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Ground-state cooling of mechanical resonators

lvar Martin! Alexander Shnirmaf,Lin Tian>* and Peter Zolle¥*
Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2Institut fir Theoretische Festkperphysik, UniversitaKarlsruhe, D-76128 Karlsruhe, Germany
SInstitute for Theoretical Physics, University of Innsbruck, A-6020, Austria
4Institute for Quantum Optics and Quantum Information of the Austrian Academy of Sciences, 6020 Innsbruck, Austria
(Received 16 October 2003; revised manuscript received 6 January 2004; published 30 Majch 2004

We propose an application of a single Cooper pair Glmsephson qubifor active cooling of nanomechani-
cal resonators. Latest experiments with Josephson qubits demonstrated that long coherence time of the order of
microsecond can be achieved in special symmetry points. Here we show that this level of coherence is
sufficient to perform an analog of the well known in quantum optics “laser” cooling of a hanomechanical
resonator capacitively coupled to the qubit. By applying an ac driving to the qubit or the resonator, resonators
with frequency of order 100 MHz and quality factors higher thaf d4n be efficiently cooled down to their
ground state, while lower-frequency resonators can be cooled down to micro-Kelvin temperatures. We also
consider an alternative setup where dc-voltage-induced Josephson oscillations play the role of the ac driving
and show that cooling is possible in this case as well.
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[. INTRODUCTION the resonator frequency for the vibrational sidebands to be
resolved.

Recently, fabrication of nhanomechanical resonators with In this work we study an alternative realization of the
fundamental frequencies in the microwave rafg@0 MHz  laserlike cooling for nanomechanical resonators, where the
to 1GH2 has been achievédFor such resonators, the role of the two-state system is played by a superconducting
guantum-mechanical level spacing is a few micro-eV, whichqubit (Cooper pair box, or CPBcapacitively coupled to the
is comparable to the lowest achievable cryogenic temperaesonator. Interaction between the qubit and the resonator
tures. Freezing out the mechanical degrees of freedom ieads to splitting of the qubit states into equidistant vibra-
favorable for ultrasensitive detection applicatibdse to re-  tional sidebands. Latest experiments with Josephson qubits
duced effects of thermal fluctuations. Even more spectaculséghowed that long coherence time of the order of microsecond
applications can be envisioned if it is possible to cool thecan be achieved in special symmetry pofhthen the qubit
mechanical systems down to their motional ground state&elaxation and dephasing rates are smaller than the oscillator
with high probability. Creation of exotic nonclassical states,fféquency, one reaches the resolved sideband regime, favor-
entanglement with other quantum objects, e.g., spins or afible for cooling. By tuning microwave source frequency into

oms, coherent quantum information transfer between quarjfhe first red sidebanhubit level spacing minus the oscilla-
htpr frequency, one can ensure that the microwave photon

ing the motional ground state using conventional passivgbsorpt'on processes a}re_preferenUaIIy accompanied by. sI-
Mmultaneous phonon emission from the resonator. The cooling

C?ﬁlmg technlﬁues |sdptra<;[|cally Iunfgalszlblte, art1d| thtﬁrefore ycle is completed when a photon is spontaneously emitted
other approaches need to be explored. Fortunately, tn€ Co0g o qubit natural frequency into an external bath. The

ing problem is not unique to nanomechanics; a similar probgisted photon is blue-shifted relative to the source, as it

lem has been encountered and successfully solved in the fieldries away one resonator phonon energy. The exact reverse
of ultracold atoms, where by usingctive cooling ap-  of this process is exponentially suppressed if the qubit level
proaches it was possible to quench the vibrational motion o§pacing is large relative to temperature, and hence the heat-
atoms and reach effective nano-Kelvin temperattiréae ing is determined by other—nonresonant or driving-
connection to quantum optics has been recently explored imduced—processes which are much slower than the domi-
several works. Hopkinet al* applied the quantum feedback nant cooling mechanism. This makes cooling possible. A
control ideas to nanomechanical resonator cooling. Wilsonsuggestion to use coupled nanoresonator-qubit system for la-
Rae et al® proposed an analog of resolved sideband laseserlike cooling has been first made by Irish and Schivab.
cooling by coupling the resonator displacement to the leveHere we consider two implementation of this scheme that
spacing of an attached semiconductor quantum dot, which igse different ac driving sourcegt) microwaves directly ap-
being irradiated by red-detuned laser. An advantage over thglied to the CPB or the resonator, in the form of ac flux or
feedback-based techniques is that the sideband cooling doesltage;(2) the ac Josephson effect on an auxiliary Joseph-
not require on-the-fly analysis of the output of a nearly idealson junction of the qubit. The advantage of the second ap-
detector. On the other hand, direct implementation of theroach is that it only requires dc bias for cooling; however,
Ref. 5 approach appears rather challenging, from the fabriwe find that it is not as effective as the ac biasing scheme. In
cation stand point and due to stringent constraints on thénhe opposite limit of fast CPB relaxation when the vibra-
guantum dot relaxation rate, which needs to be slower thational sidebands are not resolved, we demonstrate that an-
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whereEc(x)=€%2Cs . The second term in the first line of
Eq. (2) depends ox and, thus, added to the oscillator Hamil-
tonianH,, renormalizegslightly) the oscillator parameters.
This term is also responsible for the direct coupling of the
oscillator to the dissipation in the circuitfgee below. We,
first, drop this term for clarity but later reintroduce it when
discussing the direct coupling between the oscillator and the
----- gate voltage fluctuations. Assuming that fluctuationg afe
small relative to the resonator-CPB distardiewe obtain
Cy(X)=C,—C,x/d. Thus SN(x)=~SN—N,x/d, where N,
=C,V,/2e, and E¢(X)~Ec+Ec(C,/Cs)(x/d). Then the
Hamiltonian simplifies to

H

FIG. 1. (Color online The system with ac driving. E
J
other type of laser cooling, “Doppler” coolingcan be per- 2
formed down to the temperature defined by the quantum dovhere A=—4E[N,—6N(C,/Cy)](Ax/d) and Ax
level width. Although ground-state cooling in this regime is = \4/(2mw,) is the amplitude of zero point motior
impossible, this technique could be practically attractive for=Ax(a'+a). To increase the coupling one usually applies

noise reduction in local probe applicatiofesg., atomic force  high gate voltagd/, so thatN,>1. Thus, approximately
microscopy, magnetic force microscopy, and magnetic reso-

nance force microscopywhere typical resonator frequen-
cies are below 1 MHz.

H=4E.6No,— —oy+N(@a'+a)o,+hwsa'a, (3)

AX
)\~—4ECNxF. (4)

Both gate voltage¥, andV, as well as the external flux

Il. AC COOLING ®, fluctuate as they are provided by dissipative sources. This
makesén andE; in Eq. (3) fluctuate. Moreover, in all real
systems there are flLtharge and flux noises. The chargé 1/
noise can effectively be added to the noise of the gate charge
ON. Experimentally, 1f noise is the most severe factor lim-
iting coherence. Long coherence times have been achieved in

SystemThe system under consideration is shown in Fig.
1. A mechanical resonatghorizontal bearmis coupled to a
Cooper pair boxthorizontal rectanglethrough capacitance
C.«(x), which depends on the resonator displacenxefithe
charge, and hence the state, of CPB is separately controll o . . O
by the gate voltage/, applied to capacitoC,. CPB is ef. 6 by operating in a_spem_al point where thé mbls_e_ls
coupled to a large superconductor through two Josephs&ﬁSS har_mful. In the szec'il pom.t, the total-g_nergy splitting of
junctions. The superconducting quantum interference devick'® QUPItAE= V(8E¢)“6N"+ Ej is not sensitive to the fluc-
(SQUID) geometry is chosen to allow for application of an tuations of 5N and ®, in the linear prder. This implies
external ac flux to the system to provide the ac driving{dN)=0 andJE;/d®,=0. The fluctuations 0N are, nev-
needed for cooling. Similar systems were considered in Ref€rtheless, still there and we obtain the following Hamiltonian
8,7. The Hamiltonian of the system without dissipation read$haracterizing the special point

E; X
| [Q-CgVg—Cux)V, 12 c o .- . H=—7ax+ﬁw0aTa+)\(aT+a)az—Ecrz+g(aT+a)X,
. . _ where
whereQ is the charge on the islan@y=C+ Cy+ C,(X) is
the total capacitance of the island, ard,=(p?%/2m) _ 4Ec
+(mw§x2/2). The total Josephson energy of the SQUID X=-— e (CgdVg+ CydVy).

controlled by an external fluxb, is given by E;(®,)
=2Egcos(7-r<bx/<1>0), where Eg is the Josephson energy of
each of the junctionswe consider a symmetric sefupnd
®,=h/2e is the(superconductingflux quantum. We assume
the total gate charg®,=C_,V,+ C,(x)V, to be close to an : . ! . 5
odd number of elegtrong cgharges, 1.eQy=2e(N+1/2) (_unsymmetnze)]l _n0|se pof\;ver 'i glvlfn by (8V,,)
+2e48N, where| 5N|<1/2. Then we can use a two-state ap- =(oV(1) oV(0)),, = [ReZ(w) Jh wl cothfiw/2kgT) + 1].

P - A A Thus the ternXo,/2 represents the coupling of the system to
proximation, i.e., |[T)=|Q=2eN), and ||)=|Q=2e(N he h oG el ic bath. The situati
+1)), and rewrite the Hamiltonian using the Pauli matricesf[ € 'a.rmonld aussiahe ectrom_agnetlc ath. The S|tuat|0n.
as is similar to the quantum optics one Where_ an atom is

coupled to electromagnetic vacuum. The main differences
£ are that in our case the coupling is longitudinal, i.e., it does
_ 2 B not cause spin flips in the natu@harge basis, and the bath
H=4Ec(x) NGO oz Ec(x)[1+4N%(x)] 2 a3t Hx, temperature cannot always be neglected. The last term in Eq.
(2)  (5)is the direct coupling between the bath and the oscillator.

By construction the coupling constaxtalso contains a fluc-
tuating part. We neglect this higher-order effect. The fluctua-
tions of voltagessV, and 6V, are caused by external imped-
ancesZ(w) of the circuits that supply the voltages. The
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These rates are bigger than those due to the direct coupling
by a factor (E/E;)?, and hence the direct coupling term in
the Hamiltonian ¢cg) can be discarded. The above transition
rates translate into the resonator quality factor caused by the
coupling to the electromagnetic bath,

FIG. 2. (Color onling Dissipative processes due to the presence

of the qubit:(a) n—n—1; (b) n—~n+1. The spectra of the oscil-
lator and the qubit are superimposed.

It originates from the second term in Ed2), and g

=N,Ax/d at the symmetry point. In the weak-coupling case _
that we consider, the bath is fully characterized by its spec
tral function, and hence we do not need to include the self
Hamiltonian of the bath explicitly. The nonelectromagnetic(i'
bath acting on the resonator is later introduced through &

phenomenological quality fact@).
Equilibrium transition ratesTo proceed, we first need to
determine the resonator-qubit system relaxation rates cau

1 w2

= 5 Uy.
Qem E2 ¢

(10

The charge noise at thé&elatively low) frequency w
=wy may be dominated by the fLtontribution. The sym-
metrized correlator of this contribution has been studied,
g., in echo experimenfsand one can assumgy(w)
(XY +(X2 N2=E2,l|w|, where E;;=4Ec\ay; and
typically a15~10 . We are not aware of any study of the
unsymmetrized correlators. Thus, we will introduce a phe-

s@gmenological temperaturg,; for the particular frequency

— H — 2 2
by the electromagnetic environment. It is convenient to per® = wo Via exf—fwo/(kgTyg) 1=(XZ, )/(X;, ). Then, for

form a /2 rotation in thex-z plane,o,« o, to the eigen-

the corresponding quality factor we obtain

basis of the qubit at the symmetry point. The Hamiltonian

becomes
E, X
H=— 7az+ﬁwoaTa+ Na'+a)o,— 5 0%t g(at™+a)X.
(6)

We chooseE ;> wg,\, T. This ensures that without the driv-
ing the spin is all the time in the ground stafe. The qubit
relaxation rate is

(Xozg,)
I=r =

4h? "

~7TagEJ,

where

(X2y=2mh2agw[cothhw/2kgT)+1], aq

Ci+C2 R
~———3 — Ro=h/4e?
cé Ro

(here we assumed independei, and 6V, with similar
external impedances R€w)=R~50()). The opposite ex-
citation rate is exponentially suppressed.

1 A2 8EZ t hawg
0~ = 7z eutanhy ——.
Qui  E2 (hwg)? ' kg Ty

It is reasonable to assume that the effective idise tem-
perature is not lower than the environment temperature. For
further analysis we will assumg;;~T.

(11)

A. Cooling by applying flux driving

For cooling we need to drive the system out of equilib-
rium. We propose to apply an external ac fldx,(t) =®, o
+D®ycoswyt, to the qubit. As we operate at the special
point wheredE;/dd,=0, linear driving is impossible. In

the guadratic order, we obtain E;—E;
+ (wD/2)%E;(cos gt+1). This gives
E;+Q X + +
- O'Z—EO'X-I-ﬁwOa at+Aa'+a)oy
Q
~ 5 04C0S 2w 4t, (12

where )= (7wD/2)E;. To describe the cooling process we
use the Floquet picture. In other words, we count the number
of energy quanta taken from the pumping source. This
amounts to substituting the factorg™?¢dt by raising/

The direct coupling between the bath and the oscillatofowering operatorse®x (eX|my=|m+1)) and subtracting

gives the dissipative rates between the oscillator states
Fnﬂn71%92<xi=wo>n/h2 and Fnﬂn+1%gz<x2=7(uo>(n

the energy taken from the sourceh @m, from the Hamil-
tonian. Then the new Hilbert space of the problem is ex-

+1)/42. In addition, the oscillator can relax via the virtual tended aso)|n)|m), where|o) is the state of the qubit {)
excitations of the qubit. The corresponding processes arer ||)), while n is the number of quanta in the resonator.
shown in Fig. 2. The rates for these processes are given bfpue to the new term in the Hamiltoniam, 24 wgm, an un-
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FIG. 3. (Color online The cooling process. FIG. 4. Level structure of the strong driving for ac cooling. Here

go=(In,1)=[n=-1,1))/2.
bound staircase of states appears. Each step of the staircase
(Floquet zongis characterized by a numberand spans the level is then given byGR(w)=1/(w+il',/2). Using the
Hilbert spacea)|n). The neighboring zones are shifted by Golden rule(the adiabatic elimination techniqtf we ob-
energy Z wq relative to each other. The stateg|n)|m) are  tain

the eigenstates of the Hamiltonian )

1
Q _ 2 ] R — —
Ho=—(E;+ Q)02+ hwpa’a—2hwgm. (13 Foon-y=2mA%n| =AM GX(@=0) |=F—=n. (16
The other three terms form the perturbation In the oppositestrong driving case,An>T/2, there are
X ) coherent oscillations between the two levels. The appropriate
H =— 50x+ Aa'+a)o,— — T5C0SY. (14)  description is then to say that doublets of new eigenstates are

formed which are split in energy byAZ\/ﬁ, see Fig. 4. The
This perturbatiorH’ causes transitions inside of each zonedoublets are defined forn=1 as ¢, =(In,T)=|n

and also down and up the staircase. At firit®ninfinite —1,l>)/\/§ and forn=0 we have a single state,_g
temperature of the bath the down transitions prevail and the=|0,7). There are four possible transitions between each
system propagates down the staircase. This corresponds state of the doublet and each state of another doublet shifted
the flow of energy from the driving source to the bath. Dur-asn—n—21 andm—m-+ 1. All four rates are equdl,/4. In

ing this flow, the driving source quanta of energy can be uptotal this givesl“an,lwl"r/Z. To summarize,

or down-converted in frequency by amousy, that is, pho-

tons with frequency @4+ wy are emitted into the bath. The o (4A%IT,), if AYn<T,/2 a”
ifggr)mer case corresponds to cooling while the latter to heat- =171 /o if AJn>T,/2.

We first consider the up-conversion cooling processNote that in the strong driving reginredenotes the doublet
shown in Fig. 3. We choose the optimal detuning so thatather than the oscillator’s levésee discussion belgw
2wg=E;+Q—wy and the levelsT,n,m) and ||,n—1m In addition to cooling, the ac driving induces competing
+1) are degeneratén what follows we use the unité heating processes. One, shown in Fig. 5, is a standard in
=1 for brevity). Thus we have to be careful when calculat-
ing the rates. First, we obtain the second-order matrix ele- I

ment between these two states equaktgn where :

Qx L
A= ——. (15) n T T W%
2E,
X/4

Note that the two paths shown in Fig. 3 interfere construc-
tively. Then, the cooling rate depends on the relation be-

|

|

I

I
[ I
| I
| I
| I

tween A\/n and I',/2. For the weak driving case Ay/n : X/4 | Pi,
|
|
|

<T',/2 we have the cooling ratE? . _,~(4A%/T)n (the -
superscript() is to emphasize that this rate is due to the : !
driving). To justify this result we consider this process as m -1 m | m + 1
tunneling from the level1,n,m) to the broadened level

|l,n—1m+1). The retarded Green’s function of the second FIG. 5. (Color onling The heating process.
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FIG. 6. Level structure of the strong driving for ac heating. The

two shown processes interfere constructively.
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02 (Xo-_u)

— (19
4E5  4R?

=T =

Since atw= — wq the noise is dominated by thefl¢ontri-
bution, rate(19) might dominate the heating. With this pro-
cess, the heating is also resonant and, in analogy t¢1€y.
still assuming that".<TI",, we obtain

T'o(4A%T?)n

if AJn<I,/2

Q —
Fn—l—m_

r 20
§(1+5n,0) if AJn>T,/2. (20

Master equationTaking into account the internal dissipa-
tion of the resonator with quality factad, one can write
down the master equation for the probabilRy to find the

quantum optics off-resonance process. Indeed, the statgssonator in the stafm). First, we analyze théstrong driv-
|T.,n,m) and||,n+1m+1) are connected in the second or- jng) limit, A>T,/2. Then, it is convenient to write the rate

der by the matrix elemenA{n+1. These states are off-
resonancéwe restrict ourselves to the valuesmbuch that
level splitting 2wy>A+n+1). Thus, in the caseAn
<I'./2 we obtain I' . .~(Al2w)T(n+1). In the
strong driving case\n>TI",/2 we use again the basis of
doublets, Fig. 6, and arrive &, ,~(A/4wo)?T,(n+1)

X(1+ 8,0). In this case the rates are between doublets as a

whole. The factor (¥ &, ) is due to the fact that there is
only one state in the “doubleth=0. To summarize,

K 1 if AVn<T,/2
re¢ =——r,(n+1){ 1+6
n—n+1 40)5 r( ) 2n,O if A\/ﬁ>1“r/2.
(18

Another driving-induced heating process, not characteris-

equation in terms of the probabiliti€, to find the system in
the doublety,, (n=1). The probabilityD,, then, is for the
system to be in the(nondegenerajeground state i
=|1,0). The probabilitiesP, are given by

1
Dn5n,0- (21)

1
PnZE(Dn+Dn+1)+ 5

The master equation reads

.1 A?
DnZEFr[Dn-%—l_Dn(l_ é\n,O)]"' er[nDn—l(l"' 5n,1)
0

—(n+1)Dp(1+ 6501+ %Fe[Dn—l(l_ n,0)(1+659)

1

wo[ Ng(wg)+1] +§)Dn+l

_Dn(1+5n,0)]+ Q

tic for quantum optics, is due to the fact that in solid-state

systems there is strong noise at low frequencie$ (bise.

Thus, processes like the one shown in Fig. 7 become rel-

evant. This process excites the qubit with the rate

Q/4
X/2

!

/4 X/2

—_—

m m+1

FIG. 7. Qubit heating induced by the applied drive.

woNg( o)

Q

n——- +

2 Dn(l_ 5n,0)

1
n_z anl

><(l—5n'0)(1+5n11)—(n+% Dn(l+6nyo)} (22

The unusual form of the second part of this master equation
is due to the structure of the matrix elements between the
different states of the doublets.

Multiplying Egs. (22) by and summing oven we obtain

d - 1 1 A?
&(”)I—zfr(l—Do)+§Fe(1+Do)+8—wgrr(1+Do)
wy A? ~ wo woNg(wp)
—| —=———=I, |[{n)+ =—=(1-Dpy) + ———,

(23

where(n)=3,nD,. We rewrite the right-hand side of Eq.
(23) in terms of the phonon occupation expectation value
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1 1-D,

<n>:n§1 nPn:nél (n—§>Dn=<ﬁ>— 5

We, then, obtain

(24

d<~> 1r(1 D )+1F(1+D)+ A* [',(3+Dyp)
T\ =—3 Yoo ot > 0
dt 2 2°° 1602 '

PHYSICAL REVIEW B 69, 125339 (2004

Pn:(A_FW [(n+1)Pn+1_nPn]
. A++%W)[npn_l_(n+1)m, 3

where A_=4A%T, and A, =(A/2wo)?T,+ T (4A%IT?).
For the average occupation numiej in the stationary state

2 we obtain
@ _ 4 r (n>+w0n (wg) (25
| =< ——5 - w
Q 8wy )T QT A, 4 oNa(@o)
N

There are two main cooling regimes in Eg5). If the coef- (ny= —Q (32
ficient in front of (n) is positive, i.e., if wy/Q A A 420
>(A%/8w)T,, we obtain the usual cooling with the cooling T Q

rate slowing down with decreasing). As this is the rel-
evant regime for realistic parameters we will analyze only,
this case. Interestingly, however, in the opposite case of ver
high Q, Whenwo/Q<(A2/8w(2))Fr , the cooling rate acceler-
ates untin)~1.

If (ny>1 (to be checked for self-consistence prob-
ability to be in the ground state is negligibley<1. Then

Regimes similar to Eqg28) and (29) are clearly identified.
However, a regime similar to E@26) is not possible within
¥haster equatiof31). The expression for the oscillator occu-
pancy, Eq.(32), can be naturally interpreted in terms of two
independent heat baths acting on the resonator, one being the
equilibrium environment at the nominal external temperature
T, coupled to the resonator by a coupling strength

= wy/Q, while the other bath being introduced by the cool-

(NY~ng(wg) — (I'—T'e)Q (26) ing process itself. The effective temperature of the laftér,
B170 209 can be defined through_ /A, =exp(w,/T*), and the effec-
H H ax — * — _
This regime, thus, is realized whemg(wg)>(T), tive coupling strength is™ = wo/Q* =A_~A, . Then, the

“T.)QI(2w,). Clearly, for at least some cooling we need final resonator occupancy can be reexpressed as

(Fr—ll“e)>(2w0)./Q. At lower temperatures, Ecq2§) gives Yons(wo) + ¥* N (wo)
negative (n) which means that the approximation breaks (n)= =
down and{n)~1 or less. Then, for an estimate we can use Yoty

1-Doy~(n). In this regime(n)~2(n) [see Eq24)], there- whereny is the Bose distribution function at temperature
fore, 1-Dg~2(n). Thus, forl',>T, T*. Clearly, T* is the lowest possible temperature for a
given cooling process, which is achieved fgf>y,. The
woNg(wo) combined damping coefficieny= y,+ v* determines the
Q rate of relaxation to the new stationary state.

: (33

e+

(n)= T (27) Example.We consider a nanomechanical resonator with
' fundamental frequency 100 MHz wp=2mx 100 MHz
For ng(wg) >1"¢Q/wo we then obtain =0.5 ueV) and quality factoQ=10. It is coupled to the
qubit, which is characterized by the Josephson ené&igy
(ny~ %15“’0), (28) ~b50 ueV and Coulomb charging energ-~160 ueV
;

(corresponds toCs~500 aF). The coupling strength be-
tg{een the resonator and the qubit is determined by the mu-
tual capacitanc&€,~20 aF and the gate voltagég,~1 V,
such thain,~ 60 Cooper pairg¢see Ref. 8 The gap between
the resonator and the CPB ds=100 nm. For these param-
eters, from Eq(4), the resonator-CPB coupling strength is
A~0.1 ueV. Assuming thaCy<C,, for the relaxation rate

while in the opposite case the average occupation saturates

(m~1= (29
ny~—.
I

From EQq.(23) it is clear that forng(wg)>1, the cooling is _
initially exponential in time,(n)~ng(we) —I',Q/(2w)[1  0f CPB we findl',=3X10"° neV. _
—exp(~ )], with the decay rate determined by the oscillator  The circuit-induced quality factor of the resonator is
bare dampingy = wo/Q. Only when the low occupancy re- Qen~4x10°, which is significantly higher than the quality
gime ((n);<1) is reached, the rate of exponential decay in-factors of typical resonators. For thef1¢ontribution at
creases to T14> 10wy we Obtaian/f>107, which is still higher than a
typical value. Hence this modification of the oscillator damp-
ing can be neglected compared to other environmental ef-
fects.

For cooling, we takel~1 ueV, which corresponds to
the modulation depthD=0.1. We thus obtain A
~10"2 eV, and hence for alh we haveAn>TI/2 and

_ I'—Te @
YT T 20
If the driving is weaker, then for some low valuesrothe
following master equation holdsee Refs. 3,6

(30
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4

10

FIG. 8. (Color onling Cooling diagram for a 100 MHz resona-
tor (detailed parameters in tgxt

Fﬁﬁn,le,/Z (strong driving regimg The heating is in-
deed dominated by 1/ noise, with T,
=(Q/2E)%(E2,/Awp)~1.8X10°° weV. In this regime we
get the following results for cooling:

(ny=4 1.5X10 *ng(wp) if 0.33<ng(wg)<300
0.5x10°3 if ng(wg)<0.33.

The exact numerical solution of the rate equations, (£3),
is shown in Fig. 8.

B. Cooling by applying voltage driving

PHYSICAL REVIEW B9, 125339 (2004

The analysis is essentially the same as that in the flux
driving case. Instead of the second-order matrix elendent
[see Eq.(15)], we have the direct coupling/2. Thus to
obtain the cooling and the heating rates we substitiite
—N\/2 into Egs.(17) and (18). In this scheme there is no
driving-induced contribution of the low-frequency {}/
noise similar to Eq(20).

Strong driving.The strong driving regime is achieved for
AJn/2>T,/2. As the 1f noise does not contribute to the
heating, i.e., the ratd20) do not appear, the leading heating
mechanism is the off-resonance couplifgee Eq.(18)].
Thus, the dynamics is described by the rate equati)
with I';=0. We obtain the cooling results as follows: For
ng>Q(T/2wy) we obtain{n)~ng—Q(T",/2wy). In the in-
termediate regim@®(I',/2wq) >ng>Q(I', / wo) (M 4dw,)? the
result is (n)~wgng/QT",. Finally, for ng<Q(T,/wq)

X (Ndwy)?, the occupation number saturates an)
~(Mbwg)?.

For example, lefl’,=5%x10 3 ueV, A\=25x10"2 peV
(with the voltage bias/,~50 mV) andQ=10°". We have
(MAwg)?I',~8x 107 ueV. The stationary occupation
number is

nB( a)o) —500

1073n5(w0)
1.5x10°%

if Ng(wg)>500
if 0.15<ng(wgy) <500
if Ng(we)<0.15,

(n)=

which gives(n)=2.5x 102 at the temperature of 20 mK.
Weak driving. For N\ \/n/2<T',/2, the dynamics of the

resonator is described by the rate equati{@d) with A_

=M\?/T, andA, = (\4wy)?T, . Note that the low-frequency

Another way to achieve ac cooling is by applying radio ngise does not appear in this scheniz#0), which im-
frequency voltage bias to the gates. In Fig. 1, apply a drivingyroves the cooling efficiency. Forg(wg) <A, Q/w, the av-
voltage V= V,C0osw4t on the resonator and another driving erage occupation is given byn)=A, IA_; for ng(wg)

voltage V,= —(C,/Cq)V, on the CPB. The ac voltagé,

>A,Q/wg we obtain (n)=ng(wg)wo/A_Q. As an ex-

generates resonant coupling between the mechanical resongnple, letl’, =50x 103 eV, A=5x10"3 peV (with the
tor and the CPB whem=E;— w,, which corresponds t0 phjas voltage ofVy~10 mV), andQ=10°. We haveA_

the first red sideband coupling in quantum optics. The volt-— g 5 1073 eV andA, =3x 107 xeV. Then, the cool-
ageV, also generates an oscillating charge bias on the CPRByq results are as follows:

with 6N§=CXVX/2e; however, it is balanced by the bigg,
which prevents harmful ac pumping of the CPB.

The schemeThe Hamiltonian of the voltage driving
scheme is

E .~ ~ ~
H=— o, +fiweala+4E.onyo,+ \ cosogt(aT+a) oy

2

X

5 (34

Oy,

where the qubit works at the optimal point 6hy=0 to
avoid the 1f noise. The coupling is
C,Vg AX

¢ 2 d°

N=—4E (35)

10" ?ng(wo),

(M= 6x104,

Ng(wg)<0.06, (36

where at the temperature of 20 mK witly(wg) =5, we
have(n)=0.05. Thus better cooling can be achieved in the
strong driving regime than that in the weak driving regime.
Discussion.The relaxation ratd’, can be adjusted by
varying the external circuit of the CPB. For example, by
varying the gate capacitan€g,, the relaxation rate changes
asFrocCS. The coupling constarkt can be adjusted by vary-
ing the biasVy. In this scheme, we choodg, to be in the
range of 10-100 mV and’, in the range of (1-100)
X102 weV, which includes both the weak driving regime
(MJn/2<T',/2) and the strong driving regimeX¢/n/2
>1",/2). These parameter regimes have been realized in

Similar to the ac flux driving setup, we analyze the sidebandharge qubit experiments.

cooling (wg>A\,I",) in the regimes of weak driving and the
strong driving; both can be reached in experiments.

One practical issue of this scheme concerns the accuracy
of the gate compensation. Both gate voltages generate an

125339-7
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frequency. Unfortunately is noisy and, thus, the pumping
source has a substantial linewidth. The transport voltage
should not be sensitive to the background charges, therefore
V is assumed to have Ohmic noise spectimm 1f compo-
neny.

After a 7/2 rotation in thex-z plane,oy«— o,, we obtain

E X
- %az— —oythwia’a+n(a'+a)oy,

H= 5

E . .
St e, 9

= While the Hamiltoniang12) and (39) look similar, there
are two important differences. One, already discussed, is the
fact that the pumping frequenay; in Eqg. (39) is fundamen-
tally noisy, whilewg in Eg. (12) can be made coherent. The
second(very important difference is that in Eq(12) the
pumping is applied t@r, only, while in Eq.(39) it couples to
gz ando, . Both these facts hinder the cooling. Indeed, the
coupling too, gives a direct matrix elemerit; /4 between
the stateg1,n,m) and||,n,m+1). This interaction repels
(Ij\he levels and we must choo&g r<4w, so that the reso-
Jant detuning as in Fig. 3 is possible. In addition, the noise
of the transport voltage translates into the linewidth for the
dransiton  [T,n,m)—[|,n-1m+1) equal to T,
=2mayukgT/h, where a;=R/Rq. The fluctuations of the
transport voltage are not screened by the ratio of capaci-
tances as it happens for the gate charge. Therefgre
~10 2. Because of these additional constraints the applica-
Effectively, ac driving can be achieved applying a dcbility of the dc cooling scheme is limited to higher-
transport voltage to an auxiliary Josephson junction. Werequency/quality factor resonators. For an estimate, consider
modify the system as shown in Fig. 9 so that it becomegn oscillator with wo=27Xx1 GHz~5 peV~50 mK at
effectively an SET transistor. Dissipative Cooper pair ande€mperature T=50 mK. We then obtainl’,~0.3 eV,
quasiparticle transport is similar systems was considered iwhich significantly exceedg, . Hence, we have to substitute
Refs. 11,12. The Hamiltonian in the charge basis reads  I'; by I, in all formulas. For the Josephson coupling in the
right junction we takeE; r=2 peV. Then, instead of Eq.
e [Q—CrV—CyVy— Cy(X)V,]? (15), we findA~E; gN/(2E; ) ~2Xx 103 peV (we assume

FIG. 9. (Color online The system with dc driving.

extra part of the CPB’s charging energid =4E onyoy,
with ong=(C,V,+Cy4Vy)/2e. By controlling the voltage
with an accuracy of microvolts, which can be achieved with
standard technology, the oscillating bias on the CPB can b
neglected.

Compared with the ac flux driving cooling scheme in this
paper, the resonator can now be cooled to a lower temper
ture because the heating process only involves the electr
magnetic noise of the circuit at frequengy, while the low-
frequency noise, which is the dominant heating factor in th
previous scheme, does not affect the system.

Ill. DC COOLING

2Cs —E,,cosd E, ~50 ueV). The cooling rate can again be represented
asA_n, whereA_~2A?/T ,~2x10"° ueV. Thus, cooling
—E; rcog 6+2eVihi)+Hy, (37 becomes possible only > wy/A_~2.5X 10°.
whered is the phase on the islartdnd simultaneously on the
left junction as the left lead is groundedCs=C_+Cg IV. DISCUSSION AND COMPARISON WITH QUANTUM
+Cgy+Cy(x). Due to the transport voltag¥, the Hamil- OPTICS

tonian is time dependent and, thus, represents a driven sys-
tem. We repeat the steps described above and diinvihe
charge basjsat

For comparison with quantum optics cooling schemes, we
present here an analysis of some of the processes described
above using the quantum optics language. In quantum optics

= X Iite_rature one usually employs t_he transformatign to the ro-
H=— T’o'x— Egz+fm,0a’fa+ AMaT+a)o, tating frame and/or other canonical transformations together
with the rotating wave approximatiofRWA) in order to
E;r S single out the near-resonant terms responsible for the studied
— T’(oJre"”J”'ﬁ‘f’Jr H.c), (39 transitions. We start with Hamiltoniafi2) and transform it
into the interaction representation with respectHg(t)=
where  X=—(4Ec/€)(CréV+Cy6Vy+C,Vy), 8¢ —[E;+Q+Q cos itlo,/2+ wyata. This amounts to

=(2e/h) [ 6Vdt, and the Josephson frequeney=2eV/#.
We see that the right junction’s Josephson energy assumes ¢, — ¢, e ' (BstTQtH(QR2og)sin204t) gng g, ge7 @0,
the role of pumping amplitud€, while w; is the pumping (40
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As O<2wy~E; we can expand the factor exp H n+ 1>
[—i(Q2wq)Sin 2wqt]. The near-resonafRWA) parts of the ala
coupling termH,=\(a'+a) o, read, then, after the trans- | \ 9n>
formation as ly,n — 1>
M2
QM g

H)F\QWA: _ _(aa._+aTg-_e2‘”0t+ H.c), (41)
4wd

r Nz /,/ =::j,_

where the resonance conditionvg=E;+Q—w, was as- 1 [4,n + 1

sumed. The first term of Eq41) clearly corresponds to the H, n>

resonant transition provided by the matrix elem&rfn [see 1>

Eqg. (15)]. The second term corresponds to the off-resonant | A,n -

transition. In analogy with atom optléswe can introduce FIG. 10. (Color online Level structure of the voltage driving

Lamb-Dicke parameter]E)\.Ide%)\/EJ. Note that, unlike scheme for ac cooling. The solid lines indicate the cooling process;
the case of trapped atoms/ions we do not have near-resonaliy ine dotted lines indicate the heating process.

terms flipping just the spin, of the typ@o.exp(iwg).
Such an interaction would repel the levels, and, for a resop,4s are no longer resolved, i.E,> w,. Then, cooling to
nant detuning, one would neddi<w,. In our case, a much o 4round state is impossible but the less effective “Dop-
stronger driving is allowed. We do, however, encounter thig, e~ cooling is still feasible. In the standard Doppler cool-
limitation in the dc cooling scheme due to the presence of thg,  ¢old atoms moving in a laser field experience different
near-resonant term in the Hamiltonian E89) which is pro- jight pressure depending on their velocity. For instance, if the
portional tooy. _ laser is red-detuned relative to the atomic transition, then
Also, in the dissipative ternix=—(X/2)ay, we find &  5t0m moving towards the light source will be absorbing pho-
slow contribution: tons more than an atom moving away from the source, which
X 0O will result in a velocity-dependent force on the atom. By
H§('°W:§4_(U_eiwot+ H.c), (42) properly arranging multiple lasers it is then possible to
@Wq achieve significant reduction of the atom'’s effective tempera-
which is responsible for the heating procé8) dominated ~ture. The same reasoning applies to an atom in a trap, when
by the low-frequency noise. In quantum optics this contribu-the trap frequency is much smaller than the atomic transition
tion is typically neglected as there are no strong low-linewidth. Equivalently, in this case, the Doppler cooling can

frequency sources. be reinterpreted in terms of the cooling and heating transition
In the case of ac voltage cooling, in the rotating waverates for the oscillating atom. For red-detuned laser, photon
approximation the Hamiltonian is absorption processes with simultaneous phonon emission
dominate the ones where an additional phonon is created.
P ~n One can show that, similar to the free atom case, this leads to

H —_TUZ“Lﬁ“’Oa a cooling down to temperatures proportional to the atomic

transition linewidth. In this section we will demonstrate that
an analog of Doppler cooling can be performed in both ac
and dc cooling setups described in the preceding sections in
A the regime of nonresolved sidebands.
X ot (ot ac cooling schem@le start with the ac-driving scheme
_E(U*e d'+og_e'?d), (43 described by Hamiltoniar{12). In the Doppler case it is
A enough to study, first, the spin’s dynamics without the oscil-
where the interaction includes the resonant couphiq lator. We perform the following transformation

+ao_ between the statdg,n) and||,n—1), and the off-
resonant coupling’o_ +ao, between the statds$,n) and

||,n+1) with an energy difference off2w,. The time de- and keep only the RWA terms in the coherent part of the
pendence in the last term shows that only high-frequencyamiltonian but all the terms in the part describing the in-

N o . . -
+ E(aTa'++a0', +a'o_+ao,)

0 — o, e (2odt(Q/20g)sin2og). (44)

fluctuations on the order d&; induces relaxation. teraction with the bath. The transformed Hamiltonian reads
The voltage driving scheme for ac cooling presents a di-

rect analog to the laser cooling of quantum optics systems as R 0@ X ot

i ; i . it i i n=—7"0,— 5(o,e “?d+Hc)+ — oy,

is obvious from Fig. 10; however, it is a simpler scheme as spin = o Yz o T+ Ay 2"

the coupling is a direct bilinear coupling instead of the po- (45)

laron coupling in quantum optics.
wheredw is the detuninggw=2wy—E;— . The last term
V. “DOPPLER’ COOLING in the Hamiltonian, as beforsee Eqs(19) and(18)], gen-
erates transitions between the ground and excited states of
For smaller oscillator frequenciaes, and/or larger qubit the qubit. The corresponding rate, however, is typically much
relaxation rated’, , it may happen that the vibrational side- smaller than the relaxation rate generated by the second term
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of the Hamiltonian, and hence can be neglected. This is imnd

contrast to the ac ground-states cooling scheme discussed

above, where the qubit heating rate determined the lowest 325wl
possible occupation number of the resonator. The slow TIXZ—W—H,Z)Z-
(RWA) part of the interaction Hamiltonian reads r

(53

Q From the spin-correlation functions, we can now determine
HSoW=— —_\(a'+a)oy. (46)  the transition rates for the resonatok,. = (Q\/4w)?C,
4wy (+ wg). Note, that the same expressions for can be ob-
With Hamiltonian (45) we write down the Bloch-Redfield tained from Eq(16) generalized to arbitrary detuning. Then,

- the secondary “heat bath” introduced by cooling is charac-
equation$>*for the spin’s density matriy=Rp, whereR y y g

. . . . . .. terized by the effective temperature
is the Redfield tensor. In this equation, the density matrix is y P

treated as a four-vector. We choose the representation S, 485w+ T2
=(1/2)soy+ yo,tac,+a*o_, which gives p TF=—2X = — (54)
=(s,y,a,a*) and Tp=s. For proper density matrices 27)x 165w
=1. In this representation Optimizing with respect to the detuning, we find that the
0 0 0 0 minimum (positive) temperatureT ,,~I",/4 is reached for
the optimal red detunin@w,,~—I',/2. For the effective
I, quality factor due to the spin we obtain
> =T, 0 0
2y 2
o 0 cise-l o | @ ety 5
w 2 Q wq 8wd
0 0 0 e & The final resonator occupancy can now be obtained from Eq.
@05 (33). Clearly, Q* must be smaller than the oscillator’s own
quality factor in order for the cooling to be effective. For the
The ratel’, originates from the second term of E¢5), same parameters as used in the ac cooling section, we find
5 that at the optimal detunin@* ~1, which corresponds to a
<Xw:2wd> nearly overdamped regime, similar to optical molasses in
Fr:?’ 48 atom optics. Hence, a resonator with a frequengysT,/2

=300 kHz can be cooled down to temperatdrg,,~I',/4
[cf. Eq. (7)]. For simplicity we have assumed that at high ~10 uK. Note, that the effect of the dominant qubit heating
frequency 2vy the temperature is effectively zero, i.e., mechanism due to theflhoise, which we neglected here, if

<X2=,2wd)<<xi=2wd>. necessary, can be managed by reducing the driving strength
Next we employ the “quantum regression theoretap- £ (at the expense of reduced cooling power, i.e., lae).
proximation) to obtain(for t>0) the correlator Similar analysis applies to the voltage driving scheme for
ac cooling in the Doppler regime. Faryn/2<T,/2, from
Cy(t)={ay(1)a4(0))=Tr(oeRloyp..), (49 Eq. (16)
where p., is the stationary density matribRp..=0. Fort \2T N2
<0 we can useC,(—t)=Cj(t). In the four-vector repre- == ! L A= ! ,
sentation the operatar, multiplying from the left is given [P +4(8w+ wp)? I{+4(8w— w)?
by (56)
0 0 1 1 wheredw= wy— Ej; is the detuning of the driving frequency
from the qubit’s ground-to-excited-state transition. Cooling
B 0 0 -12 112 50 is achieved whew<0. Neglecting the effect of the finite
7| 12 -1 0 0 (50 intrinsic Q-factor, the final phonon number from E@?2) is
vz-1 0 0 I2+4( 80+ wo)?
Finally, after the Fourier transform we obtain n)r= 16 dw| wg (57)
Cyw)=—2ReT(o,[R+iw] towp.), (51 The scheme provides optimal cooling@b,,= —I';/2 with

the temperaturd ,;,,=I'//4, same as the flux driving case.

dc cooling schemeAnalysis of the dc cooling scheme
proceeds analogously. We start with Hamiltoni@®) and
perform transformation

which is easy to calculat@ising MATHEMATICA ). Expanding
nearo=0 we obtainC,(w) =S+ 7,», where

AT (52
48w?+T2 oo, e (et w%sm“”t), (58)
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where, for now, O=E;r, and we remind thatw; The regimel’,<I', is more subtle and requires further
=(2el/h)V. For simplicity we conside¥ noiseless now but analysis.

later will introduce the low-frequenciclassical noise ofV. Example.ChoosingC,~ 200 aF instead of previously as-
Then, we obtain sumed 20 aF, we obtai,~0.3 ueV~I",. We choose}
=E;r~0.1 neV (note that this is quite a small value for
HRWA:‘S_wO_ _ 90 _ 5(0 e VirHe)+ 250 usual Josephson junctions Then we obtain T,
spin 2 Tz g4 X 20T AV ~0.25 ueV~2.5 mK for Sw~0.5 ueV~27x100 MHz.

(590 Near optimal detuning point, we obtaip~6(ueV) 2. For
where So=w,—E,, . The main differences with Eq45) the coupling constark we can take.}\wl ,u.eV instead .of
are: (i) the second term of Eq59) is absent in Eq(45) 0.1 ueV as we ha_ve allowed ten times bigger _capautance
(recall the extra matrix element in the dc schem@) the  Cx- Then we obtairQ*~0.8x 10°. Thus, for cooling to be
detuningde is noisy due to the noise of. This will give an  €ffective, resonato@-factor should exceed i(a,”d the final
extra “pure” dephasing ratd’,=2ma ks T/h, where a; rgsonitor temperature is determined according to (B§).
=R/Rq. As in the ac Doppler case, neglecting the excitationWith T*=2.5 uK.
rate coming from the last term in the Hamiltonian, for the

Redfield tensor we obtain
VI. CONCLUSIONS

0 0 0 0 . . :
) ) We considered several approaches to active cooling of
& T B E ﬂ mechanical resonators using a coupling to a superconducting
2 ' 4 4 Josephson qubit. In the resolved vibrational sideband regime,
_ . when the qubit level width is smaller than the resonator fre-
R= iQ - , (60 .
0 —— —idw—-T 0 quency, we proposed two schemes for ground-state cooling
2 of the resonator. In the first scheme, the ac driving required
iQ . - for cooling is provided by an external microwave source. We
0 > 0 idw—T find that for a 100 MHz oscillator coupled to a practically

realizable Josephson qubit, at the external temperatures be-
WhereT=F¢+ I',/2. The general expressions 8¢ and,  low 1 K, itis possible to reduce the thermal occupancy of the
are quite complicated. An analysis shows that the simplesescillator mode by three order of magnitude. In the second
cooling regime is achieved wheQ<I',~TI",. That is, it scheme, the ac driving is generated by the ac Josephson os-
does not make sense to keep snbaliwhen the linewidth is  Cillations on an auxiliary junction of the qubit. This scheme
anyway given by largé, . The relaxation raté, can easily is attractive since there is no need for an external ac driving
be increased by choosing bigger gate capacita@gemnd/or ~ source; however, in the present realization, we find that it is

Cy. Assumingl’, =T, andQ<T,, we obtain not as effective as the one with an explicitly applied ac driv-
ing. We also demonstrate that even in the regime when the
i2r, vibrational sidebands are not resolved, it is possible to per-
szm, (61 form an analog of Doppler cooling with the final resonator
@ ¢ temperature limited by the qubit linewidth.
and
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