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Spin-orbit coupling and intrinsic spin mixing in quantum dots
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Spin-orbit coupling effects are studied in narrow-gap InSb quantum dots. Competition between different
Rashba and Dresselhaus terms is shown to produce wholesale changes in the spectrum. The large~and nega-
tive! g factor and the Rashba field produce states where spin is no longer a good quantum number and intrinsic
flips occur at moderate magnetic fields. For dots with two electrons, singlet-triplet mixing occurs in the ground
state, with observable signatures in intraband far-infrared absorption, and possible importance in quantum
computation.
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I. INTRODUCTION

The creation and manipulation of spin populations
semiconductors has received a great deal of attention in
cent years. Conceptual developments that have motiv
these efforts include prominently the Datta-Das proposal
a spin field-effect transistor,1 based on the Rashba spin-orb
coupling of electrons in a two-dimensional~2D! electron
gas,2 and the possibility of building quantum computatio
devices using quantum dots~QD’s!.3 It is then important for
full control of spin-flip mechanisms in nanostructures that
spin-orbit ~SO! effects be understood.

There are two main SO contributions in zincblende ma
rials: in addition to the structure inversion asymmetry~SIA!
caused by the 2D confinement~the Rashba effect!, there is a
bulk inversion asymmetry~BIA ! term in those structures~the
Dresselhaus term!.4,5 Additional lateral confinement definin
a QD introduces another SIA term with important cons
quences, as we will see in detail. Although the relative i
portance of these two effects depends on the materials
structure design~via interfacial fields!, only recently have
authors begun to consider the behavior of spins under
influence of all effects. For example, a modification of t
Datta-Das design was recently suggested to allow for a
fusive version of the spin field-effect transistor,6 and that
proposal relies on the additional influence of the Dresselh
SO coupling in the system.

In wide-gap materials~mainly GaAs! ~Ref. 7! a unitary
transformation has been used on the Hamiltonian of
system,8 which yields an effective diagonal SO term inco
porating the Rashba effect perturbatively. That approac
valid for GaAs due to its small SO coupling. However,
narrow-gap materials~such as InSb! where both SIA and
BIA effects are anticipated to be much larger,9 one requires
the full Hamiltonian.

There are just a few works discussing SO effects
narrow-gap nanostructures. Among them, Ref. 10 uses a
ear version ofk•p theory in InSb QD’s to include SIA term
from both the Rashba fieldand the lateral confinement which
defines the QD. Only this last SIA term is considered in R
13, and since it is diagonal in the Fock-Darwin~FD! basis no
level mixing is found nor expected. In contrast, level mixi
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events are clearly identified in Ref. 10. Experiments in In
QD’s have explored the far-infrared~FIR! response in litho
graphically defined dots,11 as well as photoluminescence fe
tures in self-assembled dots.12

The goal of this work is to show how important differe
types of SO couplings are in the spectra of parabolic Q
built in narrow-gap materials such as InSb. We consider
Rashba-SIA diagonal and SIA nondiagonal, as well as
Dresselhaus-BIA terms in the Hamiltonian, in order to stu
features of the spectrum as function of magnetic field,
size,g factor, and electron-electron interaction. We draw
tention to the appearance of strong level anticrossings~mix-
ing! for moderate magnetic fields in typical QD’s, and ho
this phenomenon is modified by the BIA terms not cons
ered before.10 As the level mixing involves states with dif
ferent spin, strongintrinsic spin flips are found,regardlessof
the strength of the SO coupling, providing an importa
channel for spin decoherence in these systems. Moreo
measurement of FIR absorption would yielddirect access to
the coupling constants; i.e., the dispersion of FIR absorp
peaks and appearance of additional split-off features a
direct consequence of the level mixing introduced by S
terms.

II. MODEL

Consider a heterojunction or quantum well confinem
potentialV(z) such that only the lowestz subband is occu-
pied. The Hamiltonian in the absence of SO interactions
a cylindrical QD is given by

H05
\2

2m
k21V~r!1

1

2
gmBB•s, ~1!

where k52 i“1eA/(\c), and the vector potentialA
5Br(2sinu,cosu,0)/2 describes a magnetic fieldB5Bz; m
is the effective mass in the conduction band,16 g is the bulkg
factor,mB is Bohr’s magneton,V(r)5 1

2 mv0
2r2 is the lateral

dot confinement with frequencyv0, ands is the Pauli spin
vector. The analytical solution ofH0 yields the FD spectrum
EnlsZ

5(2n1u l u11)\V1 l\vC/21gmBBsZ/2, with effec-

tive ~cyclotron! frequency given byV5Av0
21vC

2 /4 @vC
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TABLE I. All of the terms present in the expression for the cubic Dresselhaus SO contribution

Term i 51 i 52 i 53 i 54

Ai1 2
1
4 2

1
4

1
4

1
4

Ai2
3
4 (11Lz)

3
4 (12Lz)

1
4 (11Lz)

1
4 (12Lz)

Ai3 2
3
4 (113Lz1Lz

2) 2
3
4 (123Lz1Lz

2) 2
1
4 (12Lz1Lz

2) 2
1
4 (11Lz1Lz

2)
Ai4

1
4 (8Lz16Lz

21Lz
3) 1

4 (28Lz16Lz
22Lz

3) 1
4 (2Lz

22Lz
3) 1

4 (2Lz
21Lz

3)
Bi1

3
8 2

3
8

1
8 2

1
8

Bi2 2
3
8 (112Lz) 2

3
8 (2112Lz) 2

1
8 (512Lz) 2

1
8 (2512Lz)

Bi3
3
8 (2Lz1Lz

2) 3
8 (2Lz2Lz

2) 2
3
8 (2Lz1Lz

2) 2
3
8 (2Lz2Lz

2)
Ci1 2

3
16 2

3
16 2

1
16 2

1
16

Ci2
3

16Lz 2
3

16Lz 2
1

16(813Lz) 2
1

16(823Lz)
Di1

1
32 2

1
32 2

1
32

1
32
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5eB/(mc)#. The FD states are given in terms of Lague
polynomials.17 The confinement, magnetic, and effecti
lengths are l 05A\/(mv0), l B5A\/(mvC), and l
5A\/(mV), respectively.

The SIA term2 for the full confining potential,V(r )
5V(r)1V(z), and coupling parametera is given by
HSIA5as•(“V3k); it can be decomposed, in cylin
drical coordinates, as HSIA5HR1HSIA

D 1HK , where
HK5 ia(\v0 / l 0

2)lx(s1L22s2L1)^kz& is zero because
^kz&50,

HSIA
D 5a

\v0

l 0
2

sZS LZ1
l2

l B
2

x2

2 D ~2!

is the diagonal contribution due to the lateral confineme
and

HR52a
dV

ldz
@s1L2A21s2L1A1# ~3!

is the Rashba term associated with the perpendicular
finement field,dV/dz. In the last equations,L65e6 iu, s6

5(sX6 isY)/2, x5r/l is an adimensional radial coord
nate,LZ52 i ]/]u is the z-orbital angular momentum, an
A657]/]x1LZ /x1xl2/(2l B

2). Notice that both terms are
in principle, tunable;HSIA

D depends on the confining fre
quencyv0, while HR depends on the interfacial fielddV/dz.

In zincblende materials one should also consider the B
Hamiltonian4 given by HBIA5g@sxkx(ky

22kz
2)1syky(kz

2

2kx
2)1szkz(kx

22ky
2)#, whereg is the coupling parameter

After averaging along thez direction of quantization, one
obtains HBIA5g@sxkxky

22sykykx
2#1g^kz

2&@syky2sxkx#
1gsz^kz&(kx

22ky
2), where the first~second! term is cubic

~linear! in the in-plane momentum, and the last term is ze
because ^kz&50, while ^kz

2&.(p/z0)2, z0 being the
z-direction confinement length. One can decompose it in
lindrical coordinates asHBIA5HD

L 1HD
C , where the linear

Dresselhaus contribution is given by

HD
L 5 i

g^kz
2&

l
@s1L1A12s2L2A2#, ~4!

and the cubic term can be expressed, after some algebra18 as
12530
t,

n-

A

o

-

HD
C5 i

g

l3 H s2L1
3 FA11

l2

l B
2

B11
l4

l B
4

C11
l6

l B
6

D1G
1s1L2

3 FA21
l2

l B
2

B21
l4

l B
4

C21
l6

l B
6

D2G
1s2L2FA31

l2

l B
2

B31
l4

l B
4

C31
l6

l B
6

D3G
1s1L1FA41

l2

l B
2

B41
l4

l B
4

C41
l6

l B
6

D4G J , ~5!

where we define the operatorsAi5Ai1(]3/]x3)
1Ai2(1/x)(]2/]x2)1Ai3(1/x2)(]/]x)1Ai4(1/x3), Bi
5Bi1x(]2/]x2)1Bi2(]/]x)1Bi3(1/x), Ci5Ci1x2(]/]x)
1Ci2x, and Di5Di1x3, with i 51,2,3,4; each one of the
terms compacted in these operators is explicitly given
Table I. Notice that at finite magnetic field, the matrix el
ments withs6L6 in HD

C are not Hermitian, requiring the
usual symmetrization;8 at zero field, this problem does no
occur.14

For the electron-electron interactionHee5e2/(«ur1
2r2u), with « being the dielectric constant of the materia
we use an expansion in Bessel functionsJk for the termur1
2r2u21; with an adimensional parameterj, the interaction
can be expressed as

Hee5
\Vl

aB
(

k52`

`

eik(u12u2)E
0

`

djJk~jx1!Jk~jx2!e2 jz0/l,

~6!

where aB5«\2/(me2) is the effective Bohr radius of the
system. The FD basis states are properly antisymmetri
describing the unperturbed spin eigenstates.18

From these expressions, it is clear that the total sing
particle Hamiltonian is given byH5H01HSIA1HBIA5H0

1HSIA
D 1HR1HD

L 1HD
C ; when dealing with the two-particle

case, we must addHee to H.
The general forms of the various SO terms in the sing

particle Hamiltonian exhibit interesting characteristics:~i!
The magnetic field plays an important role via its linear d
2-2
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SPIN-ORBIT COUPLING AND INTRINSIC SPIN . . . PHYSICAL REVIEW B69, 125302 ~2004!
pendence inHSIA
D , HR , andHD

L , or its linear to cubic de-
pendence inHD

C . ~ii ! The Hamiltonian yields selection rule
explicitly, dictating which levels$n,l ,sZ% will be influenced
by the SO effects.~iii ! At zero field and due to thesZLZ

term, HSIA
D splits the spectrum according to the tot

z-angular momentumj 5 l 1sZ/2. ~iv! At finite field, HR in-
duces a set of anticrossings in the FD spectrum when
D l 56152DsZ/2; due to thes6L7 terms, mostly nega-
tive l ’s are affected since their magnetic dispersions all
for crossings; the lowest anticrossing occurs between the
els $0,0,21% and $0,21,11%. ~v! The HD

C term, vias7L6
3

terms, induces a set of anticrossings in levels whereD l
573 andDsZ/2561; the first one at low field involves
the levels$0,1,21% and $0,22,11%. ~vi! The termss6L6

in HD
L andHD

C do not induce anticrossings, but split and sh
the FD spectrum due to matrix elements whereD l 561
5DsZ/2. Notice that matrix elements between states w
differentn’s are in general nonzero, so that the full diagon
ization involves mixings with variousn values.

RegardingHee, the Coulomb interaction is able to spl
the spectrum at zero field into singlet and triplet sets. A m
netic field may affect the sequence of levels; for example,
QD ground state may oscillate between singlet and triple
the field is increased.

III. RESULTS

We present results by discussing the role of the differ
SO terms in the Hamiltonian. We have isolated each con
bution and present here the summary of our findings. T
sequence of FD states ofH0 starts at zeroB field with
$n,l ,sZ%5$0,0,61%, followed by the degenerate set o
$0,21,61% and $0,1,61%.17 Spin and orbital degeneracie
are broken byB and the states with negativel and positive
sZ acquire lower energies because of thenegative gfactor.
The lowest FD energy level crossing is between sta
$0,0,21% and$0,21,11%, and occurs at

BC
0 5

\v0

mB

m̃

Am̃ugu~m̃ugu12!
, ~7!

where m̃5m/m0. The moderate value ofBC
0 in InSb is a

direct consequence of its largeugu factor.15 For GaAs (ugu
50.44,m̃50.067), this level crossing appears only
BC

0(GaAs).9.5 T for a much smaller confinement,\v0

52 meV, and in the regime where Landau levels are w
defined. Weaker confinement~smallerv0) shifts this cross-
ing to lower fields. Notice that forg,0, HR mixes these
states andHD

L shifts the crossing to higher fields. In materia
with g.0, the role of these two terms would be inte
changed:HD

L would produce relatively stronger level ant
crossings, whileHR would only shift the spectrum weakly
So, in nonzincblende materials such as silicon,HD

L is absent
and no anticrossing occurs.

The energy spectrum for the full single-particleH in InSb
QD’s ~Ref. 15! is presented in Fig. 1~a! vs B field. It is
obtained by direct diagonalization using a FD basis withn
12530
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<4 ~or ten energy ‘‘shells’’!, i.e., 110 basis states. Let u
discuss the progressive changes to the FD levels induce
the separated addition of each one of the SO terms inH.

The addition of the diagonalHSIA
D term toH0 shifts ener-

gies and causes a small zero-field splitting in the spectr
but does not change appreciably the position of the fi
crossing, Eq.~7!, shown by the dotted lines in Fig. 1~a! at
BC

0 .2.6 T. The shifts induce two new crossings at low fiel
~inset d!, since the SO orders states according to thej
value, and the highest~lowest! state at zero field hasj 53/2
(1/2) in the second shell. AtB.0.2 T one recovers the ‘‘nor-
mal’’ sequence of states in this shell forg,0: $0,21,11%,
$0,21,21%, $0,1,11%, $0,1,21%. Such competition be-
tween SO and magnetic field is similar to the Zeeman a
Paschen-Back regimes in atoms.19 This level ordering is also
observed in Ref. 13.

The addition of the nondiagonal Rashba contributionHR
to H0 introduces strong state mixing forany value of a,
whenever FD levels withD l 52DsZ/2561 cross. This
mixing converts the crossings atBC

0 to clear anticrossings o
‘‘minigaps.’’ Higher levels satisfying these selection rule
also display anticrossings at nearly the same field. The fi
width and minigaps are determined by the value ofa, while
BC , where the anticrossing occurs, is nearly insensitive toa.

The addition of the cubic Dresselhaus termHD
C to H0

FIG. 1. ~a! Single-particle spectrum for full HamiltonianH vs B
field for an InSb QD as in Ref. 15. Highlights in dashed boxesa
shows zero-field splitting in second shell~affected mostly by BIA
terms!, and crossing atB.0.3 T. Compare with insetd with only
SIA terms andtwo crossings at 0.02 and 0.06 T, and much sma
zero-field splitting~box displaced for clarity!. Second crossing for
this shell in full H is at B.3.4 T ~e box!. Boxesb andc indicate
anticrossings ~AC’s! induced by Rashba termHR with D l
52DsZ/2561; first AC indicated by arrow inb ~c! involves
states$0,0,21% and$0,21,11% ($0,1,21% and$1,0,11%). Dotted
lines at low energy show FD level crossing atBC

0 .2.6 T. ~b!. De-
pendence on lateral dot sizel 0. Dotted lines: SO zero-field splitting
in a box on left panel. Solid lines:BC field of first AC in b box on
left panel; inset shows energy splitting at that AC. Arrows atl 0

5190 Å show QD size for spectrum in~a!. H1 curves~squares! use
Ref. 15,H2 ~triangles!, andH3 ~circles! use same parameters b
four times stronger Rashba field (H2) or twice as largez0 (H3).
Both latter cases increase relative strength of SIA terms. Solid
with no symbol showsBC

0 in Eq. ~7!.
2-3
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FIG. 2. ~a! SZ vs B field for
lowest 31 states of full single-
particleH; b andc labels refer to
minigaps in boxes in Fig. 1~a!.
Higher energy anticrossings in
each set are shifted to lower fields
If only HSIA terms are considered
~b!, all spin mixing occurs at field
BC.BC

0 .2.6 T. ~c! SZ for lowest
seven states of full single-particl
H; complete spin mixing at anti-
crossing is obvious.~d! Dot with
Rashba field four times stronge
where a mixing atB.1.2 T as
caused byHD

C and involving the
states $0,1,21% and $0,22,11%
becomes visible. IncreasingHR

produces stronger spin mixing
(H1 and H2 labels defined as in
Fig. 1!.
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induces anticrossings~via s7L6
3 ) and zero-field splittings

~via s6L6) in the FD spectrum. The splittings are muc
smaller than those induced byHR and practically unnotice-
able in the spectrum, reflecting the smallness ofED

C .15 Its
influence, as we will see, will be stronger if the Rashba fi
dV/dz is increased.

The addition of the linearHD
L contribution toH0, how-

ever, has a much bigger impact on the zero-field splittin
which can in principle be tuned by changing the effect
well sizez0 . HD

L alone induces such a strong mixing at lo
fields that one cannot identify different Zeeman and Pasch
Back regimes.

Let us now comment on the features of the full sing
particle spectrum ofH @Fig. 1~a!#. A first group of minigaps
~for n50 levels! is induced byHR ~and shifted to higher
field by HD

L ), so thatBC
0 →BC.3.3 T ~box b and lower ar-

row!. The group in boxc at B.5.5 T ~first anticrossing is
indicated by an arrow! is also due toHR and arises from the
n51 level manifold. The single crossing in boxa in the
second shell atB.0.3 T is dominated byHD

L , the same as
the crossing in boxe ~compare with insetd for a truncated
Hamiltonian with onlyH01HSIA , with two low-field cross-
ings!. The sequence of the first excited levels at zero field
j 53/2 (1/2) for the highest~lowest! state, while at higher
energies both SIA and BIA terms cooperate to produce a
crossings@not visible at the resolution in Fig. 1~a!#.

One can further appreciate the intricate balance of
terms by analyzing how various quantities are affected
changes in the lateral and vertical sizes,l 0 andz0, or Rashba
field dV/dz, as shown on Fig. 1~b!. The zero-field splitting
~dotted lines! is dominated by the linear BIA contribution fo
any value ofl 0 here. Increasingz0 strongly reduces the split
tings because the Dresselhaus contribution weakens (H3 , s
symbols!. The reduction is more drastic if one increas
dV/dz (H2 , n symbols!, which makesHR bigger and can
12530
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then cancel or suppress the zero-field splitting produced
HBIA ~labelH1 refers to Ref. 15!. By working with onlyHR

andHD
L terms, authors have mentioned the possibility of tu

ing SO terms to obtain total cancellation of the zero-fie
splitting.6 However,HSIA

D andHD
C are also important for this

cancellation, shifting down the needed values ofz0 or
Rashba field by 10%. We observe that even if one may eli
nate the zero-field splitting, such tuning has nearly no eff
on the anticrossing at finite field. Measurement of both qu
tities on the same sample should yield important informat
on the relative strength of parametersa andg. This would
contribute to better define their values from the rather bro
range reported in the literature.15

The anticrossing fieldBC @solid lines in Fig. 1~b!# de-
creases with QD size, as expected from Eq.~7!, BC

0 .v0

.1/Al 0. A finite a slightly increasesBC , but the BIA con-
tribution increases it considerably. Increasingz0 or dV/dz
decreasesBC , since this decreasesHBIA . One can estimate
that at l 05270 Å (\v057.5 meV), BC.2.1 T, while it
shifts to 1.8 T ifdV/dz is four times larger (H2 label!. If z0
is doubled (H3 label!, BC shifts to 1.5 T. We can use this las
value to make a comparison with Ref. 10, where BIA ter
are absent andBC.1.7 T; the small (0.2 T) difference ca
be attributed to nonparabolicity effects there taken in
account.16 Anticrossings at such low fields may be intere
ing for applications due to easier access.

The minigaps atBC.3.3 T @inset in Fig. 1~b!# have their
main origin from theHR term. Inclusion ofHBIA reduces the
splitting substantially. Ifz0 is changed from 40 to 80 Å (H3
label! the splitting is enhanced slightly, but largerz0 pro-
duces no significant changes. However, the splitting can
drastically enhanced by increasing the Rashba field; for
ample, it changes from 1 to 4.2 meV atl 05190 Å if the
interfacial field is increased fourfold (H2 label!.

Figure 2 illustrates the importance of the level anticro
2-4
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ings on the spin, as the expectation value ofSZ5sZ/2 for
each state is plotted vsB. Figures 2~a! and 2~b! include all
states withE&80 meV ~for full SO and only SIA terms,
respectively!, while Figs. 2~c! and 2~d! focus only on the
lowest seven levels of the full single-particle Hamiltonia
Although a large majority of states haveSZ close to61/2, as
one expects for pure states, there are significant deviati
The various SO terms mix levels close to accidental deg
eracy points in the FD spectrum and produce the large
viations seen here. Figure 2~a! showsBC values where state
in the boxesb andc of Fig. 1~a! reverse their spins. Figur
2~c! shows howHR produces anintrinsic ~i.e., no phonon-
assisted! total collapse of the spin number for the low ener
states in the QD;20 although the ground state is nearly pu
(SZ.1/2, and more so at higherB), the first few excited
states totally mix atBC.3.3 T @compare with Fig. 2~b!
where only SIA terms are taken into account andall QD
levels, except the ground state, collapse atBC.BC

0 52.6 T].
Figure 2~d! shows how a stronger Rashba field (dV/dz
52231023 eV/Å) greatly widens the mixing region an
lowers the field toBC.2.8 T; most importantly, it makes

FIG. 3. ~a! Two-particle QD energy spectrum vsB field ~basis
included 190 states, only lowest levels shown!. Solid ~dotted! lines
refer to H1Hee (H01Hee). With no SO ~dotted lines! and atB
50, ground state is a singlet ($LZ ,SZ%5$0,0%) at 35 meV; the first
~second! excited state is a triplet~singlet! $61,61% and $61,0%
($61,0%) at 48 meV (50 meV). Notice that SO coupling andHee

have opposite effects and levels are shifted back to energies clo
the noninteracting case when SO is taken into account. Low
anticrossing atB.2.7 T is between$0,0% and $21,1% states, in-
duced byHR ~label LZ refers to the two-particlez-orbital angular
momentum!. ~b! SZ for nine lowest states of the two-particle QD
12530
.

s.
n-
e-

visible the anticrossing due to the cubic Dresselhaus term
B.1.2 T, involving the states$0,1,21% and$0,22,11%.

Figure 3~a! shows the lowest energy states for a tw
electron QD. Dotted lines show energy dispersions forH0
1Hee ~no SO terms!; by comparing with a noninteracting
two-electron QD, notice that the direct Coulomb interacti
increases (.5 meV) the singlet ground-state energ
whereas the exchange term creates a new zero-field spli
(.2 meV) between first~triplet! and second~singlet! ex-
cited states. Solid lines show energy dispersions forH
1Hee ~full two-electron Hamiltonian!; notice mainly that:~i!
SO coupling andHee have opposite effects on the spectru
~ii ! the SO coupling lifts the degeneracies of singlet and tr
let excited states and defines new zero-field splittings;~iii !
the minigap atBC.3.3 T of Fig. 1~a! occurs here atB
.2.7 T and it is related to a singlet-triplet mixturenow in-
volving the QD ground state. Figure 3~b! shows theSZ de-
pendence~do not confuse withSZ for the single-particle case
of Fig. 2! on B for H1Hee states; observe the strong intrin
sic spin mixing around 2.7 T. Due to this mixing, a single
triplet transition~qubit! involving the QD ground state be
comes possible and, in principle, may be explored
implementations of quantum computing devices. Moreov
the splitting will also be apparent in the FIR response
QD’s, allowing the determination of the various SO coupli
strengths.

IV. CONCLUSIONS

We have shown that inclusion of all SO terms is essen
in order to obtain a complete picture of the level structure
narrow-gap QD’s, and have discussed the role played
each one of the Rashba and Dresselhaus terms in QD’s s
trum. The combination of strong SO coupling inHR and
large~and negative! g factor introduces strong intrinsic mix
ing of the low excitations for the single-particle spectru
the magnetic field where such mixing occurs is shifted
HD

L to higher fields. Correspondingly, the two-particle spe
trum exhibits strong singlet-triplet coupling at modera
fields, with significant experimental consequences like p
sible use in qubits design. Observation of FIR mode m
netic dispersion would allow the direct determination of co
pling constants.
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Llorenç Serra, and E. Lipparini, Phys. Rev. B66, 235322
~2002!.

8A.V. Khaestkii and Y.V. Nazarov, Phys. Rev. B64, 125316
~2001!; I.L. Aleiner and V.I. Fal’ko, Phys. Rev. Lett.87, 256801
~2001!; L.M. Woods, T.L. Reinecke, and Y. Lyanda-Geller, Phy
Rev. B66, 161318~2002!.

9M. Cardona, N.E. Christensen, and G. Fasol, Phys. Rev. B38,
1806 ~1988!.

10T. Darnhofer, and U. Ro¨ssler, Phys. Rev. B47, 16 020~1993!.
11P. Junker, U. Kops, U. Merkt, T. Darnhofer, and U. Ro¨ssler, Phys.

Rev. B49, 4794~1994!.
12E. Alphande´ry, R.J. Nicholas, N.J. Mason, S.G. Lyapin, and P

Klipstein, Phys. Rev. B65, 115322~2002!.
13O. Voskoboynikov, C.P. Lee, and O. Tretyak, Phys. Rev. B63,

165306~2001!.
14S. Gopalan, J.K. Furdyna, and S. Rodriguez, Phys. Rev. B32, 903

~1985!.
15The material parameters we use for InSb arem50.014m0 , g

5251, «516.5, aB5625 Å, a5500 Å2, andg5160 eV Å3,
12530
v.

.

while for typical dot characteristics we use\v0515 meV (l 0

5190 Å), z0540 Å, and Rashba field dV/dz
520.531023 eV/Å, if no other numbers are specified. The
values yield prefactors at zero B field of ESIA

D 5a\v0 /
l 0
250.2, ER52(a/l)dV/dz51.3, ED

C5g/l350.02, ED
L

5g^kz
2&/l55.2, andEee5\Vl/aB54.5, all in meV; this illus-

trates the order of magnitude of the various terms, although
contributions will be different for different levels and chang
with model parameters and magnetic field. Other~larger! values
of g appear in the literature, and we use this to avoid overe
mating its role in the spectrum.

16Nonparabolicity is important in InSb but its effect is ignored he
as it does not introduce spin mixing. Its main effect is to sh
energy levels somewhat, which will in turn shift the critical fie
BC .

17L. Jacak, A. Wojs, and P. Hawrylak,Quantum Dots~Springer,
Berlin, 1998!.

18C.F. Destefani, Ph.D. dissertation, Universidade Federal de˜o
Carlos, Brazil, 2003.

19J.J. Sakurai,Modern Quantum Mechanics~Addison-Wesley,
Reading, 1994!.

20The appearance of minigapsD in the spectrum would produce
strong spin flips with a rateG.\/D. Notice, of course, that the
strong spin mixing yields intrinsically impure states.
2-6


