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Sum rules for resonant inelastic x-ray scattering: Explicit form and angular dependence
in perpendicular geometry
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Resonant inelastic x-ray scatterifRIXS) and resonant photoemission spectrosc@yES can be used to
selectively measure the ground-state properties of atoms in solid materials. For the two types of experiment we
compare the sum rules developed in the past years to extract quantitative information from the measured
spectra. We show that if the measurements are not sensitive to the emitted photon polarization RtA(®)
or to the photoelectron spin orientation RPES, the two experiments exhibit the same angular dependence
of the spectral intensities but differ in some numerical coefficients in the sum rules. In particular we give
explicit expressions for the RIXS sum rules in the so-caledpendicular geometryor all the cases of
practical interest. These rules can serve, in combination with the well-known x-ray magnetic circular dichroism
sum rules in absorption, to evaluate the quadrupole and octupole moments of the scattering atoms.
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[. INTRODUCTION erties of the partially filled shells in the ground stdtke
physical meaning of the most common ones is summarized
Selectivity is among the main virtues of the modern-dayin Table ).
resonant spectroscopies that are emerging from the develop- The theoretical analysis of RPES and its sum rules by van
ment of synchrotron-radiation instrumentation. The tunabil-der Laan and Thol® was followed by experimental
ity of the photon energy allows selection of the chemicalwork!’*® and by detailed model calculatiof$An interest-
element and the character of the valence states participatirigg new type of magnetic circular dichroistMCD) was
in the excitation process. Also the high degree of polarizatiorobserved in N’ Fe? and Tb (Ref. 21) metal with the
of synchrotron radiation can be exploited in a wide variety ofsample magnetization oriented perpendicular to the incident
applications. For example, left and right circularly polarizedphotons. We will refer to this type of setup as therpen-
photons are absorbed with different probability in an atomdicular geometry Although the XMCD in absorption van-
that has a magnetic moment along the photon propagatioishes in this geometry, a significant dichroic signal can be
direction. This phenomenon, known as x-ray magnetic circupresent in the decay channel. For RIXS a theoretical descrip-
lar dichroism(XMCD) in absorptiont? has been exploited, tion was presented by Carrt al?? and van Veenendaal
together with x-ray magnetic linear dichroiship study the et al?® RIXS-MCD in perpendicular geometry at the Ni and
magnetic properties of bulk solids and thin films. Co L; edges was first observed by Braicoviehal?* and
Further selectivity can be added by choosing the decagonfirmed for GdL; by Fukui et al?® The first quantitative
channel following the x-ray absorption: resonant photoemisuse of the RIXS-MCD sum rules was done only very re-
sion spectroscopyRPES and resonant inelastic x-ray scat- cently and was made possible by using a dedicated experi-
tering (RIXS) are processes in which a nonradiativeiger ~ mental apparatu®:?’ On the other hand, in Ref. 27 the use
like) and a radiative decay channel is involved, respectivelyof the RPES sum rules has been extended to RIXS.
In this case, the propagation direction, energy, and polariza- In this work we compare RIXS and RPES cross sections
tion state of the emitted particléphotons or electrons, re- and we provide detailed formulas and tables for the applica-
spectively increase the selectivity of the process. These scation of the RIXS sum rules in the so-called perpendicular
tering processes can be adequately described using a secogeometry using circularly polarized light. We are motivated
order formalism, where the two stefecitation and decay by the strong similarity of the scattering operators present in
interfere with each other via the set of intermediate statesRIXS and RPES expressiofisee, e.g., Eq(30) in Ref. 23
For both RPES and RIXS the Kramers-Heisenbetdor-  and Eq.(10) in Ref. 28 as of the terms concerning the an-
mula has been used extensively and with great su¢c&ss. gular dependence of the incident/emitted particles. Despite
In recent years, the interest in the resonant excitation prathe different kind of the deexcitation process it may be ar-
cesses has stimulated theoretical efforts to develop sum rulggied that when the measurements are not sensitive to the
for RPES and RIXS, similar to those used widely ininternal degrees of freedom of the emitted particles, i.e., the
XMCD.*3-15Such rules are precious tools to extrgoanti-  photon polarizationas in usual RIXS experimentsr the
tative information from the experimental spectra without the electron spin, but only to their propagation direction, the two
need of numerical calculations. The higher-order process gfrocesses become somehow equivalent therefore resulting in
the scattering compared to absorption and the additional s¢he same sum rules. We show that this is not strictly exact.
lectivity of the scattering channel allow us to access a widefSlightly different quantitative results are obtained when us-
range of quantities related to the charge and magnetic proprg RPES sum rules instead of the RIXS ones. The differ-
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tion and decay channels that are reasonably accessible in
. ¥4 magnetic systems in perpendicular geometry, which is a par-
ticularly convenient way to measure RIXS-MCD. In fact, in
any different arrangement the absorption XMCD would
largely dominate the signal, making the task of measuring
higher-order multipole moments even harder. In this way we
provide a complete framework for the application of the
RIXS sum rules in perpendicular geometry to all cases of
interest.

The paper is structured as follows. In Sec. Il we compare
the RIXS and RPES integrated cross sections and all the
quantities involved in these processes. In Sec. Il we apply

b c the RIXS sum rules to the case of perpendicular geometry.
We show the quantities to be corrected with respect to the
I E e results obtained by RPES theory. The conclusions follow in
s F HkFr(, Sec. IV. In the appendixes we provide complete reference
I E, tables for all the scattering processes of interest.
ke 2 I —t—

k g |L w—ym——p II. RIXS VS RPES

We will not enter into any theoretical discussion on the
models but start from the results of Refs. 16, 17, 22, and 23.
¢, cj We just mention that both theories have been developed in
: : : the fast-collision approximation, i.e., under the assumption

FIG. 1. (8) Schematic representation of the scattering geometry 1 second-order resonant processes are so fast that the ex-
for a generic case. The incident and the scattered photons are p@gation and decay steps are practically simultaneous. For a
larized and their wave vectolls andk’ are given by ¢,¢) and yisosqion of this approximation we refer to Refs. 6, 16, 29,
(0',¢'). The quantization axis and sample magnetization is alongand 30 and references therein
z. (b) The diagram of the excitation and decay steps in a single- The schemes for th@)ne-elec.troinresonant rocesses are
particle representation for RIX$c) Same for RPES. See text for illustrated in Fig. 1. The scatteri pr he labora-
more details. g- 1. The s ing geometry in the labora

tory reference system is displayed iall The target atom is

ences between RIXS and RPES sum rules arise from to tHg@cated at the origin. lts quantization axiscoincides with
presence of some numerical coefficients involving high-tN€ Magnetization vector, to which the atomic magnetic mo-
order multipole moments. Thus the recent results obtaine§€Nnt is aligned. The incident photon has polarization
from RIXS measuremerftsmight require only minor correc- Wave vectork, and energy: . The scattering process in-
tions (comparable with the experimental erfotisat will not ~ insic to the target atom is shown i The electric
significantly affect the approach followed in those works,2 -Pole transition of the resonant excitation process pro-
although this is not generally true. To this aim we write theMOt€s a core eletitron with orbital and angular quantum num-
RIXS cross sectiorfintegrated over the energy of the pho- Pers €1,j1=c1*3) to an open(valencg shell with orbital
tons emitted in a selected decay chainaeid the associated duantum numbek, where[l —c4[=L. The core holed; 1)
sum rules in a general form which is also suitable for thelS filled by an electron decaying from the core shey ()
experimentalists to select the most useful scattering procegirough an electric 2 -pole transition, wheréc, —c,|=L".

and geometry for the case of interest. To complete our workThe emitted photon has polarizatieh, wave vectok’, and

we calculate the explicit expressions for all possible excitaenergyZ w, . In the scattering event the energy transfer to

TABLE I. Physical meaning of the operatoiéb’. The listed quantities refer to thmle propertieq Refs.
23 and 30. The physical meaning of these operators forgheztronrepresentation may be found in Ref. 34.

waPr p shell d shell f shell Meaning

w00 Ny Nh Nh Number of holes

w0 -2l-s —I-s -2.s Isotropic spin-orbit coupling
wo 2S, 2S, 2S, Spin moment

wiot L, 5L, 5L, Orbital moment

w2t 5T, T, 3T, Magnetic-dipole term
wit2 3P,, 3p,, P,, Anisotropic spin-orbit coupling
w22 3Q,, 1Q,, 1Q,, Charge quadrupole
wit2 R.z SR,, Higher-order quadrupole
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the system is fw—#%w,/). For RPES the mechanism is  Apart from the global prefactors and the decay strengths,
shown in(c) of Fig. 1. The excitation step for the electric the main differences in Eqgl) and (2) arise from factors
2--pole radiative transition is the same. The core and valenctelated to the nature of the emitted particle and the way in
shell are labeled by quantum numbers in the same way as Mihich the integration over the photon polarization state or
RIXS. After excitation the atom emits an electron through athe electron-spin direction is performed. The photon has
nonradiative Auger process leaving the system in a two-hol&vo polarization states defined with respect to its propagation
final state. The emitted electron is characterized by thdlirection, so that in Eq.(1) a sum over both states
propagation directiork’ and directionPg along which the (u’=*1) is required. In Eq(2) the factorCf,(L,yL_M, and
spin polarization is measured. the associated sum over' are absent because the emitted
We are interested to compare the RIXS and RPES crossarticle is an electron, whereas the faC@ﬁ(L,L—M for the
sectionsintegrated over the energyw, of the emitted par- incident photon is still present. To account for all possible
ticles for the specific decay chanreid for a magnetic sys- spin directions in Eq(2) an angular integration over the
tem with negligible crystal-field interaction(i.e., SQ  solid angle must be performé@resulting in the disappear-
symmetry™3. To do that we put the RIXS formula in a ing of any angular spin dependence from E2). Conse-
general form comparable to the RPES, the latter being writquently, JR*S and JRFES cross sections are not completely
ten in the same notation used for the RIXS theBrin par- equivalent implying the small differences between the re-
ticular for RIXS we write the terms related to the angularspective sum rulegan example is given in the following
dependence in a more appropriate form than in Ref. 23. Besection.
cause most of the experiments performed up to now in mag-

netic systems use circularly polarized incident radiation we |, rixS-MCD SUM RULES IN PERPENDICULAR
consider only the case of pure circular polarization. We ob- GEOMETRY
tain
1 We present the expressions that can be applied to the
RIXS_ n , 2421 B2 RIXS experimental data by taking the sum and difference
IPS=N(LL ) 2 (-1) —} . - XS_
T r over the incident polarization statek;,,;’=(J+,+J_1) and
wc®d oo 27, 1L) JRXS=(3,,—J_,). Using Eq.(1) we computed]SX> and
Lk =p=Lipr L= Py AL JRPS for a number of allowed resonant excitations and suc-
xfgjzi'jz(cl,cz,L')®22’f(|2,|2'), ) cessive decay channels. We assume that the sample is mag-

netized along the axis and that the incident photons propa-

1 [z,2'1v2 ) gate along the-x direction(c.f. Fig. 1). Since the photons
JEPESZE > (—1)72 T} ClL LB (e l,L) are circularly polarized this corresponds to fregpendicular
24 geometry where the XMCD in absorption vanishes and the
XBjZ'OZ'(LS)(aZZ'f(R,R’), (2)  dichroism is entirely due to interference in the second-order

process. We writdS> and J5¢® as a function of the emit-

sum
ted photon propagation direction, given by the spherical co-
ordinates 8’ and ¢’ as defined in Fig. 2 (&6'<m; 0
<¢'<2m). We have considered all the allowed resonant ex-
citations with ars, p, ord core hole in the intermediate state,
as obtained from the electric dipolé&e{) and quadrupole

2) radiative excitations, and all the possililé radiative

where u(u')= =1 denotes the right{1) and left (1)
circular polarization state of the incide(gcatterefl photon
and where we used the short-hand notatia . .. ,b]
=(2a+1)---(2b+1).

The explicit form of the symbols and the integer range of
all the indices are listed in Appendix A. In both formulas all

terms have been grouped corresponding to their physic ecays® Comparison of all the results allow us to make

. , . .
meaning. .Thd\l(!’l"l‘ @) prefactor is a 9'°b?" normallza some important comments concerning the general properties
tion term including the dependence on the incident photon ; .rixs RIXS . .

of Jg,m andJg > and about the optimal experimental con-

energy. The facta 271 s related to the transition probability qitions for the sum-rule application.

of the excitation step. It consists of linear combinations of st of all in perpendicular geometry we can rewrite the
w3P" tensord** which provide the physical information on ¢,m and difference signal in the simple form

the ground-statevalence electron distribution. The relation
between thel S-coupled tensor operatoms®®" in the hole rixs. K , 2
representation and the standard ground-state operators ‘]ng _E[Co+cl(3 cos0' —1)+C,c0s %'siP0'],  (3)

shown in Table I. Th(a"!?jzi,j2 andBjZ'OZ' factors are related to

RIXS_ _ ’ i '

the transition probabilities of the decay channels. Obviously, Jar = —k Cycosesin 207, @)
they are defined differentl{see Ref. 23 and Ref. 16, respec- where the coefficients andC; depend on the selected exci-
tively) but the physical meaning is definitively the same. Thetation and decay transitions.

geometrical dependence on the incident and emitted particle The coefficientC; can be written a€;<A;B1, where the
directions WI'Eh AreAspect to the magnetization direction iSA; term depends on the excitation process and&hen the
given by ®%**"(k,k"). In the absence of spin- or light- decay channel. The explicit expressions @rare given in
polarization detection only terms wittl even contribute to Appendix B. They are ultimately given by a linear combina-
both cross sections. tion of multipole momentsw®". Here we mention that if
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TABLE III. Definition of the factorsAF" (in Table 1) for elec-
tric dipole and quadrupole transitions. They contain the physical
information about the atomic properties given by linear combina-
tions of w2"" (see Table IV.

Agl 4E000_ EZOZ

Afl 4E022* (E220+ E222+ E224)
Agl 6JE220— 6E222+ E224
Agl 3E121* 2E123

AS? (171202 31404

_ FIG. 2. _(a) Schematic represc_ent_ation o.f the scatterin_g geometryA(léz ¥ (2204 222, 228 % (4224 [42ey pa2ey
in perpendicular geometry. The incident circularly polarized photon g, L7 (G220 222, 224 1 2 (5422 g2y o429
propagates along-x. The scattered photon wave vectdr is de- éz 7 100821 3273 -

scribed by ¢’,¢'). The quantization axis and sample magnetiza-A3 §(BIEP#+ 3% 6%

tion are alongz. (b) The perpendicular geometry in the case of a
conical scan. The scattered photon is emitted alorwith angles
(a,B). The conical scan is particularly convenient when the sampl
normal is alongx.

ticular, Jqm is modulated byy, o and R€Y, 5], while Jgj is
$nodulated by ReY,.], corresponding tal,2, dy2_y2, and
d,, orbitals, respectively. Thus thi'x> signal is even with
respect to they, yz, andzx planes, whileJ§*S is odd with
ji<1(i.e.,j;=3 attheK, Ly, L,, My, andM, absorption  respect to thety andyz planes, and even with respect to the
edges$ only the coefficienC, is nonzero becaus8?=0 for  zx plane.J}f* is zero along the three axes and maximum
ansy,; andpy, hole in the intermediate state. In those casesalong the bisector of thez angle: the maximum of the RIXS
there is no dichroism nor any modulation of tB&%° signal  dichroism can be detected along the 45° back-scattering di-
in perpendicular geometry. rection in thezx plane. It must be noted that the angular
The numerical factor k may be written as k  dependence given in EqS) and(4) is only valid under the
=87Xx?| A(wy)|?K,K,/(25672), whereK,; depends on the fast-collision approximation. Outside that assumption the
excitation and, on the decaysee Table V. The absolute general expressions of the scattering cross section display a
amplitude of the RIXS signal depends on the principal quanmore complicated dependence on the angis#’), e.g.,
tum numbem of the levels involved in the process, and this Jdif 1S N0 longer symmetric with respect to tae plane so
dependence is implicitly expressed by the reduced scatterirfﬁa_t the reversal of the magnetization and the reversal of the
amplitude A(w,) via the incident photon energy, . This Incident photon polarization are no longer equivalent

means that the choice of the specific absorption edge is n%i?é%ﬁd J]zfefs(;lrrgrggtﬂie(ngg ;V'tglstr?(ffﬁg \tg"g;fi)éf the
analysis, Dut 2150 by the absolute cross section, .g. dor 312SkCdlision approximation case by case.

o ) ) RN When the scattering is restricted to tle plane (@’
transition metals the RIXS signal is at least two orders of _ 9 b 4

) =0), i.e., in-plane with the sample magnetization and inci-
magnitude lower at th#, ; edges than at thi, ; edges. dent photon beam, Eq¢3) and (4) obtain a very simple

We can now compare the theories of RIXS and RPES. Itqm ‘For this so calledh-plane perpendicular geomettiie
we apply the results of Sec. Il to the absorption edge of & gngylar dependence df*S was studied theoretically and
3d .transition metaf’ it emerges that Eq§3) qnd(4) areR%IEsg experimentally at the Gi; edge by Fukukt al2>3and at
valid for RPES, but that th&€, factor is different:C the ColL 5 edge by Tagliaferret al®
=4A5'BY, i.e., 3 (the listed value from Table ] whereas Finally, we recall that RIXS measurements, especially in
all the otherC; factors are identical. This example demon-the soft x-ray region, are strongly influenced by self-
strates that if the RPES sum rules would be applied to RIXSbsorption, i.e., by reabsorption of the scattered photons by
measurements, all the quantities included in@dactor are  the sample. Self-absorption varies considerably with the
estimated wrongly. Clearly, the expression of the fa&8iis  angle between the scattering direction and the sample sur-
different for RPES and for RIXS, as well as the valuekof face. In those experiments where the scattering direction is
Looking at Egs(3) and(4) we see that the modulations of scanned to measure the modulation B> Braicovich
Jsum @and Jgi¢ have the form of spherical harmonics. In par- et al?” found it very convenient to keep a fixed angle be-
tween scattered photons and the sample surface. The arte-
TABLE 1. Explicit form of the coefficientsC; in Egs. (3)—(6) facts due to self-absorption are minimized and kept constant

for electric dipole and quadrupole transitions. by scanning the scattering direction on a cone with its axis
along thex direction (conical scan. The expressions for the
El E2 sum and difference signal can be written as
Co 8A5' B 8(A5t+A5)BO k C,—-C,
RIXS _ H
Cl ZAElBZ 2(A51+AEZ)BZ ‘]sum —g C0+ 2 (3 S“’?a_z)
C, AFB? (AS*+A5H) B2
C AElR2 2 AE1, AE2\y 122 3C,+C, .
3 3 B (3A3 +A3)B + %smza cos 28/, (5
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TABLE IV. Explicit expressions foii?Z" [Eq. (A2)] as linear combination of the ground-state moments
wabr. Listed are thezZ'r combinations needed in perpendicular geometry for the absorption ¢filges
column corresponding to a core hole with arbitrary principal quantum numbmrt same ¢,,j4) (second
column in the intermediate state.

Edges Hole C1 j1 zZr [FzZr
K,L;,M{,N; Sy 0 z 000 w000
202 w202
404 w404
L,.M2.N, P12 1 : 000 w000 110
202 — (2w 5w+ 3w
404 — §(4wH— 9w 5w
L3,M3,N3 Par2 1 3 000 w00+ it
220 (w00 219
121 Z (WOt 3wl0ly w2lY)
321 %(W101+3W2117
022 27V112+ W702
202 12w+ 10w20%+ 30319
222 %(ﬂvllz+ 5W202+ 3@312)
422 g(ﬂzozfzﬂslz)*
123 2 (2w?3+ w303
323 o= (OW2L34 7w034 5413
224 18 owBla wAaod)
404 1 (4wsl44 180404+ 5514
424 20 (11w3M4+ 9wA04t 7w
325 2 owHs w55
426 2 (251641606
M, N, dayp 2 3 000 2 (o0 w19
220 2 (w0 2119
121 _ lis(onl_ 3wy 2W211)
022 _ %(2@“2— 5@202 + 3Vv312)
202 — F(witP— 5w+ 3w
222 _ %(5W112_ §W202+ §W312)
123 — 55 (31— 7w 4w
224 — 55(4wM— ow0% 5WSYY
Ms,Ng depp 2 5 000 300+ 2wi0
220 35(12w%0+ 13w'19)
121 Z (28wW1+ 36101+ 111
022 A (56WwH12+ 60W202+ 9wt
202 (AW 150202+ w31
222 175(410W M2+ 60W2%%+ 24w31)
123 1257902134+ 84w+ 12019
224 125(34w314+ 36w 0%+ 5WSYY
‘]Eilfxsz —kCssin 2a cosp, (6) surement of the quadrupole tens@neglecting higher-order

tensors that are usually much smallérhe choice ofa can
with the anglesa and 8 as defined inb) of Fig. 2 (0<« be decided by practical considerations. For example afor
<; 0<B<2w) In a conical scang is fixed and only the = /4 the dichroismJ5f*° is maximized, while at thenagic
dependence of is measured. This type of scan has not onlyangle (sifa=2) the termi(C,—C,) in J8S disappears.
advantages for practical reasqsslf-absorption artefacts are
eliminated but also for the application of the RIXS sum
rules. In fact, the term (@, +C,) is given by a linear com-
bination ofw"’lbr tensors with onlyr is 2 and 4, so that the The interest in the second-order resonant processes has
magnitude of the modulation fak,,, provides a direct mea- stimulated the development of sum rules for quantitative

IV. CONCLUSIONS
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TABLE V. The values of the numerical coefficienks;, K,, B and B2 (in Table 1)) for all the
considered excitatioffirst column and decayfourth columr combinations.

Hole KE KE? Decay Ky B° B2 B?B°
S 1 —S 1 1 0 0
172 \/g P12—S12
Paz—S12 1 2 0 0
p—> 51/2 1 3 0 0
1 1
P12 \/E \/7 S12—~ P2 1 1 0 0
1
dso— P12 5 5 0 0
1 1
P32 5 V7 S1/2— Pap 1 1 1 1
1
dso— Par V5 % - % - %
1
ds;2— P32 \/g % % %
1
d—pap 5 5 3 15
3
dap 5\21 Prz—dap 1 % gz 14
P3iz—dap 1 2 ~5 ~5
p—dsp 1 3 - % - %)
f5—dap 3 7 £ &
3
dsp, 521 Paiz—dsp 1 3 3 1
f5—dsp \/g % - % - g
f7—dsp \/g % % 5
f—dsp \/§ 7 2 g
evaluation of the atomic charge and magnetic multipole mo- APPENDIX A: DEFINITIONS OF SYMBOLS

ments using the experimental data. We have compared the
RIXS and RPES integrated cross sections to show that when
the measurements are not sensitive to the emitted phot

We summarize here the most important definitions of the
mbols occurring in Eq.1). For other details, see Refs. 16,

polarization or emitted electron spin direction, respectively,” ™ and 30.

the sum rules in both theories differ only by some numerical X2[L,L'] o

factors regarding high-order multipole quantities, which can N(LL,L AN o) = — ———| A(w ) ;7 |2, (A1)
make(or not make a significant difference depending on the 4 [t '

particular approaches followed by the experimentalists inwith X=|k| L

their applications. Moreover, for the application of the RIXS
sum rules in the so-called perpendicular geometry using cir-

cularly polarized light we have provided detailed formulas E2Z7(cy, L) =2 TP (cy I, L)wE"", (A2)
and tables which constitute a complete framework for experi- ! ab -

mentalists to select the most useful scattering process and

geometry for the case of interest. NLryr

Hz' ry — 7’ ’

levjz(cllCZYL )_ n] Z,[Cl][cz]llzgjl'jz(CI,CZ’L )1
1
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€2 (KCE (D], (A4)

! ey _ 0
O (kk)=2 [ 4

with k=(6,¢) andk’=(6’,¢'). The C%(6,¢) are normal-
ized spherical harmonit$while theCQ:_LZ,’g are Clebsch-
Gordan coefficients.

The integer range of the most important indices is

ae{0,...,2},
be{0,1},

re{la—b|,...,(a+b)} and {|z—2

, ez ZhY
pe{0} for SO, symmetry,
ze{0,...,A},

le{~2z, ...z},

PHYSICAL REVIEW B9, 134420 (2004
z’e{0,..., A"},

'e{-2,...27'},

andz' is even in the absence of spin- or light-polarization
detection.

APPENDIX B: COEFFICIENTS FOR RIXS SUM RULES IN
PERPENDICULAR GEOMETRY

Here we provide the required coefficients to compute Egs.
(3)—(6). The expressions for the coefficients;xA B!
for electric dipole and quadrupole transitions are listed
in Table IIl. The factorsAF-, which differ for E1 and E2
excitations, are listed in Table Illl. They are a linear

combination ofEZZ", which expressions are given in Table
IV. The values ofB° and B2 are given in Table V, together
with K; and K, required for the numerical factor
k=87Xx?| A(wy)|?K,K,/(25672).
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