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We study the effects of single-impurity scattering on the local density of states in th& highprates. We
compare the quasiparticle interference patterns in three different ordered dtatage superconductdDSCO),
d-density wavgDDW), and coexisting DSC and DDWDSC-DDW). In the coexisting state, at energies below
the DSC gap, the patterns are almost identical to those in the pure DSC state with the same DSC gap. However,
they are significantly different for energies greater than or equal to the DSC gap. This transition at an energy
around the DSC gap can be used to test the nature of the superconducting state of the underdoped cuprates by
scanning tunneling microscopy. Furthermore, we note that in the DDW state the effect of the coherence factors
is stronger than in the DSC state. The features arising due to DDW ordering are discussed.

DOI: 10.1103/PhysRevB.69.134517 PACS nuniber74.20-z, 74.72-h

[. INTRODUCTION ever, as we will discuss later, differences in the band struc-
ture can have large effects on the details of the STM spectra,
One of the intriguing features of the cuprate high-especially due to coherence factors. Fortunately, none of our
temperature superconductors is the existence of a pseudogegbust qualitative conclusions depend on the spurious sensi-
phase in the normal stateElucidating the nature of the tivity to the band structure.
pseudogap would be an important step in understanding the Our main focus is to study the mixed, or coexisting, DSC-
physics of high-temperature superconductivity. Among manyDDW and the pure DDW states. According to the DDW
scenarios, one concrete proposal is that the pseudogap is dileory? the mixed DSC-DDW and the pure DDW character-
to a hidden broken symmefrpf dy2_y2 type in the particle- ize the underdoped superconducting and the pseudogap
hole channet.In this paper we examine the consequences ophase, respectively. We first analyze the mixed state and find
the presence a-density-wave(DDW) ordering on the qua- that if we probe the system at energies larger than the DSC
siparticle interference patterns observed by scanning tunnegfap, significant differences among the interference patterns
ing measurementsSTM). emerge compared to a pure DSC state, while at energies
Recently, interesting STM measureménfson Bi-2122  below the DSC gap, the patterns are almost identical. For
have been performed to obtain Fourier-transformed spectraxample, let us focus on the position of the peaks along the
of the local density of states. This technique is called Fourief, ) direction in the interference patterns. For a pure DSC
transform scanning tunneling spectrosc@py-STS. So far,  state they should move away from the origin with increasing
the experiments have been carried out in the superconductirenergy and eventually get close to the, ¢r) point for ener-
state at low temperatures, and the results can be interpretgies of the order of the gap. If the state is a mixed state
as interference patterns due to elastic scattering of the quabSC-DDW) with two different order parameters, the total
siparticles from impuritie4.’~° Additional support of this in-  gap is roughly equal to the square root of the sum of the two
terpretation comes from a more recent work in Ref. 10. Theyaps square. In this case the same peaks should shift away
scattering of quasiparticles between regions of the Brillouirfrom the origin fasteffor lower energy and get close to the
zone with high densities of states yields peaks in FT-STS. Iif#, ) point at energies of the order of the DSC gap which is
a d-wave superconductaiDSC), the regions of high local typically much smaller than the total gap. For energies larger
density of statesLDOS) are situated at the tips of the than the DSC gap, the main features of the STM spectra are
banana-shaped contours of the quasiparticle excitatiosignificantly different from those in the pure DSC state.
spectrunf. The wave vectors of the observed peaks are conTherefore, the energy of the DSC gap in the mixed states
sistent with the wave vectors that connect the tips of thesenarks a transition in the interference patterns. The effect
bananagsee Fig. 1 Thus, the experimental results are con-becomes less pronounced with an increase in doping, as the
sistent with the known pictures of the Fermi surface and thddSC gap is getting closer to the total gap of the system.
LDOS in the pure DSC state. Here, we investigate the posBased on this observation we believe that the FT-STS ob-
sible form of STM spectra in both the superconducting andained below the superconducting transition temperature in
normal states from the perspective of DDW. Thenatrix  the underdoped cuprates may reveal important information
formalism? combined with a numerical analysis, is used toabout the nature of the order parameter.
obtain the quasiparticle interference patterns of the various In the pure DDW state, the interference patterns reveal
ordered states. features similar to the ones observed in the DSC state and
We first consider a pure DSC state and recover resultethers that are entirely new. These features could be used to
similar to Ref. 9. Though the band structure we used is difdetect DDW order. One of the important differences from the
ferent from theirs, the main features such as the emergen@ase of DSC order is that the DOS is not as strongly peaked
of peaks at particular wave vectors are still observed. Howin the DDW state, so the STM spectrum is more strongly
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FIG. 1. Equal-energy contour plots in differ-
ent states(a) normal state without any ordeih)
d-wave superconducting state(DSCO), (c)
d-density-wave stateDDW), and(d) mixed DSC
and DDW statg DSC-DDW).

N

dependent on coherence factors. These depend not only on . ) ‘
the order parameter and on the band structure but also on the H= kE [e(k) = p]CyyCrot ; {2 IW(K)CrsCh+Q,0
details of the scattering and on the type of impurities. We 7 7
illustrate this effect by comparing the interference patterns
for two parameter sets which are identical save for the sizes
of their DDW gaps. Changing the size of the DDW gap has
relatively little effect on the equal energy contour plots. where W(k) =Wjq(cosk,—cosk,)/2 and A(k)=Aq(cosk,
However, the interference patterns are dramatically different—cosky)/z are the DDW(see also Ref. )3and DSC order
due to the difference in the coherence factors. The authors gfarameters, respectively, a@k= (7,7). The sums ovek
Ref. 11 emphasized their importance. We show that theimnclude all the wave vectors in the first Brillouin zofZ),
observation is pertinent and, in fact, explains why their|k,|<, [ky| <. We take the lattice constaat=1.
lowest-order Born approximation results miss some of the The kinetic energy is(k) = e;(k) + €,(k), wheree; /e,
physics captured in the full-matrix approach. Also, the are, respectively, odd/even with respect to the shift of the
strong dependence of the STM spectra on coherence factofgave vector byQ; e;(k)=—e;(k+Q) and ey(k) = e5(k
suggests that they could be used to extract detailed informas Q). In the numerical calculation, we focus on a simpte
tion about the DDW gap, band structure, etc., which could béand structure with dispersian (k) = t(cosk+cosk,)/2 and
compared with angle-resolved photoemission SpeCtr%Z(k)=t’coskxcosky.
(ARPES data. To simplify the calculation, we introduce a four-
The paper is organized as follows. In Sec. Il we describgomponent (spino field operator o
our model and the analytic formalism. In Sec. I, we de-:(CET 'Cl-*—QT Coy 'Cikin).IZ In this new basis, the above

scrlbe.the numerical analysis and discuss the results; we CORfamiltonian can be written as
clude in Sec. IV.

+A(k)ch el [+H.c, (1)

H=2> yiAK) i, )
Il. ANALYTIC FORMALISM K

In the presence of DDW and DSC order, the generalvherek is summed over half of the original Brillouin zone
mean-field Hamiltonian for a higfi; superconductor is (reduced Brillouin zone—RBE namely, |k,| + |ky|< . Ay
given by is a 4X4 matrix given by
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€1(k)+ ex(k)—u iW(k) A(k) 0
A —iW(k) —e1(K)+ex(k)—p 0 —A(k) 3
S IS 0 —a-etn WK ¥
0 —A(K)* —iW(K) €1(K)— ex(K) +
|
The eigenvalues oA, are = E,;(k) and = E,(k), where whereg(k,q, ) is defined as follows. Lat’'=k+q. If k" is
in the RBZ,
E1 (k)= ({Ver(K)?+W(k)*=[ e5(k) — u]}*+ A (k)?)Y2
4) 4
We consider impurity scattering of the form 9(k,q,0)= 2 [Gii(kK',5i0)=Gji (K" k.si)], (13)
wheres;=1 fori=1,2 ands;=—1 fori=3,4. Ifk’ is notin
Himp= E/ . BET Vick'asChaCi - ) the RBZ, letk"=k+q—Q. For this case
Up to a constant, we can write it as , .
g(k,q, w)—lgs[el 1+1(K K, 50) = G4 (K K,50)
Himp= 2 V(KK ) e, )

k,k" eRBZ

whereV(k,k") is a 4<4 matrix.
One can define a finite-temperatutanaginary time
Green'’s function
G(ky ko, 7)==Trle A" DT gy (D (0], (D

whereK=H—uN, e #?=Tre #K, and T, is the imaginary

time-ordering operator. The impurity scattering problem can

+Gi (kK sj0) — G|-¢—l| K".k,siw)]. (14)

Here G(k{,k,,w) is obtained by analytical continuation
iw,—ow+id of G(kq,k,,im,) from imaginary frequencies

to real frequencies. The complexity of the above formula
stems from translational symmetry breaking in the presence
of DDW order.

III. NUMERICAL CALCULATION AND DISCUSSION

be solved by computing the Fourier transform of the Green’s \ye compute the local density of stateq, ) using the

function from theT-matrix formulation:

G(kq,ka,iwn)=Go(Ky,iwn)T(Ky, Ky, iwn)Go(ky,iwy),
(8

where
Go(k,i (J)n)_lz i (L)nl _Ak,

| is the 4x4 identity matrix, and

©)

T(Ky kg iwn)=V(k ko) + 2 V(ky,k')Go(K' iwp)
k" eRBZ

XT(K' Ky, imp). (10

For simplicity, we take the impurity scattering potential to be
a ¢ function so that the matri¥ is independent ok andk’;
V(k,k")=V. For this case, we can solve E40) and obtain

-1

T(iw,) = V, (12)

1—vf dk Gy(k,iwp,)

4X 4 impurity scattering matrices. For potential scattering
given by aé function, they are

1 1 0 0
V(k,k")=V Lo 15
S N (15
0 0 -1 -1
for a nonmagnetic impurity, and
1 1 00
K 1 1 00
V(k,k")=Vpy 00 1 1 (16)
0 0 1 1

for a magnetic impurity.

The results are reported for the representative values:
Vuy=0.1eV. For the band dispersion, we chodse
—1.2 eV andt’'=0.36 eV. The chemical potential is se-

Vn=

where the only difference from the standard result is that thepected to be equal te-0.36 eV. The imaginary part of the

integral overk is over the RBZ.
Consequently, the local density of stajgs], w) is given
by

[
pa,0)~5— 2> g(kaw), (12

energyé=0.5 meV is used for the entire numerical calcula-
tion. We have checked that the results are unchanged for
smaller values of. Following Ref. 9, a 408400 lattice is
used in our analysis, and the results are displayed in the
(=, 7) X (—,) interval on a 4% 49 grid for any given
frequency. The choice of these parameters is representative.
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We have repeated our calculations for a number of differentemperatures. In Fig.(d) we sketch the equal energy con-
set of parameters; the conclusions remain unchanged. tours for the band structure of a mixed DDW-DSC state. For
energies lower than the DSC gap the equal energy contours
are now four pairs of bananas due to the doubling of unit cell
First we analyze the interference patterns in a pure supeby the DDW order, and the regions of high DOS are situated
conducting state witth,=25 meV. This has also been stud- at their tips. However, for energies larger than the DSC gap,

ied in Ref. 9 for a different bare band Struqture. The Constanﬂhe equa| energy contours become e||iptica|' which is char-
energy contour plots are shown in the Figb)lwhere we  4.teristic to the DDW state.

label the wave vectors, which are expected to be associated In Fig. 3, we plot our results for the mixed state for non-
with the peaks in the interference patterns. In Fig. 2, we .

show a comparison between our results and the results iwagnetlc impurity scattering. We note that for energies lower

Ref. 9, where a different band structtitevhich is flatter near _thqn the DSC gap, we can identify exact features charac.ter-
(m,0) is used. Some of the features in our results are thistic to the pure DSC state. The pattern_s are almost identical
same as in Ref. 9, but there are also several clear difference®.those obtained in a pure DSC state with the same DSC gap
For the case of a nonmagnetic impurity, the peaks associo- In particular the peaks along ther() axis disperse
ated with the wave vectors numbered 3, 4, and 7 are obwith energy in the expected fashion. However, they reach the
served for a large energy range. However, the intensity isorners of the BZ at energy comparable to the DSC order
high mainly along the diagonal or symmetrically about theparameterA,, and not to the full gap of the systeu,
diagonal, contrary to the results in Ref. 9, where regions of:,/W02+ AOZ_ Above the energy\,, a whole range of differ-
high intensity emerge along the (0]1) and (=1,0) direc-  ent features emerge, which are characteristic to the DDW
tions when the energyw| reaches 15 meV. The peak asso-state. For comparison, in Fig. 4 we plot the corresponding
ciated with the wave vector numbered 1 appears for somgesults for the case of a pure DSC state with a gap equal to
energies, but with weaker intensity than the peaks associatgde total gap of the mixed state . Indeed, the peaks in the
with the above three wave vectors. pure DSC state disperse much slower with energy and can be
For the case of a magnetic impurity, there are fewer feappserved at higher energies than in the mixed state. Based on
tureS, so it is more difficult to relate the observed intensity tqhese Observations we expect the FT-STS measurements to
the scattering from the tips of the banana-shaped contourshe an experimental tool to observe the coexistence of DDW
order and DSC order in the underdoped cuprates. If this state
is indeed a coexisting DDW and DSC state, measurements
If DDW order is the origin of the pseudogap phase, thedone at various energies should reveal that the diagonal
mixed state should describe the underdoped cuprates at lopeaks in the spectra should approach the corners of the BZ

A. The DSC state

B. The mixed DSC and DDW state
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FIG. 3. Fourier transform of STM in the coexisting DSC-DDW i t () ® L 4
state with thet-t’ band structureA =25 meV, andW,=40 meV i ) )
for nonmagnetic impurity scattering/(,=100 meV). The peaks FIG. 4. Fourier transform STM spectra in a pure DSC state with

along the directions 7, + ) are marked by circles. As noted, thet-t’ band structure and,=47 meV for nonmagnetic impurity
these peaks get close to the corners of the BZ at energies equal $62tt€ring V=100 meV). Again, the peaks along the directions
the DSC gap\,, and not to the total gap, which 5,~47 meV. (=, =) are marked by circles. In this case, the peaks get close
Also, the general features of the spectra change dramatically & the corners of the BZ for energies equal to the DSC ggp
energies larger than. =47 meV.

well before the full gap is reached. Also, entirely new fea-  Even though one can still track the presence of peaks,
tures should arise in the STM spectra for energies above th_ﬁey are not as pronounced. This may be the result of a more
energy for which the peaks have reached the corners. Theggiform DOS. The position of some of the pedissich as

features would be similar to what one would expect to see iy me along the#, ) direction and symmetrically about it,

a pure DDW state. Broad regions of high intensity are €X-5nd some along then(,0) directior] may be traced back to

pecteq rather. than sharp peaks', as we will d'SCU$S n thﬁn‘]e positions of the tips of the elliptical contours in the band
following section. When the doping is increased, since the

total gapA, is roughly constant for different doping levels, Structure. These peaks are present in most of the pictures, but

. eir intensities vary.
the DDW gap decreases and the DSC gap increases. TH% Also, for the chosen band structure, peaks located around

£nergy. They are present in both thé=40 meV andWw,
=25 meV data. In particular, their positions hardly change
with energy for positive energies. We note that their peculiar
positions of roughly {-7/4,0) and (Of 7/4) are an effect
of the particular set of parameters in the band structure. The
We now turn to a pure DDW state. In Fig(cl we plot a  origin of these peaks is the scattering indicated by the arrow
typical band structure of a pure DDW state. We note that thén Fig. 1(c). Since the equal energy contours may change
equal energy contours are now elliptical and we thereforalrastically with a change of parameters, so may the position
expect the high DOS regions to be situated at their tipsof the peaks. We also note that, since the equal energy con-
though, due to the smaller curvature of these contours, theurs change very little with energy for positive energies, the
distinction between the high and low regions of DOS are nopeaks also do not move when the energy is varied.
as strong as in the case of DSC. In Fig. 5, we plot the cor- Many other peaks, however, cannot be explained by
responding LDOS results forw,=25meV and W, simple band-structure arguments, and their positions change
=40 meV. drastically from one plot to the next.

closer to the total gap and eventually equal to it when th
DDW gap vanishes and the DDW ordering disappears.

C. The DDW state
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The predominant feature for the DDW state is thus the D. Discussion of the coherence factors

presence of broadly distributed scattering points in the inter-
ference patterns at low energy. However, lines with relativelyStr

high intensity are also present in our data. Such lines actuall ucture and on the order parameters but also on the coher-
gnin y P i . . nce factors. This dependence on coherence factors has quite
occur in all of the states considered. Furthermore, the inten-

sity and size of these lines vary strongly with even Slightcomplex effects and makes the interference patterns sensitive

changes of parameters. This is in contrast to the statement Fﬂ many details.
Ref. 11 that the presence of high intensity lines in the spec- First, the coherence factors depend on the strength and the

trum is a characteristic of the DDW state. However, since thdYP€ Of the impurity scattering. In Ref. 9, the interference
equal energy contours are elliptical, the scattering patterns iRatterns from nonmagnetic and magnetic impurities were
the DDW states are much more likely to be affected by coShown to be so different that entirely different peaks were
herence factors than the scattering patterns in other statedpserved, even for puewave scattering. Clearly, similar or
Because of this effect, the comparison between DDW andnore pronounced effects may arise in the case ofsiarave

DSC in Ref. 11, based on Born approximation, should not bécattering. Furthermore, the coherence factors depend on the
considered as generic, although we generally agree that theapurity scattering strength. This may be implied from the
interference patterns are different in these states. We wilensitivity of the interference patterns to whether we use the

The interference patterns not only depend on the band

discuss this in more detail in the following section. Born approximation or a fulll-matrix calculation for a rea-
As a final observation, we note that if we tune the paramsonable impurity strength.
eters such that electron pockets around#(,0) and (O, Second, the coherence factors are also strongly sensitive

+ ) appear in the DDW band structure, our calculationto the band structure and order parameters. The band struc-
shows circles of high intensity in the BZ corresponding toture dependence causes the dramatic difference between our
electrons with different momenta scattering off each otherresults for the DSC state and the results in Ref. 9. The flat-
This appears to be the dominant feature. However, the presiess of the band structure of Ref. 13 leads to differences in
ence of such electron pockets is not consistent with ARPE$&e DOS and also to important differences in the coherence
datd* and we do not include the results for this situation infactors. In the DDW state, the effect of coherence factors is
the present work. more dramatic than in the DSC states, as seen from the plot
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of our results for identical parameter sets save for the DDWower than the DSC gap,, while for higher energies, a
gaps. Though the band structures for the two chosen DDWransition to a spectra characteristic of the DDW phase oc-
gaps are very similar, as seen in Fig. 5 there are considerabtairs. This is marked by a sudden change of the general fea-
differences between the corresponding FT-STS patterns. tures of the STM spectra around an eneEgy A,. In par-
Third, the coherence factors are sensitive to energy. Thiicular, we show that the dispersion of the diagonal peaks in
has been shown consistently in all our calculations. Even fothe spectrum can be used to identify this transition. In the
similar band structures, some peaks can only be identified fainderdoped regime, the DSC gdp is reduced when the
some ranges of energy, while others appear or disappear indmping decreases, so the energy at which the transition hap-
manner counterintuitive to expectations based on band strupens should also be reduced. Based on this observation, we
ture. predict that the STM measurements in the underdoped cu-
Finally, the coherence factors should also be expected tprates belowT . may reveal important information about the
depend on the correlation and distribution of impurities innature of the gap. In the pure DDW state the results are more
the materials. complex; the peaks are more broadly spaced and not so pro-
The sensitivity of the coherence factors to so many detailsiounced and are more sensitive to changes of parameters.
makes it difficult to extract information about the dispersion The FT-STS measurements in cuprates have also been dis-
of quasiparticles from the interference patterns. It is rathecussed in connection to other possible charge and/or spin
hard to identify a feature that can be traced in a broad energyrdering*®>~*8Up to now, the experimental resuit§ are best
range. This is particularly true for the DDW state, where thecharacterized by quasiparticle interference id-aave su-
quasiparticle scattering interference is much more sensitivperconductor. Future and more detailed experiments that

to the changes of the parameters in the model. would provide FT-STS maps in the very underdoped cu-
prates, either in the pseudogap regime or in the supercon-
IV. CONCLUSIONS ducting phase, will help to distinguish between various sce-

narios.
In this paper we have analyzed the effects of scattering

from a single impurity on FT-STS in a high: supercon-
ductor with DDW ordering. For the case of a pure supercon-
ducting state, we recovered results similar to Ref. 9. We note C.B. was supported by the NSF under Grant No. DMR-
the presence of peaks dispersing with energy in the expected985255, and also by funds from the A. P. Sloan Foundation
fashion. However, some important features are strongly deand the Packard Foundation. S.C. was supported by the NSF
pendent on the band structure and on other parameters in tii@der Grant No. DMR-9971138. J.P. was supported by the
model even if the banana-shaped equal-energy plots are sinfisnds from the David Saxon chair at UCLA. C.N. was sup-
lar. In the case of a mixed DDW-DSC state, we note that thgported by the NSF under Grant No. DMR-9983544 and the
DSC order dominates the interference patterns at energigsP. Sloan Foundation.

ACKNOWLEDGMENTS

1T, Timusk and B. Statt, Rep. Prog. Phg2, 61 (1999. 9Q.-H. Wang and D.H. Lee, Phys. Rev.69, 020511(2003.
23, Chakravarty, R.B. Laughlin, D.K. Morr, and C. Nayak, Phys. 10L, Capriotti, D.J. Scalapino, and R.D. Sedgewick, Phys. Rev. B
Rev. B63, 094503(2001)). 68, 014508(2003.

H.J. Schulz, Phys. Rev. B4, 2940 (1989; I. Affleck and J.B.  !IT. Pereg-Barnea and M. Franz, Phys. Re\68 180506(2003.

Marston, ibid. 37, 3774 (1988; G. Kotliar, ibid. 37, 3664 123 R. Schrieffer, Theory of SuperconductivityBenjamin, New
(1988; D.A. Ivanov, P.A. Lee, and X.-G. Wen, Phys. Rev. Lett.  york, 1964.

84, 3958(2000; C. Nayak, Phys. Rev. B2, 4880(2000. 3M.R. Norman, M. Randeria, H. Ding, and J.C. Campuzano, Phys.
4J.E. Hoffman, K. McElroy, D.-H. Lee, K.M. Lang, H. Eisaki, S. Rev. B52, 615(1994).
Uchida, and J.C. Davis, Scien@87, 1148(2002). 14A.G. Loeseret al, Science273 325(1996); H. Ding et al, Na-

5K. McElroy, R.W. Simmonds, J.E. Hoffman, D.-H. Lee, J. Oren-
stein, H. Eisaki, S. Uchida, and J.C. Davis, Natgtendon
422 592 (2003.

6C. Howald, H. Eisaki, N. Kaneko, M. Greven, and A. Kapitulnik,

B 67, 094514(2003.
Phys. Rev. B67, 014533(2003. 17 ’
7J.M. Byers, M.E. Flafteand D.J. Scalapino, Phys. Rev. Létt, C.-T. Chen and N.-C. Yeh, Phys. Rev.d8, 220505(2003.

3363(1993 183 Sachdev, Rev. Mod. Phyg5, 913(2003; A. Polkovnikov, S.
8M.E. Flatfeand J.M. Byers, Phys. Rev. Le80, 4546(1998. Sachdev, and M. Vojta, Physica 388-389 19 (2003.

ture (London 382 51 (1996.
155 A. Kivelsonet al, Rev. Mod. Phys75, 1201(2003.
18D, Podolski, E. Demler, K. Damle, and B.I. Halperin, Phys. Rev.

134517-7



