formation of a definite amount
liquid sheath surrounding a crystalline core. This is cons
tent with the usual wetting condition of a melt in conta
with its solid. Further heating of the liquid-solid particle
showed shrinkage of their dark-field images, without a c
comitant diminution in the size of their bright-field image
i.e., shrinkage of the crystalline solid. In some cases it w
possible to discern a faint dark-field image of the periphe
edge of the liquid sheath, which had essentially the same
R0 as that particle before any melting occurred.

At a specific temperature reached during heating, a liq
sheath of a definite thickness appearssuddenlyand forms a
layer around the solid core. This is the first indication
melting. Simultaneously with the appearance of a liqu
sheath the radius of the solid is observed to change abru
from R0 to a value between 0.95R0 and 0.8R0 . This abrupt
transition is schematically shown in Fig. 2.

After this abrupt melting the liquid layergradually in-
creased in thickness as the temperature increased. Then
higher specific temperature the remaining solid core m

FIG. 2. The melting of a small solid particle of radiusR0 and
surface energygsg to form a solid core of radiusr s and interfacial
energygsl, completely wetted by its melt of surface energyg lg and
thicknessR2r s .
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suddenlyto form an entirely liquid particle. The solid core o
radius ranging between approximately 0.8R0 and 0.7R0 thus
abruptly disappears from the image. The solid core of ma
particles that show up bright in the dark-field image ‘‘blinks
on and off before the particles completely disappear. Thi
interpreted as an oscillation in the orientation of the parti
in and out of the Bragg condition. As mentioned earlier,
each composition and size of an individual particle the te
perature at which the liquid sheath first forms is designa
as a solidus point. Similarly, the temperature at which
solid core of that particle completely melts is designated a
liquidus point.

The melting behavior of individual particles obtained in
single deposition was determined as a function of their s
and composition. Representative data are shown in Figs.~a!
and 3~b!, determined for compositions corresponding to t
«-phase field of the bulk diagram~51–56 at. % Bi!. In Fig.
3~a! the ~solidus! temperature at which melting begins fo
each particle of the indicated sizeR0 is represented by a
square and the~liquidus! temperature for which the solid
liquid abruptly transforms to complete liquid is denoted by
rhombus plotted at the solid core radiusr s . The pair of
points for the same particle are connected by an arrow
Fig. 3~b! the liquidus and solidus temperatures for a colle
tion of individual particles are plotted against the full partic

FIG. 3. The dependence of the solidus and liquids temperat
on the size of a set of nanoparticles.~a! Two points connected by
thin arrows represent a single particle, which begins to m
abruptly at the lower temperature; then its solid core gradu
shrinks until it reaches the size designated by a rhombus, whe
abruptly melts.~b! The liquidus and solidus temperatures of a larg
collection of particles. The composition of the particles resides
the «-phase region varying with particle size from 51 at. % Bi f
particles of 4 nm radius to 56 at. % Bi for 25 nm radius.
1-3
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radiusR0 , by moving the rhombi of Fig. 3~a! from r s to R0
and adding several liquidus points for which no correspo
ing solidus point was determined. One can see that the po
vary reasonably linearly with the inverse of particle radiu
The slope of the solidus points is less than that for the liq
dus points; hence at a particular size below about 7 nm
liquidus temperature and the solidus temperature merge
the same temperature. This corresponds to the disappea
of the solid-liquid two-phase equilibrium region.

Combining the data for the« phase with that for the Pb
rich solid solution and the Bi-rich solid solution leads to t
two phase diagrams for nanoparticles of 10 nm radius@Fig.
4~a!# and 5 nm radius@Fig. 4~b!#. From these figures one ca
see that the solidus composition and the corresponding s
bility of Pb in Bi dramatically increased for nanoparticle
tenfold from its bulk value, which is only a few at. % of P
in Bi. On the other hand, the solidus composition and so
bility of Bi in Pb which in bulk form is significant~10–29
at. % Bi! changed only slightly. Also shown in these figur
are the depression of the melting points and a substa
narrowing of the three solid-liquid fields showing that t
coexistence of solid and liquid is becoming increasingly d
ficult as particle size is reduced to the nanoscale. For s

FIG. 4. The experimental binary phase diagram for Bi-Pb na
particles. The dashed lines are the bulk phase diagram and the
lines interpolate the experimental observations into the phase
gram of the nanoparticles for particles of~a! 10 nm radii,~b! 5 nm
radii. The symbols denote experimental data points: stars stan
the start of melting and circles for the end of melting.
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ciently small sizes of less than 5 nm radius one can exp
the solid-liquid region of coexistence to disappear as w
mentioned in the discussion of Fig. 3 and has been repo
with the Sn-Bi system.40

The thermodynamic analysis of the equilibrium in th
solid-liquid state depicted in Fig. 2 is presented in the A
pendix. The details needed for the calculations are inclu
in the next section.

IV. METHOD OF COMPUTATION

A. The thermodynamic formulation details

The states of equilibrium were found in two ways acco
ing to the analysis in the Appendix:~i! plotting of the ther-
modynamic potentialDf @Eq. ~A8!# as a function of the
composition of the liquid phase,Xl , and the fractional
amount of the liquid,f l , and then searching on these su
faces for minima, and~ii ! solving the analytical conditions
for equilibrium @Eq. ~A15!#.

1. Plots ofDf„f l ,Xl
…

Calculations off require it to be related to a referenc
state, which is naturally chosen to be the solid particle of
same overall compositionX0 . Hence the following differ-
ence has been calculated, according to Eq.~A8!:

Df5fs1 l2fs, ~2a!

representing the energy change upon transforming~melting!
of a single solid particle into a two-phase state of a solid c
enveloped by a liquid sheath~Fig. 2!:

Df~ f ,X,!5(
i

ni
sm i

s~0,Xi
s!1(

i
ni

lm i
l~0,Xi

l !1gslSsl

1g lgS lg1Pext~nsV̄s1nlV̄l !2S (
i

ni
tm i

s~0,X0!

1gsg~X0!Ssg1PextntV̄0
sD . ~2b!

Here the chemical potentials are explicit functions of t
pressure and composition. The number of moles of each c
stituent obeys the mass conservation equation~A12!. f is
calculated and plotted as a function of the liquid composit
Xl and the fraction of the liquid in the two-phase particlef l .

The Gibbs free energy of mixing bulk liquid and sol
solutions areDGM

l andDGM
s , respectively. The excess fre

energies of mixing are represented by the Redlich-Kister
ries taken from the Scientific Group Thermodata Euro
~SGTE! database of42 THERMOALC for each phasep:

DGM
ex,p5XAXB@L0

p1L1
p~XA2XB!1L2

p~XA2XB!2# ~3!

where the three coefficientsLi depend on temperatur
through the constantsLi1 andLi2 :

Li5Li11Li2T. ~4!

The chemical potentials of each element are derived fr
Eq. ~3! using known thermodynamic relations~e.g., Ref. 42!

-
lid

ia-

for
1-4
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TABLE I. Thermodynamic data for Bi-Pb solutions.

Property Bi Pb

gsv ~J m22! 0.404~Ref. 44! 0.52 ~Refs. 44, 52, 53!
dgsv/dT ~J m22 K21! 22.931025 ~Refs. 44, 54! 2131024 ~Refs. 44, 54!
gsl ~J m22! 0.065~Ref. 44! 0.05 ~Refs. 44, 55!
g lv ~J m22! 0.375~Refs. 43, 56! 0.46 ~Refs. 43, 52, 56!
dg lv/dT ~J m22 K21! 2731025 ~Refs. 43, 52! 22.631023 ~Refs. 43, 52!
g lv ~J m22! 0.375510.0643XPb10.0099XPb

2

2(7.126.2XPb16.6XPb
2 )31025

3(6002T) ~Refs. 46, 47!
Vl (1026 m3 mole21) 20.90~Ref. 43! 19.58~Ref. 43!

1

v
dVl/dT~1026 K21!

110 127

Vs (1026 m3 mole21) 21.62 18.92

1

v
dVs/dT~1026 K21!

40 87

Tmelt ~K! 544 600
DGm from a phase~J/mole! 250027.4T 479927.99T ~Ref. 42!
DGm from « phase~J/mole! 210027.4T 447428.948T

a phase~Ref. 33! « phase Liquid phase

aV (1026 m3 mole21) a a 0.24 ~Ref. 51!
L0 ~J/mole! ~Ref. 42! 6993222.33T 3897222.88T 2980210.75T
L1 ~J/mole! 0 0 24110.0071T
L2 ~J/mole! 0 0 96020.46T

aTaken as zero in the absence of data.
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and substituted in Eq.~2b!. Equation~3! for DGM assumes
that the components are already in the crystal structure o
resultant solution; when this is not the physical case a Gi
free energy of transformation~‘‘lattice stability’’ term! DGtr
is added to each component.

The surface energies of alloys depend on their comp
tion. There is a large uncertainty in the values of surfa
energies of solid-liquid interfacesgsl of pure elements and
therefore, of their alloys.43,44 For the sake of simplicity a
linear dependence was assumed betweengsl of pure Pb and
of pure Bi. On the other hand the surface energies of
liquid-gas surfacesg lg are reasonably well determined. W
chose the method of Tanakaet al.45 to calculate the variation
of g lg with composition, using the surface energies of t
pure elements and the Gibbs free energies of the constitu
in bulk liquid solutions. The resulting function was then a
proximated by a polynomial given in Table I. This polyn
mial agrees well with direct measurements in the Pb
system.46,47Here it is used also to calculate the adsorption
the liquid-gas surfaceG i according to the Gibbs adsorptio
equation.48 The convention defined by Kaufman an
Whalen,49 namely, thatG i52G j , for a binary alloy consist-
ing of componentsi and j, was adopted to calculate the a
sorption of each element by the relation

G i52Xj

dg

dm i
52Xj

dg

dXi

dXi

dm i
. ~5!

The Gibbs adsorption equation accounts for the whole ex
quantity of material adsorbed to an unknown number
14412
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atomic layers at the surface. It also assumes the existenc
an underling ‘‘bulk’’ reservoir of material, which is obvi
ously unrealistic when the liquid sheath is thin. Hence
adsorption derived from Eq.~5! was modified to have a de
pendence on the thickness of the liquid sheath,h. A function
was chosen to depress the adsorption of a thin layer and
to show a rapid increase to its full value@Eq. ~5!# as h in-
creases. The factorD by which G i is reduced is

D5
21A4 h/R0

3
. ~6!

TherebyG i(h)52DXj]g/]m i was used in Eq.~A8! for f
@in the second approach to finding the equilibrium states
solving Eqs.~A15!, D is introduced by the equation of mas
conservation#. This feature of the adsorption seems phy
cally reasonable but it is open to question. Fortunately,f is
not sensitive to the form ofD.

It has been argued that the surface energy varies w
curvature. This effect was analyzed by Koenig,50 who de-
rived the relation betweeng and the curvature. From th
result the relation of the adsorption and the curvature
also be derived. Application of these results shows that t
have an influence of about 20% onG but only about 0.5% on
g and therefore a small effect on the equilibrium states. A
cordingly, this effect will not be included in the present ca
culations.

The particle is assumed to be a solid sphere surrounde
a concentric spherical shell of liquid so that the followin
geometrical relations hold:
1-5
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Ssl54pr 2, S lv54pR2, Vs5
4pr 3

3
,

Vl5
4p

3
~R32r 3!. ~7!

For lead and bismuth the partial molar volumes in a solut
are nearly equal to those of the pure elements.43 Thus the
molar volume of the solid alloyV̄s is taken to be a weighted
average of the molar volumes of the pure solid eleme
V̄i

0:43

V̄s5XA
s V̄A

0s1XB
s V̄B

0s . ~8!

Available data on the molar volume of the liquid alloys we
fitted to a parabolic law:51

V̄l5XA
l V̄A

0l1XB
s V̄B

0l1aVXA
l XB

l , ~9!

whereaV is a regular solution parameter. The specific v
umes of the liquid and solid elements are assumed to
linear functions of the temperature:

V̄5Vi
01aTT, ~10!

whereaT is the thermal expansion coefficient.
The computation proceeds as follows. The fraction of l

uid in the two-phase particle,f l , and the liquid composition
Xl are picked in a regular array. The adsorption to thes- l
surface is calculated fromXl . The composition of the solid is
now determined by solving the mass conservation equa
~A12!. This allows determination of the volumes and t
bulk Gibbs free energies of mixing of the two phases and
areas and surface energies of the two interfaces. ThenDf is
calculated by summing the terms in Eq.~A8!

2. Solution of the equilibrium condition

The set of two equilibrium equations~A15! and an equa-
tion for the mass conservation of one component~A12! are
numerically solved so that they are satisfied for a cho
overall compositionX0 . The details of the required terms a
given in Sec. IV A 1. The equations have a second solu
as well as the desired one. One can distinguish the des
solution by plottingDf and confirming that the solution cor
responds to the minimum energy. The second solution
saddle point maximum.

B. Thermodynamic data

The thermodynamic data used for the calculations of
Pb-Bi system are listed in Table I.

V. RESULTS OF THE CALCULATIONS

In this section the thermodynamic model developed in
Appendix and evaluated by the computational method
cussed in Sec. IV will be compared to the experimental d
presented in Sec. III. This comparison takes the form of c
culating temperature-composition phase diagrams for
lated nanoparticles of radii 10 and 5 nm, which are the sa
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radii reported in the experimental results Sec. III. Thein situ
TEM measurements in a hot stage provided not only
temperature-composition region over which the solid and
uid phases coexist but also the qualitative melting behav
namely, an abrupt onset of melting and an abrupt final m
ing. The thermodynamic model will also be evaluated w
regard to this melting behavior. In the Appendix and in S
IV, two equivalent approaches were outlined. One is
evaluate the location of minima in the three-dimensio
~3D! plot of Df versus composition of the liquid and th
fraction of the system which is liquid. The other is to sol
the analytical conditions for the equilibrium state of the sy
tem. The two methods yield essentially identical results.

A. Terminal solid solutions

The Bi-rich solution in the Pb-Bi phase diagram sho
very limited solubility in the bulk. The thermodynamic de
scription of such phases is usually arbitrary. It is typica
taken as a regular solution with large positive interact
parameterL0 which reproduces the small solubility. This pa
rameter is not reliable for extension beyond the limited so
bility range and hence no calculation will be performed f
this side of the phase diagram. Tanaka and Hara41 concluded
that experimental observations of nanoparticles of such s
tions with low solubility can reveal the hidden part o
DGmix .

On the other hand, the solubility in the Pb-rich termin
solution is relatively large and the existing thermodynam
description of these phases is more reliable. Therefore
tailed calculations were undertaken on this side of the d
gram. We chose to illustrate the model calculations fo
nanoparticle of radius 10 nm and overall composition 0.2
by plotting Df and searching for minima over a range
temperatures. Two types of plots are useful for following t
trends of the equilibrium states as a function of temperatu
One is the 3DDf energy plot and the other is its projectio
on a 2D contour map. The 3DDf energy surface is shown in
Fig. 5~a! at a temperature for which an energy minimu
exists. The appearance of a minimum on the energy sur
indicates the existence of a stable solid-liquid equilibriu
i.e., a two-phase region on the phase diagram. To better
the location of the minimum an enlarged view is given
Fig. 5~b!. The minimum is a shallow one lying in a long
slightly curved, energy valley running almost parallel to t
axis of liquid fraction. As temperature increases the posit
of the elongated valley gradually moves while the location
the relative minimum slides along the valley toward larg
fractions of liquid. These trends of the energy valley and
shallow minima can be accurately followed on 2D conto
plots.

A set of four contour plots ofDf is shown in Fig. 6 drawn
for the same parameters as Fig. 5 for four differe
temperatures.70 Figures 6~a! and 6~b! are drawn for two
nearly equal temperatures, one at a temperature~468.5 K! for
which the relative minimum does not exist and the nanop
ticle has its lowest energy when it is completely solid, a
the second for a temperature~469 K! at which the relative
minimum first appears. The significant features are tha
1-6
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SOLID-LIQUID EQUILIBRIA IN NANOPARTICLES OF . . . PHYSICAL REVIEW B 69, 144121 ~2004!
Fig. 6~a! the energy valley exists but it is monotonical
inclined so that the solid is the stable phase, while in F
6~b! the energy valley first dropsd to the relative minimum
and then rises to the 100% liquid point. Accordingly, 469
is the first temperature at which the two-phase solid-liq
equilibrium appears. Notice that, unlike the bulk case
which an infinitesimal amount of liquid can be in equilibriu
with the solid, here a finite amount of liquid is required f
the first equilibrium, namely, the liquid sheath is expected
appear abruptly with a finite thickness when the tempera
reaches the solidus temperature. A consequence of this

FIG. 5. 3D plots ofDf at 475 K for a particle of radius 10 nm
and nominal composition 0.2 Br.~a! General view; the location o
the shallow minimum is indicated by a vertical arrow.~b! A close
up viewed from the left side of~a!.
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continuous transition from all solid to a finite amount
liquid coexisting with the solid core is that the compositio
of the equilibrium solid will also jump discontinuously from
its initial value of 0.2 Bi to another value. Recently Shiri
yan and Gusak analyzed a phase diagram of nanopar
alloys with a stoichiometric compound and found a tempe
ture range for which an abrupt transformation occurs.71 The
origin of the abrupt transformation in their work and th
work is similar and derives from the variation in energy wi
size and composition.

The presence of an abrupt initial melting in the mod
agrees with experimental observation. Once the rela
minimum appears, further increases in temperature lead t
sliding along the energy valley toward larger amounts
liquid. Accompanying this motion along the valley is th
tilting of the valley toward the 100% liquid point, i.e., th
end of the valley at high fractions of solid becomes higher
energy while the end of the valley at high liquid fractio
becomes lower. Interestingly, at some elevated tempera
the energy of the state of 100% liquid energy can belower
than the energy of the relative minimum. At such tempe
tures a saddle point maximum exists between the rela
minimum and the absolute minimum at 100% liquid. Ev
though a lower-energy state is available to the system
100% liquid, complete melting is suppressed by the inabi
of the system to jump over the saddle point. Further incre
in temperature causes both the maximum and the rela
minimum to disappear leading to the two-phase solid-liq
equilibrium being replaced by 100% liquid. This transition
illustrated in Figs. 6~c! and 6~d!. As the temperature is in
creased from 493 to 493.5 K the relative minimum disa
pears, representing an abrupt disappearance of the solid
at the liquidus temperature. This is in agreement with
experiment. The compositions of the phases should disc
tinuously jump at the liquidus temperature 493.5 K, i.e., t
liquid composition abruptly changes from about 0.23 b
muth to the overall composition of the particle, 0.20 bismu
The result of the analysis is that a nanoparticle of aver
composition 0.2 bismuth and radius 10 nm shows two abr
meltings, one at the solidus temperature of 469 K and
other at the liquidus temperature of 493.5 K. Between th
two temperatures a two-phase equilibrium exists. By sele
ing other initial compositions and applying similar calcul
tions, the temperature dependence of the liquidus and sol
temperatures can be determined and hence the phase dia
for a nanoparticle of radius 10 nm can be drawn. Befo
performing these calculations, it is helpful to explore t
compositions of each of the two phases in the tempera
range between 469 and 493.5 K.

For bulk phases in a two-phase region of a binary pha
diagram, the equilibrium compositions of the phases
given by the ends of the tie lines lying on the liquidus a
solidus lines. However, because of the abrupt initial melt
and final melting, the liquidus and solidus lines no long
give the compositions of the actual phases. To explore
further it is instructive to plot the compositions of the tw
phases coexisting in equilibrium as the temperature is
creased. Upon reaching the solidus temperature the
amount of liquid appears with a compositionXl greater than
1-7
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FIG. 6. Contour maps ofDf at four temperatures, following the melting path of a particle of radius 10 nm and nominal compositio
Bi. The abrupt initiation of melting and the abrupt end of melting, emphasized by the choice of the four temperatures, take place wit
temperature intervals. Notice that equienergy lines with finer spacings were drawn in the vicinity of the minima. Units are 10218 J per
particle.
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the initial composition of the particleX0 . Mass conservation
coupled with the feature that the amount of first-to-form l
uid is substantial places the composition of the solid phas
a significantly smaller bismuth amount than 20%. This
shown in Fig. 7 as a discontinuous jump in the composit
of the solid fromX050.2 bismuth to about 0.17 bismuth. A
temperature is increased the amount of liquid increases
compositions of the solid and liquid follow their respecti
paths. These paths always lieoutsidethe two-phase region
bounded by the liquidus and solidus lines and exhibit a
ferent temperature dependence from that of the liquidus
solidus lines. The composition lines permit determination
the composition of the phases and serve for application
the lever rule for mass conservation. A tie line has be
drawn at 470 K in Fig. 7. Note that it does not have its en
on the liquidus and solidus lines, but runs outside these to
compositions of the phases, as it must for mass conserva

In order to determine the phase diagram for this nanop
ticle of radius 10 nm, a series of initial compositions is an
lyzed in the same way. A particle with similar initial size b
different composition will melt at a different temperatur
14412
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Hence the radius of the solid core will be different for th
two particles when they reach the same temperature. Th
fore particles of different composition will follow differen
melting paths. These shallow ‘‘s’’ melting paths for the com
positions of coexisting solid and liquid will have loci tha
map into compositionbands~Fig. 7!. These solidus and li-
quidus bands show where the ends of the tie lines lie
have boundaries indicating states of the start and end
melting, respectively. The liquidus and solidus lines defi
the part of the phase diagram in which two-phase equi
rium exists.

When the positions of the liquidus and solidus lines on
nanoparticle phase diagram are quantitatively compare
their counterparts on the bulk phase diagram, one finds
the two-phase field is considerably narrower and shifted
lower temperatures. Such a comparison will be made late
this section and can be seen in Fig. 4.

B. Intermediate solid solution „« phase…

The intermediate phase of Pb-Bi shows the same typ
behavior as that of the terminal solid solutions, name
1-8



th
o

ss
th
.

e
f

of
el
n
0.

a
0.
o

r
ep
ne
as
-
t

on
lso
,
cu

a
r

ui
a
r

n
tu

m
ha

can
ro-
ion
d is
he
lib-

d as
a
ec-

nd
lk
/

are
s of
e-

ed to

par-
he
K at
s

i-

of
s.
s
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abrupt melting, narrowed two-phase field, and shifts of
liquidus and solidus lines to lower temperatures. A feature
both the« phase and the Pb-rich phase that was not discu
in detail in the preceding subsection is the narrowing of
two-phase field as the initial compositionX0 is decreased
Consider a series of initial compositions fromX050.4 bis-
muth decreasing to 0.25 bismuth, corresponding to th«
phase and 10 nm radius. From the solidus temperature
which the first melting of the« phase occurs in the case
0.4 bismuth, to the liquidus temperature where the final m
ing occurs, the fraction of liquid begins at about 0.16 a
ranges up to about 0.55. When the initial composition of
bismuth is investigated the fraction of liquid that appears
the solidus temperature is about 0.17 and it ranges up to
at the liquidus temperature. This narrowing of the range
liquid fractions with initial composition is plotted in Fig. 8~a!
for four values ofX0 . The noteworthy feature here is that fo
X050.25 the range of liquid fractions reduces to zero, r
resented by a single point. At this point the liquidus li
merges with the solidus line and the range of the two-ph
field narrows to a single line. Melting for this initial compo
sition begins and ends at a single temperature. This is
same behavior found in a pure bulk solid. For comparis
the fraction of liquid range for the Pb-rich phase is a
shown where it is seen that whenX0 becomes 0.06 bismuth
the two-phase field disappears and complete melting oc
at a single temperature.

C. Three-phase equilibrium

The coexistence of a liquid with two solid phases appe
in the Pb-Bi system in bulk form at a peritectic temperatu
and again at a eutectic temperature. The three-phase eq
rium was not investigated experimentally, nor was it an
lyzed with the thermodynamic model. Because of the hete
geneous pressure in the system and its dependence o
amounts of the phases present through the surface curva
one can expect the three-phase region of the bulk diagra
span a temperature range. Investigation of the three-p
equilibria is left for a future work.

FIG. 7. The process of melting of the 10 nm particle with nom
nal composition 0.2 Bi plotted in theT-X plane.
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D. Size-dependent phase diagram

From the information in the above subsections, one
construct a 3D phase diagram for nanoparticles with recip
cal size being the third axis. The experimental determinat
of the phase diagram has already been performed an
shown in Fig. 4 for two particle radii, 10 and 5 nm. Here t
thermodynamic model is used to calculate the liquid equi
rium with the Pb-rich phase and the« phase. The Bi-rich side
of the phase diagram for these two sizes was not modele
explained in Sec. V A. TwoT-X diagrams are stacked on
reciprocal radius axis. The result is displayed as a persp
tive drawing in Fig. 9. Included in each 2D section a
shown by light dashed lines is the projection of the bu
phase diagram which normally would be located at the 1R
50 position. The liquidus and solidus lines and bands
included in the diagram. The bands are composed of pair
composition paths for the coexisting solid-liquid. The agre
ment between the model and the measurements is believ
be satisfactory.

Several features of the phase diagram for Pb-Bi nano
ticles are apparent from Fig. 9. The melting points of t
pure elements have been depressed by more than 20
R510 nm and about 45 K atR55 nm. The temperature
over which two phases~liquid and solid! coexist have been

FIG. 8. The evolution of the amount of liquid during heating
~a! 10 ~b! 5 nm radius particles of several nominal composition
Compositions in thea range are plotted by solid lines; composition
in the « range are plotted by broken lines.
1-9
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JESSER, SHNECK, AND GILE PHYSICAL REVIEW B69, 144121 ~2004!
depressed from their bulk values and the temperature
has also been considerably narrowed. For all of the sin
phase regions, it is found that the solidus lines have b
shifted toward the lead-rich side of the phase diagram
compared to the bulk case. This corresponds to an increa
lead solubility of bismuth in the liquid and a decreased so
bility in the solid ~shown in Fig. 4!. On the other hand, the
increase in lead solubility in the Bi-rich solid phase is d
matic in the nanoparticle when compared to the small so
bility found in the bulk alloy. Perhaps the most interesti
feature of this diagram is the merging of liquidus and solid
lines and bands, resulting in the pinching off of the tw
phase regions. Above this pinching-off temperature ther
no longer a stable equilibrium between liquid and so
phases. The equilibrium becomes an unstable one so the
ticle is experimentally found as either all liquid or all soli
The size dependence of these features clearly shows a
creased effect of all the features discussed as size decre
namely, an increased depression of the melting points
two-phase fields; increased narrowing of the two-phase fi
such that below some size they may disappear altoge
narrowing of the solidus and liquidus bands; and change
the solubility in the single phases.

VI. SUMMARY AND CONCLUDING COMMENTS

In this paper it is shown that equilibrium phase diagra
for isolated nanoparticles are significantly different fro
those of bulk alloys. Measurements for the Pb-Bi alloy fro
in-situ TEM experiments on isolated nanoparticles of ra
ranging from 5 to 40 nm have been compared to a mo

FIG. 9. The calculated Pb-Bi phase diagram of isolated na
particles for 10 and 5 nm radii are stacked to make a compo
phase diagram as a function of the particle size. The bulk ph
diagram is plotted in dashed lines. The liquidus and solidus
drawn as thick lines; the actual compositions of the liquid and s
at the beginning and ending of melting are drawn as broken li
The actual paths of melting of the solid and the liquid are shown
thin continuous lines. The experimental data are represente
circles and stars.
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developed from thermodynamic first principles. Agreeme
between the model and experiments is quantitatively reas
able and qualitatively accurate, e.g., in describing the ab
melting phenomena. Phase diagrams for nanoparticles
affected by the presence of curved surfaces that shift
chemical potentials and internal pressures from their val
when in bulk form. The features of the phase diagram
nanoparticles that emerge as significantly different from t
of bulk phases are as follows.~i! There is a size-dependen
melting temperature depressed from the values of bulk
terial. ~ii ! There is a narrowing of two-phase fields to th
degree of pinching off to a line.~iii ! The conventional liqui-
dus and solidus lines are replaced with shifted liquidus a
solidus lines lying inside liquidus and solidus compositi
bands. The liquidus and solidus bands determine the com
sitions of the coexisting phases, and the liquidus and soli
lines determine the extent of the two-phase coexistence.~iv!
A dramatic increase in solubility is possible. The prese
paper evaluates the case of Pb-Bi, but the principles sho
be sufficiently general to hold for other binary alloys as we
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APPENDIX: THERMODYNAMICAL ANALYSIS

1. The thermodynamical potential

First the thermodynamic potential that is minimized
equilibrium of a system with heterogeneous pressure sho
be defined.48,57 Consider such a closed system, in conta
with a heat reservoir and a pressure reservoir, interac
with the reservoirs only through the external boundaries
the system~which are considered as flexible and diatherm
but impermeable, as illustrated in Fig. 10!. Using subscripts
‘‘univ,’’ ‘‘sys,’’ and ‘‘res’’ for the universe, system, and res
ervoir, respectively, a general variation in the state of
system changes the internal energyE of the universe by an
amount

dEuniv5dEsys1dEres
T 1dEres

P , ~A1!

whereEres
T is the energy of the heat reservoir andEres

P is the
energy of the pressure reservoir.57 The state of the heat res
ervoir is changed~by definition! only by a heat exchange

-
te
se
re
d
s.
n
by

FIG. 10. An isothermal system in contact with constant te
perature and a constant pressure reservoirs.
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SOLID-LIQUID EQUILIBRIA IN NANOPARTICLES OF . . . PHYSICAL REVIEW B 69, 144121 ~2004!
with the system, while the state of the pressure reservo
changed only by an exchange of mechanical work, and he

dEuniv5dEsys1TresdSres
T 2PresdVres

P . ~A2!

The change in volumedVres
P of the surrounding isobaric pres

sure reservoir is also the negative of the change of volum
the system, anddSres

T is the change in entropy of the isothe
mal heat reservoir. According to the second law, the entr
changes obey the equation

dSuniv5dSsys1dSres>0. ~A3!

Using this inequality,

dEuniv>dEsys2TdSsys1PextdVsys, ~A4!

wherePext is the fixed external pressure maintained by
pressure reservoir,T is the isothermal temperature of the sy
tem, andVsys is its total volume. At equilibrium the inequal
ity in Eq. ~A4! becomes an equality; therefore Eq.~A4! de-
fines a thermodynamic potentialf which is minimum at
equilibrium (df50):

f[Esys2TSsys1PextVsys5Asys1PextVsys. ~A5!

Asys is the Helmholtz free energy of the system andf is
minimum at equilibrium in a system with a fixed amount
material, uniform temperature, and a constantexternalpres-
sure but possibly nonuniform internal pressure. The poten
f can be viewed as a specialized form of the Gibbs f
energy.58

Thermodynamic data for binary alloys are available as
Gibbs free energy at 1 atm. However, the pressures in n
particles can rise to very high values. In relating the Gib
functionG(Pref) data at low pressure to the Helmholtz fun
tion A(P) at the high pressureP, one can show72 that for
incompressible phasesG(Pref50)5A(P), and therefore
also for the partial quantities of the bulk phasesm i(0)
5ai(P).

The potentialf of the two-phase system in Fig. 10 or Fi
2 is

f5(
i

ni
sm i

s~0!1(
i

ni
1m i

1~0!1aslSsl1algS lg1PextVsys,

~A6!

wheren is the number of moles of the relevant phase anda is
the specific excess Helmholtz free energy of the relev
surface areaS. The specific surface energy~per unit area! is
defined as the excess grand canonical potential of the su
between phasesa andb:59,60

gab5eab2Tsab2(
i

m i
gG i

ab5aab2(
i

m i
gG i

ab ,

~A7!

whereeab andsab denote the specific excess internal ene
and entropy respectively,m i

g is the chemical potential asso
ciated with the surface adsorbed atoms, andG i

ab is the sur-
face excess quantity of atoms~adsorption! of componenti.
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By adding and subtracting two ((m i
lG i)S terms, the sur-

face terms in Eq.~A6! are expressed by the surface energ
of Eq. ~A7!, yielding

f5(
i

ni
sm i

s1(
i

~ni
l1G i

slSsl1G i
lgS lg!m i

l

1S asl2(
i

m i
lG i

slDSsl1S alg2(
i

m i
lG i

lgDS lg1PextVsys

5(
i

ni
sm i

s1(
i

~ni
l1G i

slSsl1G i
lgS lg!m i

l

1gslSsl1g lgS lg1PextVsys. ~A8!

All the chemical potentials in this equation are evaluated
zero pressure; the chemical potentials in both the inner
outer boundaries of the liquid have been taken as those o
liquid. In practice,Df, the difference between the potenti
f for the two-phase particle and a reference state, chose
be the solid particle before it melts, will be calculated. Pl
ting Df will permit the identification of the stable states
the system, namely, the states of the minimum inDf.

2. The equilibrium conditions

An alternative way to identify the stable states of t
nanoparticle is to find the minimum ofDf analytically. To
this end, the differential off given in Eq.~A8! is evaluated
and equated to zero:

df5(
i

m i
sdni

s1(
i

ni
sdm i

s1(
i

m i
ld~ni

l1SslG i
sl1S lgG i

lg!

1(
i

ni
ldm i

l1(
i

SslG i
sldm i

l1(
i

S lgG i
lgdm i

l1gsldSsl

1Ssldgsl1g lgdS lg1Sgldggl1PextdVsys50. ~A9!

To simplify this equation, the Gibbs-Duhem relations are a
plied. For the solid and liquid phases of volumesVs andVl at
constant temperature,

VsdPs2(
i

ni
sdm i

s50, ~A10a!

VldPl2(
i

ni
ldm i

l50. ~A10b!

For the bulk solid and liquid at zero pressure the first term
each equation vanishes. For the surface phases the G
Duhem relation at constant temperature, generalized to
clude the effect of the surface stressf ab, is61

~gsl2 f sl!dSe
sl1(

i
SslG i

sldm i
g1Ssldgsl50, ~A10c!

~g lg2 f lg!dSe
lg1(

i
S lgG i

lgdm i
g1S lgdg lg50. ~A10d!
1-11



e
ce
r l

E

c

y

a

f
to

es

o-
rials

ra-

-
he

po-
ticle
g
-

the

by
ge

Eq.
g
s

JESSER, SHNECK, AND GILE PHYSICAL REVIEW B69, 144121 ~2004!
The elastic deformationdSe of the surface is taken to b
zero for the accretive variation at the solid-liquid interfa
because of the assumption of incompressible phases. Fo
uids, g and f are identical,62 so for both solid and liquid
phases the first term is zero. The second terms in Eqs.~A10c!
and ~A10d! include the variation ofg with the composition
and pressure, to be discussed in the next section. As in
~A8! we takedmg in Eqs.~A10c! and~A10d! to bedm l and
substitute Eqs.~A10! into Eq. ~A9! to yield

df5(
i

m i
sdni

s1(
i

m i
ld~ni

t2ni
s!1gsldSsl1g lgdS lg

1PextdVsys50, ~A11!

where the following mass conservation condition for ea
constituent has been used, denoting the atomic fraction
each component byXi

s andXi
l and the overall composition b

X0,i :

ni
t5X0,in

t5Xi
sns1Xi

lnl1SslG i
sl1S lgG i

lg . ~A12!

For a two-component system, two partial derivatives off
with respect todni

s are obtained from Eq.~A11!:

df

dni
s 5m i

s2m i
l1gsl

dSsl

dni
s 1g lg

dS lg

dni
s 50, ~A13!

where the derivative of the termPextdVsys is neglected in
view of the small magnitude of the external pressure.

The remaining derivatives are evaluated using the ch
rule:

dSsl

dni
s 5

dSsl

dVs

dVs

dni
s 5

2

r s
V̄i

s ,

dS lg

dni
s 5

dS lg

dVtot

dVtot

dni
s 5

2

R
~V̄i

s2V̄i
l !, ~A14!

for a spherical particle with a solid core of radiusr s and a
liquid sheath of radiusR ~Fig. 2!, whereV̄i

s and Vi
l are the

specific volumes of the componenti in the solid and liquid,
respectively. Thus Eqs.~A13! reduce to

mA
s ~0!2mA

l ~0!52
2gsl

r s
V̄A

s 2
2g lg

R
~V̄A

s 2V̄A
l !,

mB
s ~0!2mB

l ~0!52
2gsl

r s
V̄B

s 2
2g lg

R
~V̄B

s 2V̄B
l !. ~A15!
c

pp

ys
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Equation~A15! implies a shift of the states of equilibrium o
a solid and a liquid in the shape of a small particle relative
the same alloy in the bulk form, where equilibrium satisfi

m i
s~0!2m i

l~0!50. ~A16!

The notationm~0! serves to emphasis that the chemical p
tential is measured at ambient pressure. For pure mate
slightly deviated from the bulk melting temperature,ms(0)
2m l(0)5DHmelt(Tm2T)/Tm . Substitution in Eqs.~A15!
yields approximately Eq.~1!.

Equation~A15! was derived by Hanszen35 and conforms
with several experimental results on the melting tempe
tures of pure metals~as mentioned in the Introduction!. Al-
though Eqs.~A15! do not show explicitly the effect of ad
sorption, their practical solution requires application of t
mass conservation equation~A12!, where the adsorption is
taken into account. The difference between the chemical
tentials at the actual pressures prevailing in the nanopar
is also implicit in Eqs.~A15!. This can be seen by addin
psV̄i

s2plV̄i
l to both sides of Eq.~A15! and adding and sub

tractingplV̄i
s to the right-hand side, yielding

@m i
s~0!1psV̄i

s#2@m i
l~0!1plV̄i

l #

5~ps2pl !V̄i
s2

2gsl

r s
V̄i

s1pl~V̄i
s2V̄i

l !

2
2g lg

R
~V̄i

s2V̄i
l !. ~A17!

For an isotropic sphereps2pl52 f sl/r s , where f sl is the
surface stress of the solid-liquid interface and, neglecting
pressure of the surrounding gas,pl52g lg/R (g5 f for liq-
uids!. Substitution of these relations reduces Eq.~A17! to

m i
s~ps!2m i

l~pl !5
2~ f sl2gsl!

r s
V̄i

s . ~A18!

This discontinuity of the chemical potential was found
Gibbs63 for a particle of a pure material embedded in a lar
quantity of fluid and was extended by Cahn64 to alloy par-
ticles. It contradicts other conventions,41,65–69 according to
which the pressure jump is 2g/r but the chemical potential is
continuous across curved boundaries. The solution to
~A15! or Eq.~A18! yields the special behavior of the meltin
of nanoparticle alloys detailed in Sec. V, which conform
with the experimental observations described in Sec. III.
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