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Experimental test of the self-organized criticality of vortices in superconductors
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Magneto-optical studies of the vortex dynamics in Nb films reveal stochastic jumps of flux bundles forming
a rough penetration front. The scaling analysis of the width, correlation function, and the length of flux profiles
behind the front retrieves the roughness exponents and Housdorff dimension characterizing the self-organized
critical state. The exponents correspond to~111!-dimensional nonlinear diffusion in systems with quenched
disorder and long-range correlations. The power spectra of the profiles confirm the self-affine character of the
dynamically formed critical state.
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The self-organized criticality1 ~SOC! accompanied by the
pattern formation is considered to be a general feature
many physical systems with disorder. Examples are su
conducting vortices, granular media, charge-density wa
earthquakes, dislocations, polymers, magnetic domain w
growing crystals, wetting, and burning phenomena.2 The dy-
namics of these complex systems is characterized by a
archy of spatial and temporal scales described by power l
within several decades of sizes and times.3 Such apower-law
behavior is presently accepted as the main indication
SOC. The values of appropriate exponents turn out to
universal and refer the system to one of the universa
classes associated with relevant dynamical equations.

There were several experimental attempts to prove
SOC of vortices entering type-II superconductors in
shape of flux jumps, but the situation is still ambiguou
Direct measurements of the flux jump distributions,4–7

dB/dt spectra,5,8 and features of the flux relaxation9,10 in
both low- and high-Tc materials so far did not result in
clear and consistent picture. In some cases the SOC-
power law for the jump distribution function was reporte
over ;2 decades of jump sizess.5,8,10 In other cases such
trend was not observed4 or observed in limited ranges ofs
and narrow temperature windows6,7 leading to a conclusion
of non-SOC dynamics. Good fits of the relaxation data us
formulas that account for SOC-like vortex avalanch9

caused reasonable doubts as it turned out that SOC fea
cannot be retrieved from the classical relaxati
measurements.11 Also, it was suggested that under some co
ditions the relaxation through avalanches of many sizes d
not mean the existence of SOC.12

An interesting analysis of a possible SOC dynamics
vortices was proposed recently in Ref. 13 based on w
established scaling concepts used for studies of rough in
faces in stochastic systems.2 It was reported in Ref. 13 tha
the kinetic roughening of the flux penetration front in a th
yttrium barium copper oxide~YBCO! film exhibits the dy-
namical scaling with well-defined self-affine exponen
Moreover, a change in the growth exponent was noticed
associated with different scaling regimes dominating at
ferent length scales. The observed behavior was compare
the kinetic roughening in burning paper that fits with t
SOC scenario for the nonlinear diffusion.
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Inspired by this work we performed a magneto-optic
study of rough flux fronts in low-Tc Nb films. However, we
started from the idea that there is animportant difference
between growth and burning phenomena and the super
ducting critical state dynamics. If in the former two the stru
ture behind the front is fixed, the evolution of the critic
state behind the penetration front in a superconductor d
not cease. Therefore, we analyzed not only the flux front
also flux profiles behind it. We directly, and in a real tim
observed intermittent vortex avalanches in the samp
changing to a smooth flux entry at larger temperatures
addition to the statistical analysis of the width and corre
tion function of the flux profiles we determined their Hou
dorff dimension and found power laws with exponents ch
acteristic for nonlinear diffusive systems with long-ran
correlated noise. The analysis of power spectra of the pro
confirmed their self-affine nature and global scaling behav
suggesting the universal SOC in the vortex system in so
temperature range belowTc .

We studied 100 nm thick Nb films withTc58.5 K grown
by dc magnetron sputtering on Si substrates. A magn
optical technique utilizing garnet indicators14 was used to
image magnetic-flux patterns from 3.5 K toTc . The field
was applied perpendicular to the film and spatial variatio
of the flux density were observed in the polarized light
changes in the local image intensity. The technique allow
for real time observations of the flux dynamics and measu
ments of the field maps using a 16 bit 102431024 pixel
CCD array. From these maps we obtained profiles of
constant flux density and analyzed their width, length, cor
lation functions, and power spectra. The field ramp was v
slow ~1 Oe/min! in order to reveal saturated scaling relatio
characterizing geometrical features of the flux diffusion
random potential.

At T above;6.5 K the flux entry andBz(r )5const pro-
files were smooth and did not show a developed fractal st
ture. Below 4.2 K large catastrophic thermomagnetic a
lanches similar to those reported in Ref. 15 strong
disturbed the flux patterns. However, at intermediate te
peratures a remarkable intermittent dynamics of varying s
flux jumps was clearly seen reminiscent of the popular s
nario of sand avalanches. It showed up as fast flickering
the local flux density during the slow field ramp. The resu
©2004 The American Physical Society04-1
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ing flux pattern had an average gradient perpendicular to
film edge and revealed inhomogeneities and roughBz pro-
files as shown in Fig. 1. Below we present a statistical an
sis of these profiles.

For a self-affine surface in stochastic systems, descr
as a functionh(r ,t) of coordinatesr and timet, the follow-
ing Family-Vicsek scaling relations are expected.2 The glo-
bal width Wof the surface defining square deviations fro
the average position is represented as

W~L,t !5^^@h~r ,t !2^h~ t !&#2&L&1/25ta/zg~L/t1/z!, ~1!

g~u!;H ua if u!1⇒W;La if t@Lz

const if u@1⇒W;ta/z if t!Lz.
~2!

Here^•••&L and^•••& are averaging over the system sizeL
and over realizations, respectively,a is theroughnessexpo-
nent~in most cases, identical to theHurst exponent!, z is the
dynamicalexponent, and the ratioa/z is the growth expo-
nent b. These exponents characterize theuniversality class
of a nonlinear diffusion model capturing the physics of t
surface evolution. In windows of a smaller size, the local
width w(,,t), which is usually measured in the experime
has the same scaling, Eqs.~1! and~2!, with L changed for,.
However, in many systems the roughness exponent in
scaling functiong(u) acquires a local valuea, different
from a ~anomalous scaling16 changing the universality class!
so that

w~,,t !;H ,a,t (a2a,)/z if t@,z⇒,a,L (a2a,) at t;Lz

ta/z if t!,z @as in Eq. ~2!#.
~3!

The same scaling~3! is expected for the two-pointcorrela-
tion function:

C~,,t !5^^@h~r1,,t !2h~r ,t !#2& r&
1/2. ~4!

Due to the same form of the scaling function it is hard
reveal the anomalous behavior (a,Þa) from w andC. How-
ever, it can be done using thepower spectrumof the surface
which presents the square Fourier components ofh(r ,t):
S(k,t)5^h(k,t)h(2k,t)&. In the self-affine case it scales a

S~k,t !;k2(2a1d)s~kt1/z!, ~5!

FIG. 1. ~Color online! Flux pattern and profilesBz520 G ~near
the sample edge! and Bz52.6 G ~near the flux front! at Ha

56 Oe. T54.5 K. The local intensity is proportional to theBz

value.
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s~u!;H u2a1d if u!1⇒S~k!;t (2a1d)/z if k!1/t1/z

const if u@1⇒S~k!;k2(2a1d) if k@1/t1/z,
~6!

whered is the dimension of the reference surface~for our
flux profiles d51). The same scaling is obtained for th
frequency spectraS( f ) @k is changed forf in Eq. ~6!#. For the
anomalous scaling a news(u) form appears with a third
spectralexponentas :17

s~u!;H u2a1d if u!1

u2(a2as) if u@1.
~7!

If as,1,as5a, and eithera,Þa ~local Þ global! or a,

5a @local5global, Eq. ~6!#. In the caseas.1,a,51 and
eitheras5a ~superroughening! or asÞa ~new class!.

The scaling exponents have a direct link to the Housdo
dimension of the rough surface determined as2

D5 lim@ ln N/ ln~1/p!#p→0 . ~8!

HereN is a number of elements of sizep required to cover
the surface~box counting method!. For the self-affine sur-
faces

D5d112a. ~9!

Figure 2~a! shows the local widthw(,) of Bz profiles for a
flux pattern formed atT54.5 K in external field Ha
58 Oe. The profiles are acquired near the middle of
edge in a;434 mm2 film. IncreasingBz corresponds to
profiles taken closer to the sample edge, whereBz@Ha due
to the shape effect. At smaller, the log-log plot reveals a
good power-law shape ofw(,) that transits to oscillations
around a saturation level at larger,. Similar small scale
power law and the change in slope at larger scales w
reported for ofw(,) in YBCO.13 Unlike in Ref. 13 we refer
this change to the artifact of treatment in a finite-size w

FIG. 2. ~Color online! ~a! The width w of Bz5const profiles
(Bz52.6,5.4, and 11.4 G from top to bottom! and ~b! the correla-
tion function C of a profile Bz55.4 G at Ha58 Oe. ~c! Profile
lengthLs measured in pixels of different size p atBz51.4,2.6, and
11.4 G ~from top to bottom! and ~d! Power spectrumS(k) for the
profile Bz55.4 G atHa56.1 Oe.T54.5 K.
4-2
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dow L determining thew(,) oscillations at,.0.1L. The
correlation functionC(,) follows the same behavior as illus
trated in Fig. 2~b!. We retrieved the roughness exponenta,

from the initial slope ofw(,) andC(,) and plotted it as a
function ofBz in Fig. 3~a!. It has an unexpected nonmonot
nous behavior reaching maximuma;0.7 ~close to 0.64 re-
ported in Refs. 13! at some distance behind the penetrat
front (Bz;0) and decreasing towards the edge~largestBz).
This reduction of the roughness could be due to the ali
ment of the current flow by the edge. The length of t
profiles measured in different pixel sizes,Ls(p), is presented
in Fig. 2~c!. It shows a distinct power behavior allowing t
estimate the Housdorff dimensionD which is plotted as a
function of Bz of the profiles in Fig. 3~a!. This function re-
veals changes complimentary to those ofa. D goes from
maximum at the front (Bz;0) to a minimum at some dis
tance behind it, then increases and reduces again at
sample edge~maxBz). Interestingly, the sum ofD1a is ;2
as it is expected from Eq.~9! with d51. Figure 3~b! shows
all the exponents for a number of flux patterns formed
different external fields. Profiles with the sameBz are ob-
tained here at different depth from the edge. Remarka
they all overlap in a very consistent manner which may
dicate to a global scaling in the vortex system. To confi

FIG. 3. ~Color online! ~a! Exponents retrieved from the profil
width w(,), correlation functionC(,), and power spectraS(k),
and the Housdorff dimension from the profile lengthLs(p) at dif-
ferent Bz levels (Ha56.1 Oe,T54.5 K). Also the sumD1a is
shown.~b! Exponents at differentBz levels for flux patterns mea
sured in external fields of 4, 5.2, 6.1, 7.5, 8.2, and 9 Oe.
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this we analyzed the power spectra of the profiles as p
scribed in Ref. 16.

Figure 2~d! presents the power spectra@S(k)#1/2 of the
flux profiles at differentBz levels. They are symmetric with
respect to the middle of thek51 –1024 window and are
shown only up tok5512. The spectra are noisy, which
typical for systems with quenched disorder.15,18The points at
ln k,1 corresponding to distances.100 pixels (1 pixel
51 mm) are shifted from the main trend due to the finit
size effect and are not used in the analysis. At lnk;2.7 (k
;512) S(k) in a log-log scale is also turning from the linea
behavior. Therefore we used a linear fit in a shorter ran
1, ln k,2.5, to determine the exponent which in our lon
time case@bottom formula in Eq.~7!# should be given by
S(k);k2(2as11). The fitting values ofas for profiles at dif-
ferentBz are shown in Fig. 3~a!. They are remarkably close
to the roughness exponents extracted fromC andw confirm-
ing that as5a,5a. So the scaling is global and th
magnetic-flux structure is self-affine.

The electrodynamics of superconductors representing
flux motion is described by the nonlinear diffusion scena
following from the Maxwell equations.19 However, in order
to study the fractal details of the flux patterns one has
explicitly account for disorder terms. This results in
Langevin-type growth equation and defines a model gene
ing characteristic exponents of the critical state.2 Below we
discuss some models that yield roughness exponents clo
our experimental values.

An ‘‘ anomalously large’’ value of a (.0.63) was ob-
tained in many fractal experiments, including wetting of p
rous media, propagation of combustion fronts, growth of c
colonies, polycrystalline and epitaxial film growth, colloid
deposition, erosion, and other processes~see in Ref. 2!.
These phenomena may be related to the modified Kar
Parisi-Zhang~KPZ! universality class. A regular KPZ equa
tion with uncorrelated disorder predictsa51/2 for ~111!-
dimensional interfaces. Introduction of a spatially correla
disorder with a spectrumD(k);1/uku2r ~i.e., the direct space
correlations;ur 2 ŕ u2r21) results ina51/212(r21/4)/3.2

At r→1/2, a→2/3 in accordance with values we obser
behind the front. Similar largea emerges in the case o
temporal correlations.2 Note that the long-range interaction
(r;1/2! should be expected in thin films, where the elect
dynamics is essentially nonlocal19 and vortices are coupled
by slowly decaying Pearls forces20 rather than by the expo
nential repulsion relevant for bulk superconductors. The
fore correlations can be a reason for the largea we obtained.

At the same time, more naturally, our experiment could
related to the directed percolation depinning model~DPD!
simulating the ~111!-dimensional interface propagatin
through the quenched disorder.2 In this modela52/3, close
to our value behind the front. DPD is similar to the KP
model with quenched disorder~QKPZ!. The latter considers
different scaling regimes depending on the driving force
predictsa50.63 for mainly pinned interfaces anda50.75
for interfaces moving in the critical regime. There are oth
quenched disorder processes generatinga;0.7 in the~111!
dimension. They show a strong relevance to power-law no
driven interfaces2 which could be expected accounting th
4-3



n
ot
la
a

ia

o

e

th
th

ne
k

ft
an

on
on
r-

t

f

i-

at-
-

of
ruc-
as-
to

e
an

o-
ng
po-
the
ese

ruc-
all
he
ool

of
9-

RAPID COMMUNICATIONS

VLASKO-VLASOV, WELP, METLUSHKO, AND CRABTREE PHYSICAL REVIEW B69, 140504~R! ~2004!
such a noise is intrinsic for the rough motion. Presently, u
versality classes for the quenched disorder models are n
well defined. However, we believe that the directed perco
tion belonging to the same class as QKPZ could be relev
to our experimental situation.

We would like to draw a special attention to the pecul
variations ofD and a near Bz50 ~Fig. 3!. They may be
associated with vortices scattered ahead of the continu
flux front and defining a very tortuousBz profile and produc-
ing the largestD. Actually, atBz;0 L(,) is more noisy than
that shown in Fig. 2~c!. This can be related to results of th
molecular-dynamic simulations21 showing that the dimension
D increases with decreasing pinning forces. Considering
vortices at the flux front choose the easiest channels in
random potential~minimum effective pinning! the profiles at
Bz;0 should have the largestD. Further rows of vortices
can be stabilized not only by pinning but also by the mag
tization currentsJm localized at the front which should wor
as effective surface tension and reduceD. In a bulk super-
conductorJm produces;Hc1 step inB(x) at the penetration
front (dB/dH effect22!. A physically similar picture is ob-
tained if the advanced vortices are considered frozen a
motion above the pinning threshold as implied by the
nealed noise regime of the KPZ process (a;0.5, Ref. 2!.
Behind the front they are more relaxed due to interacti
with close neighbors showing the critical regime of moti
in the quenched disorder (a.0.63). In any case, a counte
intuitive reduction of the roughness exponent atBz;0 can
be understood as a compensation for the increasedD pre-
serving the scaling relationD1a52. Note a difference of
,
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our results from Ref. 13 wherea50.64 was reported just a
the front and a change toa50.46 was inferred for large
scales from the kink atC(,) that we see as an artifact o
treatment.

In conclusion, it is directly observed that in an intermed
ate range of temperatures, betweenT;2/3Tc ~when the
strong thermally activated flux creep smoothes vortex p
terns! and T;4.2 K ~when strong thermomagnetic ava
lanches severely disturb the flux distribution!, the flux entry
occurs through vortex avalanches with a wide range
scales. The resulting critical state shows the self-affine st
ture characterized by universal exponents which can be
sociated with the directed percolation process belonging
the universality class of the QKPZ model. Typical for th
films, long-range interactions between vortices may be
important factor influencing the flux dynamics. The exp
nents at the flux front and behind it are different reveali
different scaling regimes. We stress here that all the ex
nents are obtained by the regular statistical treatment of
experimental data and are not based on any model. Th
exponents are similar to those observed in other fractal st
tures. The results show that not only the flux front but
induction profiles carry the fingerprints of the SOC in t
vortex system indicating that our approach is a useful t
for studying the flux fractality in superconductors.
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Energy, Office of Science under Contract No. W-31-10
ENG-38.
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