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Ground-state cooling of mechanical resonators
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We propose an application of a single Cooper pair box~Josephson qubit! for active cooling of nanomechani-
cal resonators. Latest experiments with Josephson qubits demonstrated that long coherence time of the order of
microsecond can be achieved in special symmetry points. Here we show that this level of coherence is
sufficient to perform an analog of the well known in quantum optics ‘‘laser’’ cooling of a nanomechanical
resonator capacitively coupled to the qubit. By applying an ac driving to the qubit or the resonator, resonators
with frequency of order 100 MHz and quality factors higher than 103 can be efficiently cooled down to their
ground state, while lower-frequency resonators can be cooled down to micro-Kelvin temperatures. We also
consider an alternative setup where dc-voltage-induced Josephson oscillations play the role of the ac driving
and show that cooling is possible in this case as well.

DOI: 10.1103/PhysRevB.69.125339 PACS number~s!: 85.85.1j, 85.25.Dq, 32.80.Pj, 05.60.Gg
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I. INTRODUCTION

Recently, fabrication of nanomechanical resonators w
fundamental frequencies in the microwave range~100 MHz
to 1GHz! has been achieved.1 For such resonators, th
quantum-mechanical level spacing is a few micro-eV, wh
is comparable to the lowest achievable cryogenic temp
tures. Freezing out the mechanical degrees of freedom
favorable for ultrasensitive detection applications2 due to re-
duced effects of thermal fluctuations. Even more spectac
applications can be envisioned if it is possible to cool
mechanical systems down to their motional ground sta
with high probability. Creation of exotic nonclassical stat
entanglement with other quantum objects, e.g., spins or
oms, coherent quantum information transfer between qu
tum subsystems are just a few possibilities. However, rea
ing the motional ground state using conventional pass
cooling techniques is practically unfeasible, and theref
other approaches need to be explored. Fortunately, the c
ing problem is not unique to nanomechanics; a similar pr
lem has been encountered and successfully solved in the
of ultracold atoms, where by usingactive cooling ap-
proaches it was possible to quench the vibrational motion
atoms and reach effective nano-Kelvin temperatures.3 The
connection to quantum optics has been recently explore
several works. Hopkinset al.4 applied the quantum feedbac
control ideas to nanomechanical resonator cooling. Wils
Rae et al.5 proposed an analog of resolved sideband la
cooling by coupling the resonator displacement to the le
spacing of an attached semiconductor quantum dot, whic
being irradiated by red-detuned laser. An advantage over
feedback-based techniques is that the sideband cooling
not require on-the-fly analysis of the output of a nearly id
detector. On the other hand, direct implementation of
Ref. 5 approach appears rather challenging, from the fa
cation stand point and due to stringent constraints on
quantum dot relaxation rate, which needs to be slower t
0163-1829/2004/69~12!/125339~12!/$22.50 69 1253
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the resonator frequency for the vibrational sidebands to
resolved.

In this work we study an alternative realization of th
laserlike cooling for nanomechanical resonators, where
role of the two-state system is played by a superconduc
qubit ~Cooper pair box, or CPB! capacitively coupled to the
resonator. Interaction between the qubit and the reson
leads to splitting of the qubit states into equidistant vib
tional sidebands. Latest experiments with Josephson qu
showed that long coherence time of the order of microsec
can be achieved in special symmetry points.6 When the qubit
relaxation and dephasing rates are smaller than the oscil
frequency, one reaches the resolved sideband regime, fa
able for cooling. By tuning microwave source frequency in
the first red sideband~qubit level spacing minus the oscilla
tor frequency!, one can ensure that the microwave phot
absorption processes are preferentially accompanied by
multaneous phonon emission from the resonator. The coo
cycle is completed when a photon is spontaneously emi
at the qubit natural frequency into an external bath. T
emitted photon is blue-shifted relative to the source, a
carries away one resonator phonon energy. The exact rev
of this process is exponentially suppressed if the qubit le
spacing is large relative to temperature, and hence the h
ing is determined by other—nonresonant or drivin
induced—processes which are much slower than the do
nant cooling mechanism. This makes cooling possible
suggestion to use coupled nanoresonator-qubit system fo
serlike cooling has been first made by Irish and Schwa7

Here we consider two implementation of this scheme t
use different ac driving sources:~1! microwaves directly ap-
plied to the CPB or the resonator, in the form of ac flux
voltage;~2! the ac Josephson effect on an auxiliary Jose
son junction of the qubit. The advantage of the second
proach is that it only requires dc bias for cooling; howev
we find that it is not as effective as the ac biasing scheme
the opposite limit of fast CPB relaxation when the vibr
tional sidebands are not resolved, we demonstrate that
©2004 The American Physical Society39-1
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other type of laser cooling, ‘‘Doppler’’ cooling,3 can be per-
formed down to the temperature defined by the quantum
level width. Although ground-state cooling in this regime
impossible, this technique could be practically attractive
noise reduction in local probe applications~e.g., atomic force
microscopy, magnetic force microscopy, and magnetic re
nance force microscopy!, where typical resonator frequen
cies are below 1 MHz.

II. AC COOLING

System.The system under consideration is shown in F
1. A mechanical resonator~horizontal beam! is coupled to a
Cooper pair box~horizontal rectangle! through capacitance
Cx(x), which depends on the resonator displacementx. The
charge, and hence the state, of CPB is separately contr
by the gate voltageVg applied to capacitorCg . CPB is
coupled to a large superconductor through two Joseph
junctions. The superconducting quantum interference de
~SQUID! geometry is chosen to allow for application of a
external ac flux to the system to provide the ac drivi
needed for cooling. Similar systems were considered in R
8,7. The Hamiltonian of the system without dissipation rea

H5
@Q2CgVg2Cx~x!Vx#

2

2CS
2EJ~Fx!cosu1Hx , ~1!

whereQ is the charge on the island,CS[C1Cg1Cx(x) is
the total capacitance of the island, andHx[(p2/2m)
1(mv0

2x2/2). The total Josephson energy of the SQU
controlled by an external fluxFx is given by EJ(Fx)
52EJ

0cos(pFx /F0), where EJ
0 is the Josephson energy o

each of the junctions~we consider a symmetric setup! and
F05h/2e is the~superconducting! flux quantum. We assum
the total gate chargeQg[CgVg1Cx(x)Vx to be close to an
odd number of electron charges, i.e.,Qg52e(N11/2)
12edN, whereudNu!1/2. Then we can use a two-state a
proximation, i.e., u↑&[uQ52eN&, and u↓&[uQ52e(N
11)&, and rewrite the Hamiltonian using the Pauli matric
as

H54EC~x!dN~x!sz1EC~x!@114dN2~x!#2
EJ

2
sx1Hx ,

~2!

FIG. 1. ~Color online! The system with ac driving.
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whereEC(x)[e2/2CS . The second term in the first line o
Eq. ~2! depends onx and, thus, added to the oscillator Ham
tonianHx , renormalizes~slightly! the oscillator parameters
This term is also responsible for the direct coupling of t
oscillator to the dissipation in the circuitry~see below!. We,
first, drop this term for clarity but later reintroduce it whe
discussing the direct coupling between the oscillator and
gate voltage fluctuations. Assuming that fluctuations ofx are
small relative to the resonator-CPB distanced, we obtain
Cx(x)'Cx2Cxx/d. Thus dN(x)'dN2Nxx/d, where Nx
[CxVx/2e, and EC(x)'EC1EC(Cx /CS)(x/d). Then the
Hamiltonian simplifies to

H54ECdNsz2
EJ

2
sx1l~a†1a!sz1\v0a†a, ~3!

where l[24EC@Nx2dN(Cx /CS)#(Dx/d) and Dx
[A\/(2mv0) is the amplitude of zero point motion,x
5Dx(a†1a). To increase the coupling one usually appli
high gate voltageVx so thatNx@1. Thus, approximately

l'24ECNx

Dx

d
. ~4!

Both gate voltagesVg andVx as well as the external flux
Fx fluctuate as they are provided by dissipative sources. T
makesdn andEJ in Eq. ~3! fluctuate. Moreover, in all rea
systems there are 1/f charge and flux noises. The charge 1f
noise can effectively be added to the noise of the gate ch
dN. Experimentally, 1/f noise is the most severe factor lim
iting coherence. Long coherence times have been achieve
Ref. 6 by operating in a special point where the 1/f noise is
less harmful. In the special point, the total-energy splitting
the qubitDE[A(8EC)2dN21EJ

2 is not sensitive to the fluc-
tuations of dN and Fx in the linear order. This implies
^dN&50 and]EJ /]Fx50. The fluctuations ofdN are, nev-
ertheless, still there and we obtain the following Hamiltoni
characterizing the special point

H52
EJ

2
sx1\v0a†a1l~a†1a!sz2

X

2
sz1g~a†1a!X,

~5!

where

X[2
4EC

e
~CgdVg1CxdVx!.

By construction the coupling constantl also contains a fluc-
tuating part. We neglect this higher-order effect. The fluct
tions of voltagesdVg anddVx are caused by external imped
ancesZ(v) of the circuits that supply the voltages. Th
~unsymmetrized! noise power is given by ^dVv

2 &
[^dV(t)dV(0)&v5@ReZ(v)#\v@coth(\v/2kBT)11#.
Thus the termXsz/2 represents the coupling of the system
the harmonic~Gaussian! electromagnetic bath. The situatio
is similar to the quantum optics one where an atom
coupled to electromagnetic vacuum. The main differen
are that in our case the coupling is longitudinal, i.e., it do
not cause spin flips in the natural~charge! basis, and the bath
temperature cannot always be neglected. The last term in
~5! is the direct coupling between the bath and the oscilla
9-2
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It originates from the second term in Eq.~2!, and g
5NxDx/d at the symmetry point. In the weak-coupling ca
that we consider, the bath is fully characterized by its sp
tral function, and hence we do not need to include the s
Hamiltonian of the bath explicitly. The nonelectromagne
bath acting on the resonator is later introduced throug
phenomenological quality factorQ.

Equilibrium transition rates.To proceed, we first need t
determine the resonator-qubit system relaxation rates ca
by the electromagnetic environment. It is convenient to p
form a p/2 rotation in thex-z plane,sx↔sz , to the eigen-
basis of the qubit at the symmetry point. The Hamiltoni
becomes

H52
EJ

2
sz1\v0a†a1l~a†1a!sx2

X

2
sx1g~a†1a!X.

~6!

We chooseEJ@v0 ,l,T. This ensures that without the driv
ing the spin is all the time in the ground stateu↑&. The qubit
relaxation rate is

G r[G↓→↑5
^Xv5EJ

2 &

4\2
'pagEJ , ~7!

where

^Xv
2 &52p\2agv@coth~\v/2kBT!11#, ag

'
Cx

21Cg
2

CS
2

R

RQ
,RQ[h/4e2

~here we assumed independentdVg and dVx with similar
external impedances ReZ(v)[R;50V). The opposite ex-
citation rate is exponentially suppressed.

The direct coupling between the bath and the oscilla
gives the dissipative rates between the oscillator statesun&:
Gn→n21'g2^Xv5v0

2 &n/\2 and Gn→n11'g2^Xv52v0

2 &(n

11)/\2. In addition, the oscillator can relax via the virtu
excitations of the qubit. The corresponding processes
shown in Fig. 2. The rates for these processes are given

FIG. 2. ~Color online! Dissipative processes due to the presen
of the qubit:~a! n→n21; ~b! n→n11. The spectra of the oscil
lator and the qubit are superimposed.
12533
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Gn→n21'
l2

EJ
2

^Xv5v0

2 &

4\2
n, ~8!

Gn→n11'
l2

EJ
2

^Xv52v0

2 &

4\2
~n11!. ~9!

These rates are bigger than those due to the direct coup
by a factor (2EC /EJ)

2, and hence the direct coupling term
the Hamiltonian (}g) can be discarded. The above transiti
rates translate into the resonator quality factor caused by
coupling to the electromagnetic bath,

1

Qem
5

pl2

EJ
2

ag . ~10!

The charge noise at the~relatively low! frequency v
5v0 may be dominated by the 1/f contribution. The sym-
metrized correlator of this contribution has been studi
e.g., in echo experiments,9 and one can assumeSX(v)
5(^Xv

2 &1^X2v
2 &)/25E1/f

2 /uvu, where E1/f[4ECAa1/f and
typically a1/f'1027. We are not aware of any study of th
unsymmetrized correlators. Thus, we will introduce a ph
nomenological temperatureT1/f for the particular frequency
v5v0 via exp@2\v0 /(kBT1/f)#[^X2v0

2 &/^Xv0

2 &. Then, for

the corresponding quality factor we obtain

1

Q1/f
'

l2

EJ
2

8EC
2

~\v0!2
a1/f tanh

\v0

2kBT1/f
. ~11!

It is reasonable to assume that the effective 1/f noise tem-
perature is not lower than the environment temperature.
further analysis we will assumeT1/f'T.

A. Cooling by applying flux driving

For cooling we need to drive the system out of equil
rium. We propose to apply an external ac flux,Fx(t)5Fx,0
1DF0cosvdt, to the qubit. As we operate at the spec
point where]EJ /]Fx50, linear driving is impossible. In
the quadratic order, we obtain EJ→EJ
1(pD/2)2EJ(cos 2vdt11). This gives

H52
EJ1V

2
sz2

X

2
sx1\v0a†a1l~a†1a!sx

2
V

2
szcos 2vdt, ~12!

whereV5(pD/2)2EJ . To describe the cooling process w
use the Floquet picture. In other words, we count the num
of energy quanta taken from the pumping source. T
amounts to substituting the factorse62vdt by raising/
lowering operatorse6x (eixum&5um11&) and subtracting
the energy taken from the source, 2\vm, from the Hamil-
tonian. Then the new Hilbert space of the problem is e
tended asus&un&um&, whereus& is the state of the qubit (u↑&
or u↓&), while n is the number of quanta in the resonato
Due to the new term in the Hamiltonian,22\vdm, an un-

e

9-3
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bound staircase of states appears. Each step of the stai
~Floquet zone! is characterized by a numberm and spans the
Hilbert spaceus&un&. The neighboring zones are shifted b
energy 2\vd relative to each other. The statesus&un&um& are
the eigenstates of the Hamiltonian

H0[2~EJ1V!sz/21\v0a†a22\vdm. ~13!

The other three terms form the perturbation

H852
X

2
sx1l~a†1a!sx2

V

2
szcosx. ~14!

This perturbationH8 causes transitions inside of each zo
and also down and up the staircase. At finite~noninfinite!
temperature of the bath the down transitions prevail and
system propagates down the staircase. This correspon
the flow of energy from the driving source to the bath. D
ing this flow, the driving source quanta of energy can be
or down-converted in frequency by amountv0, that is, pho-
tons with frequency 2vd6v0 are emitted into the bath. Th
former case corresponds to cooling while the latter to he
ing.

We first consider the up-conversion cooling proce
shown in Fig. 3. We choose the optimal detuning so t
2vd5EJ1V2v0 and the levelsu↑,n,m& and u↓,n21,m
11& are degenerate~in what follows we use the units\
51 for brevity!. Thus we have to be careful when calcula
ing the rates. First, we obtain the second-order matrix
ment between these two states equal toDAn where

D[
Vl

2EJ
. ~15!

Note that the two paths shown in Fig. 3 interfere constr
tively. Then, the cooling rate depends on the relation
tween DAn and G r /2. For the weak driving case DAn
,G r /2 we have the cooling rateGn→n21

V '(4D2/G r)n ~the
superscriptV is to emphasize that this rate is due to t
driving!. To justify this result we consider this process
tunneling from the levelu↑,n,m& to the broadened leve
u↓,n21,m11&. The retarded Green’s function of the seco

FIG. 3. ~Color online! The cooling process.
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level is then given byGR(v)51/(v1 iG r /2). Using the
Golden rule~the adiabatic elimination technique10!, we ob-
tain

Gn→n21
V 52pD2nS 2

1

p
Im GR~v50! D5

4D2

G r
n. ~16!

In the opposite,strong drivingcase,DAn.G r /2, there are
coherent oscillations between the two levels. The appropr
description is then to say that doublets of new eigenstates
formed which are split in energy by 2DAn, see Fig. 4. The
doublets are defined forn>1 as cn

6[(un,↑&6un
21,↓&)/A2 and for n50 we have a single statecn50
[u0,↑&. There are four possible transitions between ea
state of the doublet and each state of another doublet sh
asn→n21 andm→m11. All four rates are equalG r /4. In
total this givesGn→n21

V 'G r /2. To summarize,

Gn→n21
V 5 H ~4D2/G r !n if DAn,G r /2

G r /2 if DAn.G r /2.
~17!

Note that in the strong driving regimen denotes the double
rather than the oscillator’s level~see discussion below!.

In addition to cooling, the ac driving induces competin
heating processes. One, shown in Fig. 5, is a standar

FIG. 4. Level structure of the strong driving for ac cooling. He
cn

6[(un,↑&6un21,↓&)/A2.

FIG. 5. ~Color online! The heating process.
9-4
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quantum optics off-resonance process. Indeed, the s
u↑,n,m& andu↓,n11,m11& are connected in the second o
der by the matrix elementDAn11. These states are off
resonance~we restrict ourselves to the values ofn such that
level splitting 2v0@DAn11). Thus, in the caseDAn
,G r /2 we obtain Gn→n11

V '(D/2v0)2G r(n11). In the
strong driving caseDAn.G r /2 we use again the basis o
doublets, Fig. 6, and arrive atGn→n11

V '(D/4v0)2G r(n11)
3(11dn,0). In this case the rates are between doublets a
whole. The factor (11dn,0) is due to the fact that there i
only one state in the ‘‘doublet’’n50. To summarize,

Gn→n11
V 5

D2

4v0
2
G r~n11!H 1 if DAn,G r /2

11dn,0

2
if DAn.G r /2.

~18!

Another driving-induced heating process, not characte
tic for quantum optics, is due to the fact that in solid-sta
systems there is strong noise at low frequencies (1/f noise!.
Thus, processes like the one shown in Fig. 7 become
evant. This process excites the qubit with the rate

FIG. 6. Level structure of the strong driving for ac heating. T
two shown processes interfere constructively.

FIG. 7. Qubit heating induced by the applied drive.
12533
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Ge[G↑→↓5
V2

4EJ
2

^Xv52v0

2 &

4\2
. ~19!

Since atv52v0 the noise is dominated by the 1/f contri-
bution, rate~19! might dominate the heating. With this pro
cess, the heating is also resonant and, in analogy to Eq.~17!,
still assuming thatGe!G r , we obtain

Gn21→n
V 5H Ge~4D2/G r

2!n if DAn,G r /2

Ge

2
~11dn,0! if DAn.G r /2.

~20!

Master equation.Taking into account the internal dissipa
tion of the resonator with quality factorQ, one can5 write
down the master equation for the probabilityPn to find the
resonator in the stateun&. First, we analyze the~strong driv-
ing! limit, D.G r /2. Then, it is convenient to write the rat
equation in terms of the probabilitiesDn to find the system in
the doubletcn

6 (n>1). The probabilityD0, then, is for the
system to be in the~nondegenerate! ground statec0
5u↑,0&. The probabilitiesPn are given by

Pn5
1

2
~Dn1Dn11!1

1

2
Dndn,0 . ~21!

The master equation reads

Ḋn5
1

2
G r@Dn112Dn~12dn,0!#1

D2

8v0
2
G r@nDn21~11dn,1!

2~n11!Dn~11dn,0!#1
1

2
Ge@Dn21~12dn,0!~11dn,1!

2Dn~11dn,0!#1
v0@nB~v0!11#

Q F S n1
1

2DDn11

2S n2
1

2DDn~12dn,0!G1
v0nB~v0!

Q F S n2
1

2DDn21

3~12dn,0!~11dn,1!2S n1
1

2DDn~11dn,0!G . ~22!

The unusual form of the second part of this master equa
is due to the structure of the matrix elements between
different states of the doublets.

Multiplying Eqs. ~22! by and summing overn we obtain

d

dt
^ñ&52

1

2
G r~12D0!1

1

2
Ge~11D0!1

D2

8v0
2
G r~11D0!

2S v0

Q
2

D2

8v0
2
G r D ^ñ&1

v0

2Q
~12D0!1

v0nB~v0!

Q
,

~23!

where ^ñ&[(nnDn . We rewrite the right-hand side of Eq
~23! in terms of the phonon occupation expectation value
9-5
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^n&5 (
n51

`

nPn5 (
n51

` S n2
1

2DDn5^ñ&2
12D0

2
. ~24!

We, then, obtain

d

dt
^ñ&52

1

2
G r~12D0!1

1

2
Ge~11D0!1

D2

16v0
2
G r~31D0!

2S v0

Q
2

D2

8v0
2
G r D ^n&1

v0

Q
nB~v0!. ~25!

There are two main cooling regimes in Eq.~25!. If the coef-
ficient in front of ^n& is positive, i.e., if v0 /Q
@(D2/8v0

2)G r , we obtain the usual cooling with the coolin
rate slowing down with decreasinĝn&. As this is the rel-
evant regime for realistic parameters we will analyze o
this case. Interestingly, however, in the opposite case of v
high Q, whenv0 /Q!(D2/8v0

2)G r , the cooling rate acceler
ates until^n&'1.

If ^ñ&@1 ~to be checked for self-consistency! the prob-
ability to be in the ground state is negligible,D0!1. Then

^n&'nB~v0!2
~G r2Ge!Q

2v0
. ~26!

This regime, thus, is realized whennB(v0).(G r
2Ge)Q/(2v0). Clearly, for at least some cooling we nee
(G r2Ge)@(2v0)/Q. At lower temperatures, Eq.~26! gives
negative ^n& which means that the approximation brea
down and^n&;1 or less. Then, for an estimate we can u
12D0;^ñ&. In this regimê ñ&'2^n& @see Eq.~24!#, there-
fore, 12D0;2^n&. Thus, forG r@Ge

^n&'

Ge1
v0nB~v0!

Q

G r
. ~27!

For nB(v0).GeQ/v0 we then obtain

^n&'
v0nB~v0!

QG r
, ~28!

while in the opposite case the average occupation saturat

^n&'
Ge

G r
. ~29!

From Eq.~23! it is clear that fornB(v0)@1, the cooling is
initially exponential in time,̂ n& t'nB(v0)2G rQ/(2v0)@1
2exp(2gt)#, with the decay rate determined by the oscilla
bare damping,g5v0 /Q. Only when the low occupancy re
gime (̂ n& t,1) is reached, the rate of exponential decay
creases to

g5
G r2Ge

2
2

v0

2Q
. ~30!

If the driving is weaker, then for some low values ofn the
following master equation holds~see Refs. 3,5!
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Ṗn5S A21
v0@nB~v0!11#

Q D @~n11!Pn112nPn#

1S A11
v0nB~v0!

Q D @nPn212~n11!Pn#, ~31!

where A2[4D2/G r and A1[(D/2v0)2G r1Ge(4D2/G r
2).

For the average occupation number^n& in the stationary state
we obtain

^n&5

A11
v0nB~v0!

Q

A22A11
v0

Q

. ~32!

Regimes similar to Eqs.~28! and ~29! are clearly identified.
However, a regime similar to Eq.~26! is not possible within
master equation~31!. The expression for the oscillator occu
pancy, Eq.~32!, can be naturally interpreted in terms of tw
independent heat baths acting on the resonator, one bein
equilibrium environment at the nominal external temperat
T, coupled to the resonator by a coupling strengthg0
5v0 /Q, while the other bath being introduced by the coo
ing process itself. The effective temperature of the latter,T* ,
can be defined throughA2 /A15exp(v0 /T* ), and the effec-
tive coupling strength isg* 5v0 /Q* 5A22A1 . Then, the
final resonator occupancy can be reexpressed as

^n&5
g0nB~v0!1g* nB* ~v0!

g01g*
, ~33!

where nB* is the Bose distribution function at temperatu
T* . Clearly, T* is the lowest possible temperature for
given cooling process, which is achieved forg* @g0. The
combined damping coefficientg5g01g* determines the
rate of relaxation to the new stationary state.

Example.We consider a nanomechanical resonator w
fundamental frequency 100 MHz (v052p3100 MHz
50.5 meV) and quality factorQ5105. It is coupled to the
qubit, which is characterized by the Josephson energyEJ
'50 meV and Coulomb charging energyEC'160 meV
~corresponds toCS'500 aF). The coupling strength be
tween the resonator and the qubit is determined by the
tual capacitanceCx'20 aF and the gate voltageVx'1 V,
such thatnx'60 Cooper pairs~see Ref. 8!. The gap between
the resonator and the CPB isd'100 nm. For these param
eters, from Eq.~4!, the resonator-CPB coupling strength
l'0.1 meV. Assuming thatCg,Cx , for the relaxation rate
of CPB we findG r5331023 meV.

The circuit-induced quality factor of the resonator
Qem'43109, which is significantly higher than the qualit
factors of typical resonators. For the 1/f contribution at
T1/f.10v0 we obtainQ1/f.107, which is still higher than a
typical value. Hence this modification of the oscillator dam
ing can be neglected compared to other environmental
fects.

For cooling, we takeV'1 meV, which corresponds to
the modulation depth D50.1. We thus obtain D
'1023 meV, and hence for alln we haveDAn.G/2 and
9-6
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Gn→n21
V 'G r /2 ~strong driving regime!. The heating is in-

deed dominated by 1/f noise, with Ge

5(V/2EJ)
2(E1/f

2 /4v0)'1.831026 meV. In this regime we
get the following results for cooling:

^n&5H nB~v0!2300 if nB~v0!.300

1.531023nB~v0! if 0.33,nB~v0!,300

0.531023 if nB~v0!,0.33 .

The exact numerical solution of the rate equations, Eq.~22!,
is shown in Fig. 8.

B. Cooling by applying voltage driving

Another way to achieve ac cooling is by applying rad
frequency voltage bias to the gates. In Fig. 1, apply a driv
voltageVx5V0cosvdt on the resonator and another drivin
voltageVg52(Cx /Cg)Vx on the CPB. The ac voltageVx
generates resonant coupling between the mechanical res
tor and the CPB whenvd5EJ2v0, which corresponds to
the first red sideband coupling in quantum optics. The v
ageVx also generates an oscillating charge bias on the C
with dNg

x5CxVx/2e; however, it is balanced by the biasVg ,
which prevents harmful ac pumping of the CPB.

The scheme.The Hamiltonian of the voltage driving
scheme is

H52
EJ

2
sz1\v0â†â14Ecdngsx1l cosvdt~ â†1â!sx

2
X̂

2
sx , ~34!

where the qubit works at the optimal point ofdng50 to
avoid the 1/f noise. The coupling is

l524Ec

CxV0

2e

Dx

d
. ~35!

Similar to the ac flux driving setup, we analyze the sideba
cooling (v0@l,G r) in the regimes of weak driving and th
strong driving; both can be reached in experiments.

FIG. 8. ~Color online! Cooling diagram for a 100 MHz resona
tor ~detailed parameters in text!.
12533
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The analysis is essentially the same as that in the
driving case. Instead of the second-order matrix elemenD
@see Eq.~15!#, we have the direct couplingl/2. Thus to
obtain the cooling and the heating rates we substituteD
→l/2 into Eqs.~17! and ~18!. In this scheme there is no
driving-induced contribution of the low-frequency (1/f )
noise similar to Eq.~20!.

Strong driving.The strong driving regime is achieved fo
lAn/2@G r /2. As the 1/f noise does not contribute to th
heating, i.e., the rates~20! do not appear, the leading heatin
mechanism is the off-resonance coupling@see Eq.~18!#.
Thus, the dynamics is described by the rate equation~22!
with Ge50. We obtain the cooling results as follows: F
nB.Q(G r /2v0) we obtain^n&'nB2Q(G r /2v0). In the in-
termediate regimeQ(G r /2v0).nB.Q(G r /v0)(l/4v0)2 the
result is ^n&'v0nB /QG r . Finally, for nB,Q(G r /v0)
3(l/4v0)2, the occupation number saturates at^n&
'(l/4v0)2.

For example, letG r5531023 meV, l52531023 meV
~with the voltage biasV0;50 mV) andQ5105. We have
(l/4v0)2G r'831027 meV. The stationary occupation
number is

^n&'H nB~v0!2500 if nB~v0!.500

1023nB~v0! if 0.15,nB~v0!,500

1.531024 if nB~v0!,0.15,

which gives^n&52.531023 at the temperature of 20 mK.
Weak driving. For lAn/2!G r /2, the dynamics of the

resonator is described by the rate equation~31! with A2

5l2/G r andA15(l/4v0)2G r . Note that the low-frequency
noise does not appear in this scheme (Ge50), which im-
proves the cooling efficiency. FornB(v0),A1Q/v0 the av-
erage occupation is given bŷn&5A1 /A2 ; for nB(v0)
.A1Q/v0 we obtain ^n&5nB(v0)v0 /A2Q. As an ex-
ample, letG r55031023 meV, l5531023 meV ~with the
bias voltage ofV0;10 mV), and Q5105. We haveA2

50.531023 meV andA15331027 meV. Then, the cool-
ing results are as follows:

^n&5H 1022nB~v0!, nB~v0!.0.06

631024, nB~v0!,0.06 ,
~36!

where at the temperature of 20 mK withnB(v0)55, we
have^n&50.05. Thus better cooling can be achieved in t
strong driving regime than that in the weak driving regim

Discussion.The relaxation rateG r can be adjusted by
varying the external circuit of the CPB. For example,
varying the gate capacitanceCg , the relaxation rate change
asG r}Cg

2 . The coupling constantl can be adjusted by vary
ing the biasV0. In this scheme, we chooseV0 to be in the
range of 10–100 mV andG r in the range of (1 –100)
31023 meV, which includes both the weak driving regim
(lAn/2!G r /2) and the strong driving regime (lAn/2
@G r /2). These parameter regimes have been realized
charge qubit experiments.

One practical issue of this scheme concerns the accu
of the gate compensation. Both gate voltages generate
9-7
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MARTIN, SHNIRMAN, TIAN, AND ZOLLER PHYSICAL REVIEW B 69, 125339 ~2004!
extra part of the CPB’s charging energydH54Ecdngsx ,
with dng5(CxVx1CgVg)/2e. By controlling the voltage
with an accuracy of microvolts, which can be achieved w
standard technology, the oscillating bias on the CPB can
neglected.

Compared with the ac flux driving cooling scheme in th
paper, the resonator can now be cooled to a lower temp
ture because the heating process only involves the ele
magnetic noise of the circuit at frequencyEJ , while the low-
frequency noise, which is the dominant heating factor in
previous scheme, does not affect the system.

III. DC COOLING

Effectively, ac driving can be achieved applying a
transport voltage to an auxiliary Josephson junction.
modify the system as shown in Fig. 9 so that it becom
effectively an SET transistor. Dissipative Cooper pair a
quasiparticle transport is similar systems was considere
Refs. 11,12. The Hamiltonian in the charge basis reads

H5
@Q2CRV2CgVg2Cx~x!Vx#

2

2CS
2EJ,Lcosu

2EJ,Rcos~u12eVt/\!1Hx , ~37!

whereu is the phase on the island~and simultaneously on th
left junction as the left lead is grounded!, CS[CL1CR
1Cg1Cx(x). Due to the transport voltageV, the Hamil-
tonian is time dependent and, thus, represents a driven
tem. We repeat the steps described above and arrive~in the
charge basis! at

H52
EJ,L

2
sx2

X

2
sz1\v0a†a1l~a†1a!sz

2
EJ,R

2
~s1eivJt1 idf1H.c.!, ~38!

where X[2(4EC /e)(CRdV1CgdVg1CxdVx), df
[(2e/\)*dVdt, and the Josephson frequencyvJ[2eV/\.
We see that the right junction’s Josephson energy assu
the role of pumping amplitudeV, while vJ is the pumping

FIG. 9. ~Color online! The system with dc driving.
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frequency. UnfortunatelyV is noisy and, thus, the pumpin
source has a substantial linewidth. The transport volt
should not be sensitive to the background charges, there
V is assumed to have Ohmic noise spectrum~no 1/f compo-
nent!.

After a p/2 rotation in thex-z plane,sx↔sz , we obtain

H52
EJ,L

2
sz2

X

2
sx1\v0a†a1l~a†1a!sx

2
EJ,R

4
@~sz1 isy!eivJt1 idf1H.c.#. ~39!

While the Hamiltonians~12! and ~39! look similar, there
are two important differences. One, already discussed, is
fact that the pumping frequencyvJ in Eq. ~39! is fundamen-
tally noisy, whilevd in Eq. ~12! can be made coherent. Th
second~very important! difference is that in Eq.~12! the
pumping is applied tosz only, while in Eq.~39! it couples to
sz andsy . Both these facts hinder the cooling. Indeed, t
coupling tosy gives a direct matrix elementEJ,R/4 between
the statesu↑,n,m& and u↓,n,m11&. This interaction repels
the levels and we must chooseEJ,R!4v0 so that the reso-
nant detuning as in Fig. 3 is possible. In addition, the no
of the transport voltage translates into the linewidth for t
transition u↑,n,m&→u↓,n21,m11& equal to Gw

52pa trkBT/\, where a tr[R/RQ. The fluctuations of the
transport voltage are not screened by the ratio of cap
tances as it happens for the gate charge. Thereforea tr
'1022. Because of these additional constraints the appl
bility of the dc cooling scheme is limited to highe
frequency/quality factor resonators. For an estimate, cons
an oscillator with v052p31 GHz'5 meV'50 mK at
temperatureT550 mK. We then obtainGw'0.3 meV,
which significantly exceedsG r . Hence, we have to substitut
G r by Gw in all formulas. For the Josephson coupling in t
right junction we takeEJ,R52 meV. Then, instead of Eq
~15!, we findD'EJ,Rl/(2EJ,L)'231023 meV ~we assume
EJ,L'50 meV). The cooling rate can again be represen
asA2n, whereA2'2D2/Gw'231025 meV. Thus, cooling
becomes possible only ifQ.v0 /A2'2.53105.

IV. DISCUSSION AND COMPARISON WITH QUANTUM
OPTICS

For comparison with quantum optics cooling schemes,
present here an analysis of some of the processes desc
above using the quantum optics language. In quantum op
literature one usually employs the transformation to the
tating frame and/or other canonical transformations toge
with the rotating wave approximation~RWA! in order to
single out the near-resonant terms responsible for the stu
transitions. We start with Hamiltonian~12! and transform it
into the interaction representation with respect toH0(t)[
2@EJ1V1V cos 2vdt#sz/21v0a†a. This amounts to

s1→s1e2 i (EJt1Vt1(V/2vd)sin 2vdt) and a→ae2 iv0t.
~40!
9-8
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GROUND-STATE COOLING OF MECHANICAL RESONATORS PHYSICAL REVIEW B69, 125339 ~2004!
As V!2vd;EJ we can expand the factor ex
@2i(V/2vd)sin 2vdt#. The near-resonant~RWA! parts of the
coupling termHl[l(a†1a)sx read, then, after the trans
formation as

Hl
RWA52

Vl

4vd
~as21a†s2e2v0t1H.c.!, ~41!

where the resonance condition 2vd5EJ1V2v0 was as-
sumed. The first term of Eq.~41! clearly corresponds to th
resonant transition provided by the matrix elementDAn @see
Eq. ~15!#. The second term corresponds to the off-reson
transition. In analogy with atom optics,3 we can introduce
Lamb-Dicke parameterh[l/2vd'l/EJ . Note that, unlike
the case of trapped atoms/ions we do not have near-reso
terms flipping just the spin, of the typeVs6exp(6iv0).
Such an interaction would repel the levels, and, for a re
nant detuning, one would needV!v0. In our case, a much
stronger driving is allowed. We do, however, encounter t
limitation in the dc cooling scheme due to the presence of
near-resonant term in the Hamiltonian Eq.~39! which is pro-
portional tosy .

Also, in the dissipative termHX[2(X/2)sx , we find a
slow contribution:

HX
slow5

X

2

V

4vd
~s2eiv0t1H.c.!, ~42!

which is responsible for the heating process~18! dominated
by the low-frequency noise. In quantum optics this contrib
tion is typically neglected as there are no strong lo
frequency sources.

In the case of ac voltage cooling, in the rotating wa
approximation the Hamiltonian is

HRWA52
\v0

2
sz1\v0â†â

1
l

2
~ â†s11âs21â†s21âs1!

2
X̂

2
~s1e2 ivdt1s2eivdt!, ~43!

where the interaction includes the resonant couplingâ†s1

1âs2 between the statesu↑,n& and u↓,n21&, and the off-
resonant couplingâ†s21âs1 between the statesu↑,n& and
u↓,n11& with an energy difference of 2\v0. The time de-
pendence in the last term shows that only high-freque
fluctuations on the order ofEJ induces relaxation.

The voltage driving scheme for ac cooling presents a
rect analog to the laser cooling of quantum optics system
is obvious from Fig. 10; however, it is a simpler scheme
the coupling is a direct bilinear coupling instead of the p
laron coupling in quantum optics.

V. ‘‘DOPPLER’’ COOLING

For smaller oscillator frequenciesv0 and/or larger qubit
relaxation ratesG r , it may happen that the vibrational side
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bands are no longer resolved, i.e.,G r.v0. Then, cooling to
the ground state is impossible but the less effective ‘‘Do
pler’’ cooling is still feasible. In the standard Doppler coo
ing, cold atoms moving in a laser field experience differe
light pressure depending on their velocity. For instance, if
laser is red-detuned relative to the atomic transition, th
atom moving towards the light source will be absorbing ph
tons more than an atom moving away from the source, wh
will result in a velocity-dependent force on the atom. B
properly arranging multiple lasers it is then possible
achieve significant reduction of the atom’s effective tempe
ture. The same reasoning applies to an atom in a trap, w
the trap frequency is much smaller than the atomic transi
linewidth. Equivalently, in this case, the Doppler cooling c
be reinterpreted in terms of the cooling and heating transi
rates for the oscillating atom. For red-detuned laser, pho
absorption processes with simultaneous phonon emis
dominate the ones where an additional phonon is crea
One can show that, similar to the free atom case, this lead
cooling down to temperatures proportional to the atom
transition linewidth. In this section we will demonstrate th
an analog of Doppler cooling can be performed in both
and dc cooling setups described in the preceding section
the regime of nonresolved sidebands.

ac cooling scheme.We start with the ac-driving schem
described by Hamiltonian~12!. In the Doppler case it is
enough to study, first, the spin’s dynamics without the os
lator. We perform the following transformation

s1→s1e2 i (2vdt1(V/2vd)sin2vdt), ~44!

and keep only the RWA terms in the coherent part of
Hamiltonian but all the terms in the part describing the
teraction with the bath. The transformed Hamiltonian rea

Hspin
RWA5

dv

2
sz2

X

2
~s1e22ivdt1H.c.!1

V

4vd

X

2
sx ,

~45!

wheredv is the detuningdv[2vd2EJ2V. The last term
in the Hamiltonian, as before@see Eqs.~19! and ~18!#, gen-
erates transitions between the ground and excited state
the qubit. The corresponding rate, however, is typically mu
smaller than the relaxation rate generated by the second

FIG. 10. ~Color online! Level structure of the voltage driving
scheme for ac cooling. The solid lines indicate the cooling proce
and the dotted lines indicate the heating process.
9-9
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MARTIN, SHNIRMAN, TIAN, AND ZOLLER PHYSICAL REVIEW B 69, 125339 ~2004!
of the Hamiltonian, and hence can be neglected. This i
contrast to the ac ground-states cooling scheme discu
above, where the qubit heating rate determined the low
possible occupation number of the resonator. The s
~RWA! part of the interaction Hamiltonian reads

Hl
slow52

V

4vd
l~a†1a!sx . ~46!

With Hamiltonian ~45! we write down the Bloch-Redfield
equations13,14 for the spin’s density matrixṙ5Rr, whereR
is the Redfield tensor. In this equation, the density matrix
treated as a four-vector. We choose the representatior
5(1/2)ss01gsz1as11a* s2 , which gives r
5(s,g,a,a* ) and Trr5s. For proper density matricess
51. In this representation

R5S 0 0 0 0

G r

2
2G r 0 0

0 0 2 idv2
G r

2
0

0 0 0 idv2
G r

2

D . ~47!

The rateG r originates from the second term of Eq.~45!,

G r5
^Xv52vd

2 &

4\2
, ~48!

@cf. Eq. ~7!#. For simplicity we have assumed that at hig
frequency 2vd the temperature is effectively zero, i.e
^Xv522vd

2 &!^Xv52vd

2 &.
Next we employ the ‘‘quantum regression theorem’’~ap-

proximation! to obtain~for t.0) the correlator

Cx~ t ![^sx~ t !sx~0!&5Tr~sxe
Rtsxr`!, ~49!

where r` is the stationary density matrix,Rr`50. For t
,0 we can useCx(2t)5Cx* (t). In the four-vector repre-
sentation the operatorsx multiplying from the left is given
by

sx5S 0 0 1 1

0 0 21/2 1/2

1/2 21 0 0

1/2 1 0 0

D . ~50!

Finally, after the Fourier transform we obtain

Cx~v!522 Re Tr~sx@R1 iv#21sxr`!, ~51!

which is easy to calculate~usingMATHEMATICA !. Expanding
nearv50 we obtainCx(v)5Sx1hxv, where

Sx5
4G r

4dv21G r
2

, ~52!
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hx52
32dvG r

~4dv21G r
2!2

. ~53!

From the spin-correlation functions, we can now determ
the transition rates for the resonator,A65(Vl/4v)2Cx
(7v0). Note, that the same expressions forA6 can be ob-
tained from Eq.~16! generalized to arbitrary detuning. The
the secondary ‘‘heat bath’’ introduced by cooling is chara
terized by the effective temperature

T* [
Sx

2hx
52

4dv21G r
2

16dv
. ~54!

Optimizing with respect to the detuningdv, we find that the
minimum ~positive! temperatureTmin'Gr/4 is reached for
the optimal red detuningdvopt'2G r /2. For the effective
quality factor due to the spin we obtain

1

Q*
5

A22A1

v0
5

V2l2hx

8vd
2

. ~55!

The final resonator occupancy can now be obtained from
~33!. Clearly,Q* must be smaller than the oscillator’s ow
quality factor in order for the cooling to be effective. For th
same parameters as used in the ac cooling section, we
that at the optimal detuningQ* ;1, which corresponds to a
nearly overdamped regime, similar to optical molasses
atom optics. Hence, a resonator with a frequencyv0&G r /2
5300 kHz can be cooled down to temperatureTmin'Gr/4
;10 mK. Note, that the effect of the dominant qubit heatin
mechanism due to the 1/f noise, which we neglected here,
necessary, can be managed by reducing the driving stre
V ~at the expense of reduced cooling power, i.e., largerQ* ).

Similar analysis applies to the voltage driving scheme
ac cooling in the Doppler regime. ForlAn/2!G r /2, from
Eq. ~16!

A25
l2G r

G r
214~dv1v0!2

, A15
l2G r

G r
214~dv2v0!2

,

~56!

wheredv5vd2EJ is the detuning of the driving frequenc
from the qubit’s ground-to-excited-state transition. Cooli
is achieved whendv,0. Neglecting the effect of the finite
intrinsic Q-factor, the final phonon number from Eq.~32! is

^n& f5
G r

214~dv1v0!2

16udvuv0
. ~57!

The scheme provides optimal cooling atdvopt52G r /2 with
the temperatureTmin5Gr/4, same as the flux driving case.

dc cooling scheme.Analysis of the dc cooling schem
proceeds analogously. We start with Hamiltonian~39! and
perform transformation

s1→s1e2 i (vJt1
V
vJ

sin vJt), ~58!
9-10
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GROUND-STATE COOLING OF MECHANICAL RESONATORS PHYSICAL REVIEW B69, 125339 ~2004!
where, for now, V[EJ,R , and we remind thatvJ
[(2e/\)V. For simplicity we considerV noiseless now bu
later will introduce the low-frequency~classical! noise ofV.
Then, we obtain

Hspin
RWA5

dv

2
sz2

V

4
sx2

X

2
~s1e2Vt1H.c.!1

V

2V

X

2
sx ,

~59!

wheredv[vJ2EJ,L . The main differences with Eq.~45!
are: ~i! the second term of Eq.~59! is absent in Eq.~45!
~recall the extra matrix element in the dc scheme!; ~ii ! the
detuningdv is noisy due to the noise ofV. This will give an
extra ‘‘pure’’ dephasing rateGw52pa trkBT/\, where a tr
[R/RQ. As in the ac Doppler case, neglecting the excitat
rate coming from the last term in the Hamiltonian, for t
Redfield tensor we obtain

R5S 0 0 0 0

G r

2
2G r 2

iV

4

iV

4

0 2
iV

2
2 idv2G̃ 0

0
iV

2
0 idv2G̃

D , ~60!

whereG̃5Gw1G r /2. The general expressions forSx andhx
are quite complicated. An analysis shows that the simp
cooling regime is achieved whenV!G r'Gw . That is, it
does not make sense to keep smallG r when the linewidth is
anyway given by largeGw . The relaxation rateG r can easily
be increased by choosing bigger gate capacitancesCx and/or
Cg . AssumingG r5Gw andV!Gw , we obtain

Sx5
12Gw

4dv219Gw
2

, ~61!

and

hx52
96dvGw

~4dv219Gw
2 !2

. ~62!

Optimizing with respect todv, we find that the minimum
temperatureTmin'(3/4)Gw is achieved for the optimal detun
ing dv'2(3/2)Gw . The effective quality factor due to th
cooling environment, similarly to Eq.~55!, is

1

Q*
5

V2l2hx

2vJ
2

. ~63!
s,

S

12533
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The regimeG r!Gw is more subtle and requires furthe
analysis.

Example.ChoosingCx'200 aF instead of previously as
sumed 20 aF, we obtainG r'0.3 meV'Gw . We chooseV
5EJ,R'0.1 meV ~note that this is quite a small value fo
usual Josephson junctions!. Then we obtain Tmin
'0.25meV'2.5 mK for dv'0.5 meV'2p3100 MHz.
Near optimal detuning point, we obtainhx'6(meV)22. For
the coupling constantl we can takel'1 meV instead of
0.1 meV as we have allowed ten times bigger capacita
Cx . Then we obtainQ* '0.83105. Thus, for cooling to be
effective, resonatorQ-factor should exceed 105 and the final
resonator temperature is determined according to Eq.~33!
with T* 52.5 mK.

VI. CONCLUSIONS

We considered several approaches to active cooling
mechanical resonators using a coupling to a superconduc
Josephson qubit. In the resolved vibrational sideband reg
when the qubit level width is smaller than the resonator f
quency, we proposed two schemes for ground-state coo
of the resonator. In the first scheme, the ac driving requi
for cooling is provided by an external microwave source. W
find that for a 100 MHz oscillator coupled to a practical
realizable Josephson qubit, at the external temperatures
low 1 K, it is possible to reduce the thermal occupancy of
oscillator mode by three order of magnitude. In the seco
scheme, the ac driving is generated by the ac Josephso
cillations on an auxiliary junction of the qubit. This schem
is attractive since there is no need for an external ac driv
source; however, in the present realization, we find that i
not as effective as the one with an explicitly applied ac dr
ing. We also demonstrate that even in the regime when
vibrational sidebands are not resolved, it is possible to p
form an analog of Doppler cooling with the final resonat
temperature limited by the qubit linewidth.
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