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Theory of the diamagnetism above the critical temperature for cuprates

J. L. Gonza´lez and E. V. L. de Mello
Departamento de Fı´sica, Universidade Federal Fluminense, Nitero´i, Rio de Janeiro 24210-340, Brazil
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Recently, experiments on high critical temperature superconductors have shown that the doping levels and
the superconducting gap are usually not uniform properties but strongly dependent on their positions inside a
given sample. Local superconducting regions may develop at the pseudogap temperatureT* and upon cooling,
grow continuously. As one of the consequences a large diamagnetic signal above the superconducting critical
temperatureTc has been measured by different groups. Here we construct a general theory to a disordered
superconductor using a critical-state model for the magnetic response to the local superconducting domains
betweenT* and Tc and show that the resulting diamagnetic signal is in agreement with the experimental
results.
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I. INTRODUCTION

There is an increasing interest on the effects of the mic
scopic intrinsic inhomogeneities in high critical temperatu
superconductors~HTSC!. The fact that these materials hav
doping level and superconducting gap that, even in som
the best single crystals, vary locally inside a given sam
has profound consequences and a number of unconvent
related phenomena are observed1 specially in the normal re-
gion of the HTSC phase diagram. In particular, recent m
netic imaging through a scanning superconducting quan
interference device~SQUID! microscopy has displayed
static local precursor of the Meissner state at temperature
large as three times theTc of an underdoped LSCO~lantha-
num strontium copper oxide! film.2 Following up SQUID
magnetization measurements on powder oriented YBCO~yt-
trium barium copper oxide! and LSCO single crystals3,4 have
shown a rather high magnetic response which, due to
large signal and structure, cannot be attributed solely to
Ginzburg-Landau~GL! theory of fluctuating superconduc
ing magnetization.5,6 This is an unconventional behavior b
cause low-temperature superconductors exhibit only a m
smaller diamagnetic signal aboveTc which is believed to be
a consequence of the thermal fluctuations.7 Therefore such
strong magnetic response was interpreted as due to the
tuating diamagnetism produced by superconducting isla
nucleated aboveTc .3,4,8 On the other hand, the existence
superconducting islands aboveTc is a consequence of a non
uniform or disordered intrinsic carrier density, as pointed
by Ovchinnikovet al.9

The tendency towards the formation of magnetic dom
lines or stripes was predicted long ago10 and verified experi-
mentally by different groups.11,12 The stripes are formed b
an instability towards charge phase separation which me
hole-poor regions of antiferromagnet~AF! insulating sepa-
rated by hole-rich metallic domains. Recently, the mic
scopic intrinsic inhomogeneities in the charge distributio
consistent with the presence of charge domains or ch
stripes, has been revealed by neutron diffraction.13 A peak
broadening in the atomic pair distribution function was me
sured and explained by a local microscopic coexistence
doped and undoped materials.13 Evidences for microscopic
0163-1829/2004/69~13!/134510~6!/$22.50 69 1345
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phase separation into normal and superconducting reg
were also obtained by muon spin-relaxation rate.14 Therefore
the inclusion of the intrinsic charge inhomogeneities or
tendency of the formation of charge domains in any calcu
tions for the cuprate properties may be far more import
than previously anticipated. The main difficulty to incorp
rate such effect in quantitative calculations is that the ex
form of the doping or hole distribution inside a given samp
is not exactly known although it is a consensus that the lo
doping level becomes more uniformly distributed in the m
terials on crossing from the underdoped into the overdo
region of the phase diagram.1,13 On the other hand, a consid
erable improvement in the understanding of the doping le
and local superconducting gap functional form has be
made by scanning tunneling microscopy/spectroscopy~STM/
STS! experiments.2,15–17

Based on these findings, we have recently propose
two-phase model~undoped and doped regimes present in
given compound! described by a bimodal distribution of th
holes inside a given compound in order to model the cha
distribution for a given compound belonging to a HTS
family.18 This distribution resembles a typical distribution
a spinodal decomposition of a binary alloy.19 A two-phase
model which arises from the fluctuation phase of the sup
conducting order parameter was considered previously
Emery et al.20 The basic ideas of our approach are the f
lowing: The undoped or hole-poor part of the distributio
represents the AF domains and the hole-rich the meta
regions. The width of the metallic distribution decreases w
the sample’s average doping since, as mentioned above
hole distribution inside the compounds of a given fam
become more homogeneous as the average doping lev
average charge-density increases.13 Due to the spatially vary-
ing local charge density, it is also expected a distribution
the local Tc’s, instead of a single and unique value as
usual metallic superconductors. Therefore a given HT
compound with an average charge densitynm possesses dis
tributions of the charge densityn(r ), the zero-temperature
superconducting gapD0(r ), and the superconducting critica
temperatureTc(r ), where the symbol~r! means a point or
small region inside the sample. In this scenario we iden
the largestTc(r ) with the pseudogap temperatureT* of a
given compound.21 Doping regions withn(r ).0.05 have a
©2004 The American Physical Society10-1
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metallic behavior with a decreasingTc(r ) following a mean-
field pattern.22 Upon cooling belowT* the superconducting
regions develop at isolated regions@mostly with n(r )
<0.05] as droplets of rain in the air and eventually th
percolate at the sample superconducting critical tempera
Tc at which superconducting long-range order is establish
This superconducting percolation scenario for HTSC
also been discussed previously, but with somewhat diffe
approaches, by several authors.23,24Therefore, only at or be-
low the percolation temperatureTc a dissipationless macro
scopic electrical or hole current may flow through t
sample. Based on these ideas, we have used a bim
charge distribution in connection with a mean-field calcu
tion to reproduce the phase diagram ofT* andTc as a func-
tion of the average doping level for the Bi2Sr2CaCu2O81x
and La22xSrxCuO4 families.18,25 In these chemical formula
x is the doping level which is similar to the average cha
density, i.e.,x5nm for the last~La series! and x52nm for
the former~Bi! family of compounds

The existence of the superconducting regions with diff
ent Tc’s in the material must manifest itself through a num
ber of observable properties: we can number a few suc
the pseudogap phenomena, the resistivity, and Hall co
cient temperature dependence, and so on. Here we wa
discuss the normal-state magnetization, whose study is
purpose of this paper. Thus, we develop a general theor
the magnetization of an inhomogeneous supercondu
which can be applied to the HTSC, in order to explain t
recent anomalous magnetization measurements.3,4 In a simi-
lar fashion, Romano8 introduced a theory for the magnet
response based on the fluctuations in the local order pa
eter which leads to a Kosterlitz-Thouless transition and
fluctuation-induced diamagnetism6 of superconducting is-
lands aboveTc which reproduced well the details of the e
perimental data. Assuming that the superconducting isla
started to be formed atT* , for measurements atT,T* and
T close to but aboveTc , some of these islands must be in
superconducting state and therefore they must yield a l
superconducting diamagnetic response. We show below
the measured diamagnetic signal can be understood w
this picture of a superconductor formed by static doma
with spatially varyingTc(r )’s. Since the localTc(r )’s can be
much higher than the sample’s superconductingTc , we ap-
ply the well-known critical-state model~CSM! ~Ref. 7! to
the magnetization response under an applied field. This
proach is valid with the hypothesis of the measured temp
ture to be below that of the irreversibility line of the loc
superconducting regions. Some kink of hysteretic beha
was observed in YBCO and in LSCO samples3,4 indicating
that the irreversible temperature is aboveTc . We demon-
strate here that this simple procedure is able to explain
reproduce the main features of the precursor diamagne
measured behavior.

II. THE MODEL

From the above discussion, since the hole distribution
not uniform, we can think of a HTSC sample as formed
different metallic and insulating regions of a few nanomet
13451
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of magnitude. As a consequence of such distribution, a
given temperature aboveT* there are insulating and metalli
regions belowT* there are insulating, metallic, and supe
conducting regions which started to condensate in the me
lic regions atT* ; and belowTc the long-range superconduc
ing order is achieved by a percolation transition while the
still are some metallic and insulating regions present in
sample. As in Ref. 18, we model these insulator and meta
regions by a bimodalg type distribution with parameter
which are based on the STM/STS analysis16 and which was
used to derive the HTSC phase diagrams.

Now we want to use the above ideas to discuss the m
netic responseM (B) of such inhomogeneous supercondu
ors to an external magnetic field, betweenTc andT* . In this
range of temperature, it is clear that only the supercond
ing regions or droplets with theirTc(r )’s bigger thanTc
contribute to the diamagnetic sample’s magnetization. Th
superconducting regions contribute to the sample’s magn
zation with a diamagnetic signal which depends onB and the
overall sample’s magnetization will be the sum of all the
contributions.

In order to estimateM (B) we follow the ideas and the
procedures of the CSM to each superconducting drop
Upon applying an external magnetic field, a critical curre
Jc is established which opposes the field asJc(B)
5a(T)/B according to Ohmer et al.26 a(T) is a
temperature-dependent local constant which we have ta
to be proportional to@Tc„n(r )…2T#. Hereafter we call the
hole local densityn(r ) of a given domain ofn and the whole
sample’s average density ofnm . For simplicity we take these
superconducting droplets as cylinders of radiusR, which is
sufficiently small, in order to have a constant charge den
n and consequently the critical temperatureTc(n) is the same
within such cylinder region.~As the temperature decrease
more droplets appear and the superconducting regions
crease by aggregation of droplets of differentn.! The CSM
approach leads to the magnetic-field dependence of the m
netization in each small cylinder as26

M1~B!52
B

m0
for B<Bc1 , ~1!

M2~B!52
B

m0
1

4B3

5m0B* 2
2

8B5

15m0B* 4
, Bc1<B<B* ,

~2!

M3~B!52
B

m0
2

4B*

15m0
S 2

B5

B* 5
25

B3

B* 3

22F B2

B* 2
21G 5/2D for B* <B<Bc2 . ~3!

In the last expression,B* is the value of the applied ex
ternal field which produce full penetration inside a cylind
cal superconducting droplet, and it depends on its size
B* 5A2a(T)m0R. m0 is the vacuum permissivity. The de
pendence of the local critical temperaturesTc(n) is taken to
0-2
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THEORY OF THE DIAMAGNETISM ABOVE THE . . . PHYSICAL REVIEW B 69, 134510 ~2004!
be that of the pseudogap temperature of a given compo
with its average charge density, namely,T* (nm). Thus,
Tc(n) is a function which has its maximum atn50.05 and
decreases monotonously, that is, we take the local super
ducting critical temperatures as a linear function ofn,
Tc(n)5T02b(n2nc). T0 is the highest pseudogap tem
perature near the onset of superconductivity, i.e.,nc50.05,
and b is chosen in order to waveTc(0.3)50. Notice that,
sinceTc(n) is a linear decreasing function ofn, the droplets
with lower values ofn ~just abovenc) are more robust to an
applied field in the sense that its superconducting state is
easily destroyed by the external field.

SinceTc(n) is constant inside a superconducting cylind
cal droplet, the critical fields (Bc1 andBc2) inside the drop-
lets will have their temperature dependence given by the
theory, e.g., Bc1(T)5Bc1(0)@12T/Tc(n)# and Bc2(T)
5Bc2(0)@12T/Tc(n)#. Taking into account the dependen
of Tc(n) on n, we arrive at the expressions for the critic
fields Bc1(T,n) and Bc2(T,n). A similar functional form is
supposed forB* due to thea(T) temperature dependenc
Thus,

Bc1~T,n!5Bc1~0!F12
T

T02b~n2nc!
G , ~4!

Bc2~T,n!5Bc2~0!F12
T

T02b~n2nc!
G , ~5!

B* ~T,n!5B* ~0!F12
T

T02b~n2nc!
G . ~6!

When a given sample is submitted to an applied exte
magnetic fieldB, the superconducting droplets with carri
concentrationn for which the applied field is higher tha
their second critical field Bc2(T,n)5Bc2(0)„12T/@T0
2b(n2nc)…, do not contribute to the sample magnetizatio
This condition is verified for droplets withn.nmax, where
nmax(Bc2)5nc1T0/b2(T/b)/@12B/Bc2(0)# is obtained
inverting Eq.~5!. SinceTc(n) is a decreasing function ofn,
only the droplets withn bigger thannmax do not contribute to
the sample’s magnetization because their superconduct
is destroyed by the fieldB. Thus we expect that

M ~T,B!5E
nc

nmax(Bc2)

P~n!M ~B,T,n!dn. ~7!

WhereP(n) is the distribution function for the local hol
doping level at the many clusters inside a given HTSC
ferred in Ref. 18. However, in the context of the CSM, d
pending on the intensity of the applied field, there are diff
ent possibilities in which each domain contributes toM (B).
In the low-field regime the superconducting clusters w
contribute to the magnetization of the sample in three for
there are some clusters, which are not penetrated by the
B, that isB<Bc1(T,n) and they contribute to the magnet
zation with perfect diamagnetism@Eq. ~1!#. These clusters
have their carrier concentration in the interval,n,nc
1T0/b2(T/b)/@12B/Bc1(0)#. The second group of clus
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ters have theirBc1(T,n) lower than the applied field butB is
also lower thanB* (n,T). This group is partially penetrate
by the field and they contribute toM (B) according to Eq.
~2!. These domains have their carrier concentration in
interval nc1T0 /b2(T/b)/@12B/Bc1(0)#,n,nc1T0 /b
2(T/b)/@12B/B* (0)#. Finally, there are some superco
ducting granules for which the applied field is higher th
B* (T,n) but also lower thanBc2(T,n). These domains con
tribute to the magnetization according to Eq.~3!. Therefore,
for a sufficient by low applied field, the general expressi
for M (B) is given by

M ~T,B!5E
nm

nmax(Bc1)

P~n!M1~B,T,n!dn

1E
nmax(Bc1)

nmax(B* )
P~n!M2~B,T,n!dn

1E
nmax(B* )

nmax(Bc2)

P~n!M3~B,T,n!dn. ~8!

Upon increasing the applied field the number of dropl
that are not penetrated by the field decreases and for fi
higher thanBc1(nm ,T) there are not any granules contribu
ing with perfect diamagnetism. Notice thatBc1(nm ,T) is the
maximum first critical field that a superconducting regi
can achieve. ForB>Bc1(nm ,T), all the droplets are partially
or totally penetrated by the field and they contribute to
sample’s magnetization according Eqs.~1!–~3!:

M ~T,B!5E
nm

nmax(B* )
P~n!M2~B,T,n!dn

1E
nmax(B* )

nmax(Bc2)

P~n!M3~B,T,n!dn. ~9!

Finally for fields higher thanB* (0)„12T/@T02b(nm
2nc)#…, all the superconducting granules of the sample
totally penetrated by the field and their contribution to t
magnetization is

M ~T,B!5E
nm

nmax(Bc2)

P~n!M3~B,T,n!dn. ~10!

These last three equations express the totalM (B) for any
value of the applied field.

In order to obtain a reliable value ofM (B) and to com-
pare with the experimental results, we have incorporated
fluctuation magnetizations induced by the superconduc
order parameter, an effect which should be always pres
regardless of whether the superconductor is more or less
homogeneous. As noted in Ref. 27, for superconduct
droplets with a homogeneous order parameter and with
mensionsd approximately equal to the coherent lengthj(T),
the Ginzburg-Landau model provides an exact solution
M f luct(B). Here we use a simplified ‘‘zero dimensional’’ fo
superconducting clusters of radiusd smaller or near the co
herence lengthj(T), namely;3
0-3
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J. L. GONZÁLEZ AND E. V. L. de MELLO PHYSICAL REVIEW B69, 134510 ~2004!
M f luct~T,B!52
2/5kB~pjTd!2B

F0
2~T/Tc21!1~pjBd!2/5

, ~11!

wherekB is the Boltzmann constant,F0 is the quantum flux,
and d'j}(T2Tc)/Tc . This last expression yields a linea
M f luct(B) dependence for low fields and it has been inc
porated in our calculations. The specific results forM f luct are
shown in the insets of Figs. 1 and 2.

Therefore Eqs.~7!–~11! furnish the completeM (B,T)
curve for a HTSC at temperaturesT* .T.Tc . Our numeri-
cal results will be compared with the experimental results
the following section.

FIG. 1. Magnetization for parameters appropriated to the ov
doped LSCO as calculated from Eqs.~7!–~11!. The inset shows the
change in the magnetization behavior as the anomalous contrib
vanishes when the temperature is increased. This result is t
compared with the measurements from Ref. 4.

FIG. 2. Magnetization for parameters appropriated to the un
doped LSCO as calculated from Eqs.~7!–~11!. The inset shows the
change in the magnetization behavior as the anomalous contrib
vanishes when the temperature is increased. This result is t
compared with the measurements from Ref. 4.
13451
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III. RESULTS AND DISCUSSION

The above theory was developed to model the measu
magnetization curves of the La12xSrxCuO4 family of com-
pounds. The major difficulty is that the measurements of
pseudogap temperature curve for any family seems to v
depending on the technique used.21 In fact there are differ-
ences even in theTc measured values for the same HTS
compound when reported by different groups, but such
ferences are small compared with those for theT* measure-
ments.

In the calculations we used values taken from the lo
precursor diamagnetic signal2 and Nernst effect28 measure-
ments which display some local precursor order nearT
'100 K. This value is considerably lower than the values
T* from transport measurements.21 A possible explanation
for this discrepancy is that the transport measurements de
the onset of pair formation while for the magnetic respons
large density of pairs must be present in order to displa
measurable local response. Thus, we have takenT0580 K,
b5320 K for the carrier concentration linear dependence
the droplet’s critical temperatureTc(n). In fact Tc(n) is not
necessarily linear but this is an approximation which fits r
sonably well with the experimental data but which may
improved in the future as new experimental data becom
available. The antiferromagnetic cutoff for the carrier co
centration isnc50.05 and the superconducting cutoff isnm
50.3. The probabilityP(n) is also not well known but some
of its features were inferred from STM measurements a
the phase diagram, as discussed in Ref. 18.

In Fig. 1 we plot the results of our model with the param
eter which corresponds to anm50.2. According to our
model this concentration corresponds to a LSCO overdo
sample with a critical temperature ofTc526.86 K. In the
calculations we have usedBc1(0)50.01 T, Bc2(0)520 T,
andB* (0)50.025 T. The value ofBc2 is derived from ex-
perimental values.29 The values ofBc1(0) andB* (0) are not
found in the literature, however, one can make a fair estim
tion of the ratioBc2 /Bc1 through the GL parameterk which
is about 100 for some YBCO and LSCO compounds.30 The
inset shows that forT527.8 K there is a low contribution a
low fields from the superconducting island in the sam
while at high fields only a linear contribution comes from t
diamagnetic fluctuation signal. AtT528 K there is no more
contribution from the superconducting droplets and all
diamagnetic signals are only due to the magnetization fl
tuations. Note thatT528 K is the most weak diamagneti
signal which appears in Fig. 1. The inset demonstrates t
at these temperatures or above, only the fluctuating mag
tization is important.

The qualitative features of the measurements are enti
reproduced and are simply explained by our model; at l
fields the perfect diamagnetism is expected for droplets
which the fields are lower than theirBc1. We expectBc1 to
be weak because the superconducting regions formed a
Tc are small and isolated. By the same token, the drop
penetrating fieldB* should not be very strong which de
creases rapidly the overall diamagnetic signal for field mu
weaker thanBc2. As the applied field increases, the magne
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THEORY OF THE DIAMAGNETISM ABOVE THE . . . PHYSICAL REVIEW B 69, 134510 ~2004!
response dies off and is reduced to the fluctuations. Th
the reason whyM (B) has a minimum at very low applie
fields. In Fig. 1 we show this upturn field nearBup
50.0001 T which agrees with the experimental values.4 It is
worthwhile to mention that previous estimation for the u
turn field considering only the Lawrence-Doniac
fluctuations5 in a layered superconductor3 yields expected
values nearBup510 T. These figures bring out the impo
tance of the CSM applied to the superconducting isla
aboveTc to explain the experimental results.

In order to study the effect of the local charge inhomog
neities, we have also performed similar calculations with
rameters appropriate to an underdoped compound. It is
known that, within the same family, overdoped samples h
a more homogeneous charge distribution than the un
doped ones.13 Thus, we have chosen a compound with
most the same critical temperatureTc than that of the over-
doped sample~shown in Fig. 1! to single out the effect of the
charge inhomogeneities. In this simulation we used a car
concentration of average concentration of 0.11 with its
propriate distributionP(n) and with a critical temperature o
29.9 K. We have chosen the same field parameters,
Bc1(0)50.01 T, Bc2(0)520 T, andB* (0)50.025 T. The
results from our simulations are shown in Fig. 2. In this ca
the overall diamagnetic signal persists for measurement t
peratures higher than those for the overdoped sample.
Bup field is dislocated to higher values but it is still muc
lower than the homogeneous Lawrence-Doniach5 fluctuating
field. This is a consequence of the fact that an underdo
sample has a more inhomogeneous charge distribution
the overdoped compounds possessing regions which the
easily penetrates~with local n'0.25) and others where ar
more robust to field penetration~with local n'0.1, for in-
stance!. This fact is taken into account through the distrib
tion parameters used in our simulation. The results for
underdoped compound are shown in Fig. 2 which can be
noticed in the inset that as the temperature approaches 3
the diamagnetic contribution of the superconducting drop
decreases and for measurements of temperature higher
'37 K there is only the fluctuations contribution.

It is important to mention that, although our calculatio
are very much in qualitative agreement with the magne
imaging results2 and with the powder oriented SQUID mag
netic measurements,3,4 there are other experiments whic
have not detected aBup field31 and have interpreted the
results as solely due to the GL fluctuating diamagne
theory.6 However, an inspection of their curves indicates th
they have not looked in detail at the low-field region. T
absence of aBup field was also found on an optimally dope
powder oriented YBCO compound3 whose curves followed
the pure fluctuating magnetic response. In this case, the
13451
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sible interpretation for a pure fluctuating diamagnetism s
nal, according to our theory, is that these samples must h
a very good degree of charge homogeneity. This interpr
tion can be experimentally tested because these compo
must haveT* almost equal or equal toTc , as may be the
case.21

Another point which hinders a good quantitative agre
ment with the experimental results is that the technique u
seems also to be very important in probing the details of
magnetization aboveTc ; while the scanning microscopy re
sults on a LSCO film indicate the presence of a visible d
magnetic signal at temperatures as large as three times
sample’sTc ,2 the SQUID magnetization measurements d
tected a diamagnetic signal on oriented powder only aro
10% aboveTc .3,4

It is important to emphasize that, in our calculations
M (B,T), the islands that contribute to the diamagnetic s
nal are in the critical state, and the measured temperatureT is
below their localTc(r ). On the other hand, the Romano
calculations yield an upturn field which is almost indepe
dent of the temperature while in Fig. 2 we can see clea
that it decreases with the applied temperature. Future exp
ments may distinguish which mechanism is more import
or if some compounds exhibit one type and others exhibit
other.

IV. CONCLUSION

We have constructed a general theory of the diamag
tism applicable to a disordered superconductor with a dis
bution of regions with different local superconductingTc’s.
We have shown that the procedure reproduces the qualita
features of the unusual diamagnetic signal aboveTc mea-
sured for several HTSC samples. This was done applyin
CSM and the well-known magnetic effects for fields betwe
Bc1 andBc2 to the superconducting regions formed at te
peratures belowT* of an inhomogeneous HTSC compoun
The quantitative results can be improved when experime
provide better estimates ofT* andBc1.

Our results demonstrated that, as concluded also f
other different calculations,4,8 the measured normal-stat
magnetization curves, theBup fields, and the STM magnetic
imaging results may be interpreted through the formation
static superconducting islands at temperatures above
sample’sTc .
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