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Penetration-depth anisotropy in two-band superconductors
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The anisotropy of the London penetration depth is evaluated for two-band superconductors with arbitrary
interband and intraband scattering times. If one of the bands is clean and the other is dirty in the absence of
interband scattering, the anisotropy is dominated by the Fermi surface of the clean band and is weakly
temperature dependent. The interband scattering also suppresses the temperature dependence of the anisotropy.
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The two-gap superconductivity of MgB2 is established
experimentally1–5 and by solving the Eliashberg equatio
for the gap distribution on the Fermi surface.6,7 According to
the latter, the gap on the four Fermi surface sheets of
material has two sharp maxima:D1'1.7 meV at the twop
bands andD2'7 meV at the twos bands. Within each of
these groups, the spread of the gap values is small.

A number of physical properties of MgB2 were reason-
ably well described within a model with two constant ga
on two separate Fermi sheets. Still, the data on anisotrop
the magnetic-field penetration depthl are controversial. The
anisotropy parametergl5lc /la has been calculated withi
the weak-coupling clean-limitmodel and shown to increas
from about 1.1 atT50 to '2.6 atTc .8 A similar prediction
has been made within Eliashberg formalism.9 Qualitatively,
the predictions were confirmed in scanning tunn
microscopy,10,11small angle neutron scattering,12 and magne-
tization experiments.13 However, other groups recorded di
ferent behavior.14–17Given variety of samples used, it is im
perative to consider effects of scattering upongl , a
nontrivial problem given different roles of the intraband a
interband scattering in two-band materials. The problem
been discussed by Golubovet al.,9 who focused onl(T) in
the absence of the interband scattering. The dirty limitl has
been considered by Moca18 within Eliashberg formalism and
by Gurevich,19 who used the weak-coupling Usadel a
proach. It is shown below how arbitrary interband and int
band scatterings can be treated within the weak-coup
model.

Our approach is based on the quasiclassical version o
BCS theory for a general anisotropic Fermi surface and
an arbitrary anisotropic order parameterD(k).20 In the ab-
sence of currents and fields we have for the Eilenber
Green’s functionsf (k,v) andg(k,v),

052Dg22v f 1I , 15g21 f 2. ~1!

Here the scattering termI is given by the integral over the
full Fermi surface,

I ~k!5E d2qr~q! W~k,q!@g~k! f ~q!2 f ~k!g~q!# ~2!

with W(k,q) being the scattering probability fromq to k at
the Fermi surface. The Matsubara frequencies arev
5pT(2n11) with an integern (\51). Thelocal density of
stater(q) is normalized:*d2qr(q)51.
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The system~1!,~2! should be complemented with an equ
tion for D(k). We will not use it here, rather takingD(k) as
a given. This simplifies the problem greatly because solv
for D(k) usually involves a number of assumptions whi
are difficult to control.

We use the approximation of the scattering timet,

E d2qr~q! W~k,q! f ~q!5^ f &/t; ~3!

^•••& stands for the average over the Fermi surface. Clea
the approximation amounts to the scattering probabilityW
51/t being constant for anyk andq.

For two well-separated Fermi surface sheets, the pr
abilities of intraband scatterings may differ from each oth
and from processes involvingk andq from different bands.
The effects of the interband and intraband scattering u
various properties of the system are different, e.g., the in
band scattering does not affectTc , whereas the interband
does. Therefore, Eq.~3! is replaced by

E d2qa r~qa! W~kb ,qa! f ~qa!5na^ f &a /tba . ~4!

Here a,b51,2 are band indices;̂•••&a denotes averaging
only over thea band, andna5*d2qa r(qa)5Na /N(0) are
relative densities of states:N11N25N(0), or n11n251.

We now assume the order parametersD(ka) taking con-
stant valuesD1 andD2 at each of the two bands. Writing Eq
~1! for k in the first band, we have

052D1g122v f 11
n1

t11
@g1^ f &12 f 1^g&1#

1
n2

t12
@g1^ f &22 f 1^g&2#. ~5!

For a uniform sample in zero field and withk independent
D ’s in each band, the functionsf ,g arek independent:̂ f &a
5 f a and ^g&a5ga . Then, we have

05D1g12v f 11n2@g1f 22 f 1g2#/2t12. ~6!

The equation for the second band differs from this by
placement 1↔2. The fact thatt11 and t22 do not enter the
system~6! is similar to the case of one-band isotropic ma
rial for which nonmagnetic scattering has no effect uponTc
~the Anderson theorem!. It is the interband scattering tha
makes the difference in the two-gap case, the fact stres
already in early work.21,22
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Two equations~6! are complemented with normalization
ga

21 f a
251 to form a sufficient set. Following Ref. 23, w

introduce variablesua5ga / f a and obtain after simple
algebra24,21,22,25

v

D1
5u11z1

u12u2

Au2
211

, z15
n2

2t12D1
;

v

D2
5u21z2

u22u1

Au1
211

, z25
n1

2t21D2
. ~7!

The Eilenberger functions in terms of variableu are

f 51/A11u2, g5u/A11u2. ~8!

In general, the system~7! can be solved only numerically
However, nearTc , u5g/ f @1 and one obtains

u15
v

D1

v1z1D11z2D2

v1~z11z2!D2
; ~9!

u2 is obtained by 1↔2. Clearly,ua5v/Da in the absence
of interband scattering. Forz@1, we have

u1'u2'
v

e*
, e* 5

~z11z2!D1D2

z1D11z2D2
5^D& ~10!

for t125t21. Moreover, if the interband scattering is stron
Eq. ~10! holds at anyT. To see this, look for solutions of Eqs
~7! in the form

ua5
v

e*
1va , a51,2, ~11!

whereva are small corrections. Substitute these in Eqs.~7!
and keep only linear terms inv to obtain

v15
g* ~e* 2D1!

D1@11g* ~z11z2!#

1
e* ~z1D11z2D2!2D1D2~z11z2!

D1D2@11g* ~z11z2!#
, ~12!

whereg* 5v/Av21e* 2. Forza→`, v1 remains small only
if e* is given by expression~10!.

It is easy to see thate* is the common energy gap fo
both bands’ energy gaps. It does not seem possible to pro
a general expression fore* in terms ofDa and an arbitrary
interband scattering strength. Still, in principle, one c
evaluate any thermodynamic property of a two-band mate
knowing the solutionsu of the system~7!.

If the ground-state functions~which we call now f (0),
g(0)) are known, one can study perturbations of the unifo
state such as penetration of a weak magnetic field, i.e.,
problem of the London penetration depth. The perturbati
f (1), g(1) should be found from the full Eilenberge
equations;20 we have for the first band
13250
,
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vPf 152D1g122v f 11
n1

t11
@g1^ f &12 f 1^g&1#

1
n2

t12
@g1^ f &22 f 1^g&2#. ~13!

Here,v is the Fermi velocity,P5¹12p iA/f0. The second
equation is obtained by 1↔2. Two equations for the
‘‘anomalous’’ functionsf 1 are obtained from these by com
plex conjugation and byv→2v.20 The normalizationsga

2

1 f a f a
151 complete the system.

We look for solutions in the form

f a5~ f a
(0)1 f a

(1)! eiu(r), f a
15~ f a

(0)1 f a
(1)1!e2 iu(r),

ga5ga
(0)1ga

(1) , a51,2, ~14!

wheref a
(0) andga

(0) can be expressed in terms ofu’s obtained
solving the system~7!. The form~14! takes into account tha
in the London approximation only the overall phaseu de-
pends on coordinates. We obtain for the corrections a
straightforward algebra:

g1
(1)D182 f 1

(1)v185 i f 1
(0)vP/2,

g1
(1)D182 f 1

(1)1v185 i f 1
(0)vP/2,

2g1
(0)g1

(1)1 f 1
(0)~ f 1

(1)1 f 1
(1)1!50, ~15!

whereP5¹u12pA/f0 and

D185D11n1f 1
(0)/2t111n2f 2

(0)/2t12, ~16!

v185v1n1g1
(0)/2t111n2g2

(0)/2t12. ~17!

The equations for the second band~decoupled from the first!
are obtained by 1↔2.

To evaluate the penetration depth we turn to the Eil
berger expression for the current density20

j524pueuN~0!T Im(
v.0

^vg&, ~18!

and compare it with the London relation

4p

c
j i52~l2! ik

21S f0

2p
¹u1AD

k

. ~19!

Here, (l2) ik
21 is the tensor of the inverse squared penetrat

depth; summation overk is implied. We now findg1
(1) from

the system~15!,

g1
(1)5

i f 1
(0)2 vP

2~D18 f 1
(0)1v18g1

(0)!
5 i

f 1
(0)2g1

(0)

2v18
vP; ~20!

g2
(1) is obtained by replacement 1↔2. Substitutingga

(1) in
Eq. ~18! and comparing with Eq.~19! we obtain

~l2! ik
215

16p2e2N~0!T

c2 (
a,v

na^v ivk&a

f a
2ga

va8
. ~21!
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Only the unperturbed functionsf ,g enter the penetration
depth; for brevity we dropped the superscript(0). Equation
~21! is our main result. Thus, to evaluate the penetrat
depth for given order parametersDa in the presence of scat
tering, one has to solve the system~7! for ua(v), then to
substitute the equilibrium functionsf a , ga @given in Eq.~8!#
in Eq. ~21! to sum up overv.

The band calculations26 yield for MgB2: n1'0.56, n2

'0.44, ^va
2&1'33.2, ^vc

2&1'42.2, ^va
2&2'23, and ^vc

2&2

'0.531014 cm2/s2. Tensorŝ v ivk&1 and^v ivk&2 have oppo-
site anisotropies:

^va
2&1

^vc
2&1

'0.79,
^va

2&2

^vc
2&2

'46, ~22!

whereas averaging over the whole Fermi surface yield
nearly isotropic result:̂va

2&/^vc
2&'1.2.

In theclean limit ~all tab→`) v85v andDa85Da . Be-
sides,ua5v/Da and f a

2ga /va85Da
2/(v21Da

2)3/2. Expres-
sion ~21! reduces to the result given in Ref. 8. For MgB2, it
gives nearly isotropic penetration depth at low temperatu
at T50 the sums overv in Eq. ~21! are the same; this give
gl(0)5lcc /laa5A^va

2&/^vc
2&'1.1. NearTc , the sums are

}Da
2 , and the contribution of the strongly anisotropics

band with the large gap dominates; this givesgl(Tc)'2.6.
The curve 1 in Fig. 1 showsgl(T) for this case.

If only the intraband scattering is present (t125t21
5`), the functionsf ,g are the same as in the clean lim
We readily obtain

f a
2ga

va8
5

Da
2

ba
2~ba11/2taa!

~23!

FIG. 1. The anisotropygl5lc /lab and the inverse square o
the penetration depthL2/lab

2 vs T/Tc ; L2516p2e2N(0)^va
2&/c2.

The curves labeled 1 correspond to the clean limit, all 1/t are zero.
The curves labeled 2 and 3 are calculated for a weak interb
scattering:t12D1(0)5500, t21D2(0)52000 (\51); the curve 2 is
for a cleanp band,t11D1(0)510, and a dirtys, t22D2(0)50.1;
the curve 3 is for a dirtyp and clean s: t11D1(0)50.1,
t22D2(0)510. Curves 4 are for the intermediate interband scat
ing strength t12D1(0)55, t21D2(0)520, and t11D1(0)50.05,
t22D2(0)52.
13250
n
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with ba
25v21Da

2 . This expression appears in the standa
penetration depth calculations, see, e.g., Ref. 27. For kn
Da(T), the sums in Eq.~21! can be evaluated numerically
however, forT→0, Tc , and in the dirty limit they can be
done analytically.

At T50, the sums are replaced with integrals accord
to 2pT(v5*0

`dv. Denoting I(T)52pT(vD2/b2(b
11/2t) we obtainI(0)51 for t→` and I(0)5ptD for
tD!1.

Near Tc , g→1 and we have for clean bands(v f 2/v8
57z(3)D2/8p3Tc

3 , whereas for dirty bands it istD2/4Tc
2 .

Different impurities introduced to MgB2 may affect dif-
ferently the scattering within the bands.28–30 It is of interest
to see how the anisotropy ofl is affected by differences in
scattering timest11 and t22. We first look at two limiting
situations when one of the bands is clean while the othe
dirty. If the first (p) band is clean and the second (s) is a
dirty extreme (t22D2→0), one can disregard the contribu
tion of the dirty band to obtain for bothT50 andT5Tc :

gl~0!5gl~Tc!'A^va
2&1

^vc
2&1

'0.89. ~24!

If the p band is dirty and thes is clean, we have

gl~0!5gl~Tc!'A^va
2&2

^vc
2&2

'6.8. ~25!

These two estimates constitute the minimum and maxim
possible values forl anisotropy of MgB2. Thus, when one
of the bands is clean and the other is dirty we expec
weaklyT dependentgl , the value of which is determined b
the clean band.

If the intraband scattering is strong in both the ban
(t11D1;t22D2!1, t125`), the bands contribute to the su
perfluid density tensor (l2) ik

21 as two independent dirty su
perconductors. To see this, we note thatv18'g1/2t11 and the
sums overv in Eq. ~21! can be evaluated exactly,

(
v

f 1
2g1

v18
5(

v

2t11D1
2

v21D1
2

5
t11D1

2T
tanh

D1

2T
. ~26!

Then, we arrive at the result obtained by Gurevich with t
help of the dirty limit Usadel equations,19

~l2! ik
215

4p2

c2\
(
a

s ik
(a)Datanh

Da

2T
, ~27!

where the anisotropic conductivities of the two bandss ik
(a)

52e2^v ivk&ataanaN(0) are introduced~we write here\
explicitly to avoid confusion in dimensions!. This yields,

gl
2~0!5

saa
(1)D11saa

(2)D2

scc
(1)D11scc

(2)D2

, ~28!

gl
2~Tc!5

saa
(1)D1

21saa
(2)D2

2

scc
(1)D1

21scc
(2)D2

2
. ~29!
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Finally, we discuss the possibility of astrong interband
scattering. As was shown above, in this caseu5v/e*
1O(1/z) in both bands, see Eq.~11!. The Eilenberger func-
tions are also the same in the two bands:f 5e* /Av21e* 2,
g5v/Av21e* 2, e* 5^D&. Evaluation of the sums overv
in Eq. ~21! is simple provided the intraband scattering
strong too,

~l2! ik
215

8p2e2N~0!

c2
e* tanh

e*

2T (
a

na^v ivk&ata , ~30!

t15
t11t12

n2t111n1t12
, t25

t22t21

n1t221n2t21
. ~31!

Thus, all components of (l2) ik have the sameT dependence
and the anisotropy parameter isT independent,

gl
25

n1^va
2&1t11n2^va

2&2t2

n1^vc
2&1t11n2^vc

2&2t2

. ~32!

If all t ’s are the same, we havegl
25^va

2&/^vc
2&. For T

→Tc , this result was obtained in Ref. 8; we now see tha
holds at any temperature.

To recover the behavior ofgl(T) between 0 andTc one
needs explicit dependenciesD(T). Qualitatively, this behav-
, A

ru
e

J
d,

ys

ie

.

M

J

g

nd

J

13250
it

ior can be modeled assumingDa(T)'Da(0)tanhA1/t21
with, e.g.,D2(0)54D1(0)52Tc . Figure 1 shows results o
the numerical evaluation ofgl(T) for scattering parameter
given in the caption~which are not that extreme as in th
above discussion!. The curvesgl(T) are obtained by solving
Eqs. ~7! for u’s in two bands and then by evaluation of th
sums in Eq.~21!. It is worth noting that although theT de-
pendences shown in the figure are obtained using appr
mateD(T), the end points of these curves atT50 andT
5Tc are exact.

We conclude that both the interband and intraband s
tering affect strongly the superconducting anisotropy of tw
band superconductors in general and of MgB2 in particular.
If one of the MgB2 bands is dirty, the anisotropy is dom
nated by a cleaner band:gl(T) is close to unity~and might
be even less than 1! if the p band is in the clean limit,
whereas in the opposite situation of a cleans, gl(T) is
large, being in both cases weaklyT dependent. The interban
scattering suppresses theT dependence ofgl as compared to
the clean limit discussed earlier.8
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