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Sum rules for resonant inelastic x-ray scattering: Explicit form and angular dependence
in perpendicular geometry
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Resonant inelastic x-ray scattering~RIXS! and resonant photoemission spectroscopy~RPES! can be used to
selectively measure the ground-state properties of atoms in solid materials. For the two types of experiment we
compare the sum rules developed in the past years to extract quantitative information from the measured
spectra. We show that if the measurements are not sensitive to the emitted photon polarization state~in RIXS!
or to the photoelectron spin orientation~in RPES!, the two experiments exhibit the same angular dependence
of the spectral intensities but differ in some numerical coefficients in the sum rules. In particular we give
explicit expressions for the RIXS sum rules in the so-calledperpendicular geometryfor all the cases of
practical interest. These rules can serve, in combination with the well-known x-ray magnetic circular dichroism
sum rules in absorption, to evaluate the quadrupole and octupole moments of the scattering atoms.
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I. INTRODUCTION

Selectivity is among the main virtues of the modern-d
resonant spectroscopies that are emerging from the deve
ment of synchrotron-radiation instrumentation. The tuna
ity of the photon energy allows selection of the chemi
element and the character of the valence states participa
in the excitation process. Also the high degree of polarizat
of synchrotron radiation can be exploited in a wide variety
applications. For example, left and right circularly polariz
photons are absorbed with different probability in an at
that has a magnetic moment along the photon propaga
direction. This phenomenon, known as x-ray magnetic cir
lar dichroism~XMCD! in absorption,1,2 has been exploited
together with x-ray magnetic linear dichroism,3 to study the
magnetic properties of bulk solids and thin films.

Further selectivity can be added by choosing the de
channel following the x-ray absorption: resonant photoem
sion spectroscopy~RPES! and resonant inelastic x-ray sca
tering ~RIXS! are processes in which a nonradiative~Auger
like! and a radiative decay channel is involved, respectiv
In this case, the propagation direction, energy, and polar
tion state of the emitted particles~photons or electrons, re
spectively! increase the selectivity of the process. These s
tering processes can be adequately described using a se
order formalism, where the two steps~excitation and decay!
interfere with each other via the set of intermediate sta
For both RPES and RIXS the Kramers-Heisenberg4–6 for-
mula has been used extensively and with great success7–12

In recent years, the interest in the resonant excitation p
cesses has stimulated theoretical efforts to develop sum
for RPES and RIXS, similar to those used widely
XMCD.13–15 Such rules are precious tools to extractquanti-
tative information from the experimental spectra without t
need of numerical calculations. The higher-order proces
the scattering compared to absorption and the additiona
lectivity of the scattering channel allow us to access a wi
range of quantities related to the charge and magnetic p
0163-1829/2004/69~13!/134420~8!/$22.50 69 1344
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erties of the partially filled shells in the ground state~the
physical meaning of the most common ones is summari
in Table I!.

The theoretical analysis of RPES and its sum rules by
der Laan and Thole16 was followed by experimenta
work17,18 and by detailed model calculations.19 An interest-
ing new type of magnetic circular dichroism~MCD! was
observed in Ni,17 Fe,20 and Tb ~Ref. 21! metal with the
sample magnetization oriented perpendicular to the incid
photons. We will refer to this type of setup as theperpen-
dicular geometry. Although the XMCD in absorption van
ishes in this geometry, a significant dichroic signal can
present in the decay channel. For RIXS a theoretical desc
tion was presented by Carraet al.22 and van Veenendaa
et al.23 RIXS-MCD in perpendicular geometry at the Ni an
Co L3 edges was first observed by Braicovichet al.24 and
confirmed for GdL3 by Fukui et al.25 The first quantitative
use of the RIXS-MCD sum rules was done only very r
cently and was made possible by using a dedicated exp
mental apparatus.26,27 On the other hand, in Ref. 27 the us
of the RPES sum rules has been extended to RIXS.

In this work we compare RIXS and RPES cross sectio
and we provide detailed formulas and tables for the appl
tion of the RIXS sum rules in the so-called perpendicu
geometry using circularly polarized light. We are motivat
by the strong similarity of the scattering operators presen
RIXS and RPES expressions@see, e.g., Eq.~30! in Ref. 23
and Eq.~10! in Ref. 28# as of the terms concerning the a
gular dependence of the incident/emitted particles. Des
the different kind of the deexcitation process it may be
gued that when the measurements are not sensitive to
internal degrees of freedom of the emitted particles, i.e.,
photon polarization~as in usual RIXS experiments! or the
electron spin, but only to their propagation direction, the t
processes become somehow equivalent therefore resultin
the same sum rules. We show that this is not strictly ex
Slightly different quantitative results are obtained when
ing RPES sum rules instead of the RIXS ones. The diff
©2004 The American Physical Society20-1



t
h

ne
-

s
he
o-
d
th
ce
or
ita

le in
par-
in
ld
ing
we
he

of

are
the
ply
try.
the
in

nce

he
23.
d in
ion
e ex-
or a
29,

re
ra-

o-

-

ro-
m-

to

etr
e

on
gle
r

F. BORGATTI et al. PHYSICAL REVIEW B 69, 134420 ~2004!
ences between RIXS and RPES sum rules arise from to
presence of some numerical coefficients involving hig
order multipole moments. Thus the recent results obtai
from RIXS measurements27 might require only minor correc
tions ~comparable with the experimental errors! that will not
significantly affect the approach followed in those work
although this is not generally true. To this aim we write t
RIXS cross section~integrated over the energy of the ph
tons emitted in a selected decay channel! and the associate
sum rules in a general form which is also suitable for
experimentalists to select the most useful scattering pro
and geometry for the case of interest. To complete our w
we calculate the explicit expressions for all possible exc

FIG. 1. ~a! Schematic representation of the scattering geom
for a generic case. The incident and the scattered photons ar
larized and their wave vectorsk and k8 are given by (u,w) and
(u8,w8). The quantization axis and sample magnetization is al
z. ~b! The diagram of the excitation and decay steps in a sin
particle representation for RIXS.~c! Same for RPES. See text fo
more details.
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tion and decay channels that are reasonably accessib
magnetic systems in perpendicular geometry, which is a
ticularly convenient way to measure RIXS-MCD. In fact,
any different arrangement the absorption XMCD wou
largely dominate the signal, making the task of measur
higher-order multipole moments even harder. In this way
provide a complete framework for the application of t
RIXS sum rules in perpendicular geometry to all cases
interest.

The paper is structured as follows. In Sec. II we comp
the RIXS and RPES integrated cross sections and all
quantities involved in these processes. In Sec. III we ap
the RIXS sum rules to the case of perpendicular geome
We show the quantities to be corrected with respect to
results obtained by RPES theory. The conclusions follow
Sec. IV. In the appendixes we provide complete refere
tables for all the scattering processes of interest.

II. RIXS VS RPES

We will not enter into any theoretical discussion on t
models but start from the results of Refs. 16, 17, 22, and
We just mention that both theories have been develope
the fast-collision approximation, i.e., under the assumpt
that second-order resonant processes are so fast that th
citation and decay steps are practically simultaneous. F
discussion of this approximation we refer to Refs. 6, 16,
and 30 and references therein.

The schemes for the~one-electron! resonant processes a
illustrated in Fig. 1. The scattering geometry in the labo
tory reference system is displayed in 1~a!. The target atom is
located at the origin. Its quantization axisz coincides with
the magnetization vector, to which the atomic magnetic m
ment is aligned. The incident photon has polarizatione,
wave vectork, and energy\vk . The scattering process in
trinsic to the target atom is shown in 1~b!. The electric
2L-pole transition of the resonant excitation process p
motes a core electron with orbital and angular quantum nu
bers (c1 , j 15c16 1

2 ) to an open~valence! shell with orbital
quantum numberl, whereu l 2c1u5L. The core hole (c1 , j 1)
is filled by an electron decaying from the core shell (c2 , j 2)
through an electric 2L8-pole transition, whereuc12c2u5L8.
The emitted photon has polarizatione8, wave vectork8, and
energy\vk8 . In the scattering event the energy transfer

y
po-

g
-

4.

TABLE I. Physical meaning of the operatorswabr. The listed quantities refer to theholeproperties~Refs.

23 and 30!. The physical meaning of these operators for theelectronrepresentation may be found in Ref. 3

wabr p shell d shell f shell Meaning

w000 nh nh nh Number of holes
w110 22l •s 2 l •s 2

2
3 l •s Isotropic spin-orbit coupling

w011 2Sz 2Sz 2Sz Spin moment
w101 Lz

1
2 Lz

1
3 Lz Orbital moment

w211 5Tz
7
2 Tz 3Tz Magnetic-dipole term

w112 3Pzz
3
2 Pzz Pzz Anisotropic spin-orbit coupling

w202 3Qzz
1
2 Qzz

1
5 Qzz Charge quadrupole

w312 Rzz
3

10Rzz Higher-order quadrupole
0-2
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the system is (\vk2\vk8). For RPES the mechanism
shown in ~c! of Fig. 1. The excitation step for the electr
2L-pole radiative transition is the same. The core and vale
shell are labeled by quantum numbers in the same way a
RIXS. After excitation the atom emits an electron through
nonradiative Auger process leaving the system in a two-h
final state. The emitted electron is characterized by
propagation directionk̂8 and directionPS along which the
spin polarization is measured.

We are interested to compare the RIXS and RPES c
sectionsintegrated over the energy\vk8 of the emitted par-
ticles for the specific decay channeland for a magnetic sys
tem with negligible crystal-field interaction~i.e., SO2
symmetry31,32!. To do that we put the RIXS formula in
general form comparable to the RPES, the latter being w
ten in the same notation used for the RIXS theory.33 In par-
ticular for RIXS we write the terms related to the angu
dependence in a more appropriate form than in Ref. 23.
cause most of the experiments performed up to now in m
netic systems use circularly polarized incident radiation
consider only the case of pure circular polarization. We
tain

Jm
RIXS5N~ l ,L,L8,v! (

m8zz8r
~21!z1z8Fz,z8

r G1/2

3CLm,L2m
z0 CL8m8,L82m8

z80 Ej 1

zz8r~c1 ,l ,L !

3B̃j 1 , j 2

z8 ~c1 ,c2 ,L8!Qzz8r~ k̂,k̂8!, ~1!

Jm
RPES5

1

4p (
zz8r

~21!z1z8Fz,z8

r G1/2

CLm,L2m
z0 Ej 1

zz8r~c1 ,l ,L !

3B j
z80z8~LS!Qzz8r~ k̂,k̂8!, ~2!

where m(m8)561 denotes the right (11) and left (21)
circular polarization state of the incident~scattered! photon
and where we used the short-hand notation@a, . . . ,b#
5(2a11)•••(2b11).

The explicit form of the symbols and the integer range
all the indices are listed in Appendix A. In both formulas a
terms have been grouped corresponding to their phys
meaning. TheN( l ,L,L8,v) prefactor is a global normaliza
tion term including the dependence on the incident pho
energy. The factorEzz8r is related to the transition probabilit
of the excitation step. It consists of linear combinations
w0

abr tensors34,35 which provide the physical information o
the ground-statevalence electron distribution. The relatio
between theLS-coupled tensor operatorswabr in the hole
representation and the standard ground-state operato

shown in Table I. TheB̃j 1 , j 2

z8 andB j
z80z8 factors are related to

the transition probabilities of the decay channels. Obviou
they are defined differently~see Ref. 23 and Ref. 16, respe
tively! but the physical meaning is definitively the same. T
geometrical dependence on the incident and emitted par
directions with respect to the magnetization direction
given by Qzz8r( k̂,k̂8). In the absence of spin- or light
polarization detection only terms withz8 even contribute to
both cross sections.
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Apart from the global prefactors and the decay streng
the main differences in Eqs.~1! and ~2! arise from factors
related to the nature of the emitted particle and the way
which the integration over the photon polarization state
the electron-spin direction is performed. The photon h
two polarization states defined with respect to its propaga
direction, so that in Eq.~1! a sum over both state

(m8561) is required. In Eq.~2! the factorCL8m8,L82m8
z80 and

the associated sum overm8 are absent because the emitt
particle is an electron, whereas the factorCLm,L2m

z0 for the
incident photon is still present. To account for all possib
spin directions in Eq.~2! an angular integration over th
solid angle must be performed,16 resulting in the disappear
ing of any angular spin dependence from Eq.~2!. Conse-
quently, JRIXS and JRPES cross sections are not complete
equivalent implying the small differences between the
spective sum rules~an example is given in the following
section!.

III. RIXS-MCD SUM RULES IN PERPENDICULAR
GEOMETRY

We present the expressions that can be applied to
RIXS experimental data by taking the sum and differen
over the incident polarization states:Jsum

RIXS5(J111J21) and
Jdif

RIXS5(J112J21). Using Eq.~1! we computedJsum
RIXS and

Jdif
RIXS for a number of allowed resonant excitations and s

cessive decay channels. We assume that the sample is
netized along thez axis and that the incident photons prop
gate along the2x direction ~c.f. Fig. 1!. Since the photons
are circularly polarized this corresponds to theperpendicular
geometry, where the XMCD in absorption vanishes and t
dichroism is entirely due to interference in the second-or
process. We writeJsum

RIXS andJdif
RIXS as a function of the emit-

ted photon propagation direction, given by the spherical
ordinatesu8 and w8 as defined in Fig. 2 (0<u8,p; 0
<w8,2p). We have considered all the allowed resonant
citations with ans, p, or d core hole in the intermediate stat
as obtained from the electric dipole (E1) and quadrupole
(E2) radiative excitations, and all the possibleE1 radiative
decays.36 Comparison of all the results allow us to mak
some important comments concerning the general prope
of Jsum

RIXS andJdif
RIXS and about the optimal experimental co

ditions for the sum-rule application.
First of all, in perpendicular geometry we can rewrite t

sum and difference signal in the simple form

Jsum
RIXS5

k

6
@C01C1~3 cos2u821!1C2cos 2w8sin2u8#, ~3!

Jdif
RIXS52k C3cosw8sin 2u8, ~4!

where the coefficientsk andCi depend on the selected exc
tation and decay transitions.

The coefficientCi can be written asCi}AiB j , where the
Ai term depends on the excitation process and theB j on the
decay channel. The explicit expressions forCi are given in
Appendix B. They are ultimately given by a linear combin
tion of multipole momentswabr. Here we mention that if
0-3
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j 1,1 ~i.e., j 15 1
2 at theK, L1 , L2 , M1, andM2 absorption

edges! only the coefficientC0 is nonzero becauseB 250 for
an s1/2 andp1/2 hole in the intermediate state. In those cas
there is no dichroism nor any modulation of theJsum

RIXS signal
in perpendicular geometry.

The numerical factor k may be written as k
58p|2uA(vk)u2K1K2 /(256p2), whereK1 depends on the
excitation andK2 on the decay~see Table V!. The absolute
amplitude of the RIXS signal depends on the principal qu
tum numbern of the levels involved in the process, and th
dependence is implicitly expressed by the reduced scatte
amplitudeA(vk) via the incident photon energyvk . This
means that the choice of the specific absorption edge is
only determined by the convenience of the RIXS sum-r
analysis, but also by the absolute cross section, e.g., fod
transition metals the RIXS signal is at least two orders
magnitude lower at theM2,3 edges than at theL2,3 edges.

We can now compare the theories of RIXS and RPES
we apply the results of Sec. II to theL3 absorption edge of a
3d transition metal,37 it emerges that Eqs.~3! and~4! are also
valid for RPES, but that theC0 factor is different:C0

RPES

54A0
E1B 0, i.e., 1

2 ~the listed value from Table II!, whereas
all the otherCi factors are identical. This example demo
strates that if the RPES sum rules would be applied to R
measurements, all the quantities included in theC0 factor are
estimated wrongly. Clearly, the expression of the factorB 0 is
different for RPES and for RIXS, as well as the value ofk.

Looking at Eqs.~3! and~4! we see that the modulations o
Jsum and Jdif have the form of spherical harmonics. In pa

TABLE II. Explicit form of the coefficientsCi in Eqs. ~3!–~6!
for electric dipole and quadrupole transitions.

E1 E2

C0 8A0
E1B 0 8(A0

E11A0
E2)B 0

C1 2A1
E1B 2 2(A1

E11A1
E2)B 2

C2 A2
E1B 2 (A2

E11A2
E2)B 2

C3 A3
E1B 2

( 2
3 A3

E11A3
E2)B 2

FIG. 2. ~a! Schematic representation of the scattering geom
in perpendicular geometry. The incident circularly polarized pho
propagates along2x. The scattered photon wave vectork8 is de-
scribed by (u8,w8). The quantization axis and sample magnetiz
tion are alongz. ~b! The perpendicular geometry in the case o
conical scan. The scattered photon is emitted alongk with angles
(a,b). The conical scan is particularly convenient when the sam
normal is alongx.
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ticular, Jsum is modulated byY2,0 and Re@Y2,2#, while Jdif is
modulated by Re@Y2,1#, corresponding todz2, dx22y2, and
dzx orbitals, respectively. Thus theJsum

RIXS signal is even with
respect to thexy, yz, andzx planes, whileJdif

RIXS is odd with
respect to thexy andyz planes, and even with respect to th
zx plane.Jdif

RIXS is zero along the three axes and maximu
along the bisector of thexẑ angle: the maximum of the RIXS
dichroism can be detected along the 45° back-scattering
rection in thezx plane. It must be noted that the angul
dependence given in Eqs.~3! and~4! is only valid under the
fast-collision approximation. Outside that assumption
general expressions of the scattering cross section displ
more complicated dependence on the angles (u8,f8), e.g.,
Jdif is no longer symmetric with respect to thezx plane so
that the reversal of the magnetization and the reversal of
incident photon polarization are no longer equivale
operations.30 The symmetry ofJdif with respect to thezx
plane could therefore be used as a test for the validity of
fast-collision approximation case by case.

When the scattering is restricted to thezx plane (w8
50), i.e., in-plane with the sample magnetization and in
dent photon beam, Eqs.~3! and ~4! obtain a very simple
form. For this so calledin-plane perpendicular geometrythe
angular dependence ofJdif

RIXS was studied theoretically an
experimentally at the GdL3 edge by Fukuiet al.25,38 and at
the CoL3 edge by Tagliaferriet al.39

Finally, we recall that RIXS measurements, especially
the soft x-ray region, are strongly influenced by se
absorption, i.e., by reabsorption of the scattered photons
the sample. Self-absorption varies considerably with
angle between the scattering direction and the sample
face. In those experiments where the scattering directio
scanned to measure the modulation ofJsum

RIXS Braicovich
et al.27 found it very convenient to keep a fixed angle b
tween scattered photons and the sample surface. The
facts due to self-absorption are minimized and kept cons
by scanning the scattering direction on a cone with its a
along thex̂ direction~conical scan!. The expressions for the
sum and difference signal can be written as

Jsum
RIXS5

k

6 FC01
C12C2

2
~3 sin2a22!

1
3C11C2

2
sin2a cos 2bG , ~5!

TABLE III. Definition of the factorsAi
EL ~in Table II! for elec-

tric dipole and quadrupole transitions. They contain the phys
information about the atomic properties given by linear combi
tions of wabr ~see Table IV!.

A0
E1 4E0002E202

A1
E1 4E0222(E2201E2221E224)

A2
E1 6E22026E2221E224

A3
E1 3E12122E123

A0
E2 1

7 (17E20223E404)
A1

E2 17
7 (E2201E2221E224)2

3
7 (E4221E4241E426)

A2
E2 2

17
7 (6E22026E2221E224)1

2
7 (5E42229E42412E426)

A3
E2 1

6 (8E32113E32326E325)

y
n

-

le
0-4
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TABLE IV. Explicit expressions forEzz8r @Eq. ~A2!# as linear combination of the ground-state mome
wabr. Listed are thezz8r combinations needed in perpendicular geometry for the absorption edges~first
column! corresponding to a core hole with arbitrary principal quantum numbern but same (c1 , j 1) ~second
column! in the intermediate state.

Edges Hole c1 j 1 zz8r Ezz8r

K,L1 ,M1 ,N1 s1/2 0 1
2 000 w000

202 w202

404 w404

L2 ,M2 ,N2 p1/2 1 1
2 000 w0002w110

202 2
1
5 (2w11225w20213w312)

404 2
1
9 (4w31429w40415w514)

L3 ,M3 ,N3 p3/2 1 3
2 000 2w0001w110

220 1
5 (w00012w110)

121 2
15(5w01113w1011w211)

321 9
35(w10112w211)

022 2w1121w202

202 1
5 (2w112110w20213w312)

222 2
35(7w11215w20213w312)

422 2
7 (w20212w312)

123 3
5 (2w2131w303)

323 4
105(9w21317w30315w413)

224 18
35(2w3141w404)

404 1
9 (4w314118w40415w514)

424 20
693(11w31419w40417w514)

325 10
21(2w4151w505)

426 5
11(2w5161w606)

M4 ,N4 d3/2 2 3
2 000 2(w0002w110)

220 2
5 (w00022w110)

121 2
4

15(w01123w10112w211)
022 2

2
5 (2w11225w20213w312)

202 2
2
5 (w11225w20213w312)

222 2
4

35(2w11225w20213w312)
123 2

6
35(3w21327w30314w413)

224 2
4

35(4w31429w40415w514)
M5 ,N5 d5/2 2 5

2 000 3w00012w110

220 1
25(12w000113w110)

121 2
75(28w011136w101111w211)

022 1
25(56w112160w20219w312)

202 1
5 (4w112115w20216w312)

222 2
175(41w112160w202124w312)

123 3
175(79w213184w303112w413)

224 6
175(34w314136w40415w514)
ly
e

-

r

has
ive
Jdif
RIXS52kC3sin 2a cosb, ~6!

with the anglesa and b as defined in~b! of Fig. 2 (0<a
,p; 0<b,2p) In a conical scan,a is fixed and only the
dependence onb is measured. This type of scan has not on
advantages for practical reasons~self-absorption artefacts ar
eliminated! but also for the application of the RIXS sum
rules. In fact, the term (3C11C2) is given by a linear com-
bination of wabr tensors with onlyr is 2 and 4, so that the
magnitude of the modulation forJsum provides a direct mea
13442
surement of the quadrupole tensors~neglecting higher-order
tensors that are usually much smaller!. The choice ofa can
be decided by practical considerations. For example, foa
5p/4 the dichroismJdif

RIXS is maximized, while at themagic
angle (sin2a52

3) the term1
2 (C12C2) in Jsum

RIXS disappears.

IV. CONCLUSIONS

The interest in the second-order resonant processes
stimulated the development of sum rules for quantitat
0-5
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TABLE V. The values of the numerical coefficientsK1 , K2 , B 0, and B 2 ~in Table II! for all the
considered excitation~first column! and decay~fourth column! combinations.

Hole K1
E1 K1

E2 Decay K2 B 0 B 2 B 2/B 0

s1/2 1 A 3
5

p1/2→s1/2 1 1 0 0

p3/2→s1/2 1 2 0 0
p→s1/2 1 3 0 0

p1/2

1

A5

1

A7 s1/2→p1/2 1 1 0 0

d3/2→p1/2

1

A5 5 0 0

p3/2

1

A5

1

A7 s1/2→p3/2 1 1 1 1

d3/2→p3/2

1

A5 1
2 2

2
5 2

4
5

d5/2→p3/2

1

A5 9
2

9
10

1
5

d→p3/2

1

A5 5 1
2

1
10

d3/2

3

5A21 p1/2→d3/2 1 5
2

5
2 1

p3/2→d3/2 1 1
2 2

2
5 2

4
5

p→d3/2 1 3 2
21
10 2

7
10

f 5/2→d3/2 A 3
7

7 7
5

1
5

d5/2

3

5A21 p3/2→d5/2 1 3 3 1

f 5/2→d5/2 A 3
7

1
3 2

8
21 2

8
7

f 7/2→d5/2 A 3
7

20
3

50
21

15
14

f→d3/2 A 3
7 7 2 2

7
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the
6,
evaluation of the atomic charge and magnetic multipole m
ments using the experimental data. We have compared
RIXS and RPES integrated cross sections to show that w
the measurements are not sensitive to the emitted ph
polarization or emitted electron spin direction, respective
the sum rules in both theories differ only by some numeri
factors regarding high-order multipole quantities, which c
make~or not make! a significant difference depending on th
particular approaches followed by the experimentalists
their applications. Moreover, for the application of the RIX
sum rules in the so-called perpendicular geometry using
cularly polarized light we have provided detailed formul
and tables which constitute a complete framework for exp
mentalists to select the most useful scattering process
geometry for the case of interest.
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APPENDIX A: DEFINITIONS OF SYMBOLS

We summarize here the most important definitions of
symbols occurring in Eq.~1!. For other details, see Refs. 1
23, and 30.

N~ l ,L,L8,l,l8,v!5
|2

4

@L,L8#

@ l #1/2
uA~vk!L,|

L8,|8u2, ~A1!

with |5uku21.

Ej 1

zz8r~c1 ,l ,L !5(
ab

C̃j 1

abrzz8~c1 ,l ,L !w0
abr , ~A2!

B̃j 1 , j 2

z8 ~c1 ,c2 ,L8!5
nL8z8

nj 1z8@c1#@c2#1/2
Bj 1 , j 2

z8 ~c1 ,c2 ,L8!,

~A3!

according to the definition ofBj 1 , j 2

z8 (c1 ,c2 ,L8) in Eq. ~23! of

Ref. 23.
0-6
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Qzz8r~ k̂,k̂8!5(
z

@Cz2z,z8z
r0 C2z

z ~ k̂!Cz
z8~ k̂8!#, ~A4!

with k̂[(u,w) and k̂8[(u8,w8). The Cz
z(u,w) are normal-

ized spherical harmonics40 while theCz,2z,z8,z
r ,0 are Clebsch-

Gordan coefficients.
The integer range of the most important indices is

aP$0, . . . ,2l %,

bP$0,1%,

r P$ua2bu, . . . ,~a1b!% and $uz2z8u, . . . ,~z1z8!%,

rP$0% for SO2 symmetry,

zP$0, . . . ,2L%,

zP$2z, . . . ,z%,
.

.C
.A

J.

.

J

e
s.

Re

tt.

G

r
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z8P$0, . . . ,2L8%,

z8P$2z8, . . . ,z8%,

and z8 is even in the absence of spin- or light-polarizati
detection.

APPENDIX B: COEFFICIENTS FOR RIXS SUM RULES IN
PERPENDICULAR GEOMETRY

Here we provide the required coefficients to compute E
~3!–~6!. The expressions for the coefficientsCi}AiB j

for electric dipole and quadrupole transitions are list
in Table II. The factorsAi

EL , which differ for E1 andE2
excitations, are listed in Table III. They are a line
combination ofEzz8r , which expressions are given in Tab
IV. The values ofB 0 andB 2 are given in Table V, togethe
with K1 and K2 required for the numerical facto
k58p|2uA(vk)u2K1K2 /(256p2).
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