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Relativistic electron energy loss and induced radiation emission in two-dimensional metallic
photonic crystals. I. Formalism and surface plasmon polariton

Tetsuyuki Ochiai and Kazuo Ohtaka
Center for Frontier Science, Chiba University, Chiba 263-8522, Japan

~Received 26 August 2003; published 18 March 2004!

A fully relativistic description of the electron energy loss and the induced radiation emission in arbitrary
arrays of nonoverlapping metallic cylinders is presented in terms of the multiple scattering method on the basis
of vector cylindrical waves. Numerical analysis is given for dilute and dense arrays of Aluminum cylinders
with a nanoscale diameter. The results of the electron energy loss spectrum are well correlated with the
dispersion relation of coupled surface plasmon polaritons, and can be interpreted with an effective medium
approximation when the electron runs inside the arrays. In addition, the cavity modes localized in the grooves
between the cylinders can strongly affect the electron energy loss spectrum.
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I. INTRODUCTION

Recently, much interest has been attracted in optical p
erties of composite materials such as cluster of meta
nanoparticles,1 photonic crystal,2,3 and left-handed
material.4–6 They have the potential ability to enhance va
ous optical processes with their rich spectrum, and will b
key component of future optoelectronics devices. So
their properties have been investigated mainly with far-fi
optical equipment. However, near-field responses of them
of great importance, because much information can be
tained from the evanescent light involved in compos
materials.

The electron energy loss~EEL! spectroscopy in a scan
ning transmission electron microscope is closely related
the near field, and is a quite useful tool to investigate b
bulk and surface excitations of samples. In a typical E
experiment the kinetic energy of electron is on the order
100 keV, and a low-energy part of the EEL spectrum is
lated to a collective excitation such as surface plasm
Thus, the spectrum is well interpreted in terms of a class
macroscopic theory on the basis of an effective dielec
function, taking account of geometry and anisotropy
samples. For instance, the EEL of a multiwall fullerene c
be well explained with an effective dielectric function of th
corresponding Graphite sheets.7

There are extensive references on the EEL spectrum
various geometrical objects,8–11 though most works neglec
the retardation effect. As for the composite materia
Maxwell-Garnett ~MG!-type approximations have bee
widely used. In the last decade a remarkable progress
been made on this subject. Pendryet al. proposed a new
theoretical method for the EEL of periodically arrang
nanostructures12 in terms of the real-space transfer matrix
the electromagnetic wave.13 Garcı́a de Abajoet al.developed
a multiple-scattering method for clusters of nanoparticles,
the basis of vector spherical waves14,15 and of the boundary
element method.16,17These methods are very powerful and
principle can be adapted to various complex geometr
However, owing to the spatial discretization used in t
0163-1829/2004/69~12!/125106~13!/$22.50 69 1251
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transfer matrix method and in the boundary element meth
the accuracy of the results reduces to some extent at
frequencies.

Here, we present a fully relativistic multiple-scattering a
proach focused on arrays of nonoverlapping cylinders by
ing vector cylindrical waves. Though at present the meth
works only for the cylinders with isotropic dielectric func
tions, in principle it can work for anisotropic cylinders suc
as multiwall carbon nanotubes.18 With this method the light
scattering, as well as the EEL and the induced radiat
emission in arbitrary arrays of nonoverlapping cylinders c
be treated in a unified manner by solving exactly t
multiple-scattering equation. In addition, since the meth
utilizes the Fourier decomposition along the cylindrical ax
the local optical responses of a certain wave vector along
axis can be obtained. This property is feasible in order to
the effects of the localized electromagnetic modes of cy
ders in detail. We should note that our method is optimiz
for arrays of nonoverlapping cylinders. In contrast to t
methods based on the spatial discretization, it maintains h
accuracy even at high frequencies. Though in this paper
restrict ourselves to the low-frequency region, we will de
with the high-frequency region in Paper II.19

A certain amount of the EEL in composite materials
caused by the induced radiation emission. As for a meta
nanoparticle, this phenomenon is known as the surface p
mon radiation emission.20 By arranging nanoparticles per
odically, so-called Smith-Purcell~SP! radiation21,22 takes
place. One of the authors~K.O.! and his collaborators hav
studied the SP radiation in the photonic crystals compose
dielectric spheres in detail, where a notable enhancemen
the intensity of the SP radiation takes place owing to
singular state density of photon in the photonic crystals.22–25

However, to the best of our knowledge, none has been
ported concerning the radiation emission from arrays of c
inders. Thus, the quantitative evaluation of the radiat
emission in the arrays is another theme of the paper.

On the other hand, the determination of the effective
electric function of composite materials is still valuable
low frequencies. It gives a concise explanation of the abso
tion spectrum as well as the EEL spectrum of the compo
©2004 The American Physical Society06-1
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materials in bulk.26 Moreover, the determination is an impo
tant issue in the field of left-handed material, which h
negative permittivity and permeability simultaneously. Se
eral methods to determine them have been proposed by m
authors.27–29 Here, we propose an alternative method by
ing the scattering matrix of semiinfinite photonic crystals a
compare the EEL in the effective medium with that of ph
tonic crystal.

This paper deals mainly with the formalism of our meth
as well as the numerical analysis on clusters of Alumin
cylinders whose diameter is a few nanometers, bearing
bon nanotube arrays in mind. In Paper II we will deal with
metallic photonic crystal whose lattice constant is com
rable with the plasma wavelength of the constituent meta
cylinders. Since it is very bulky to present a comprehens
analysis on the EEL and the induced radiation emission
single paper, we should discuss the above topics separa
In the nanostructures which are analyzed in this paper
relevant range in wavelength, which is near the surf
plasma wavelength of metal, is much larger than the dia
eter and than the pitch of the structure. As a result, effect
usual photonic bands, which come from zone folding a
lifting of degeneracy on Bragg planes, do not appear in
EEL spectrum and the induced radiation emission spect
at relevant frequencies. In particular there is no remarka
feature in the SP radiation emission spectrum. Instead,
usual photonic bands of coupled surface plasmon polari
have a strong influence on the EEL spectrum at very
frequencies. Moreover, in the relevant frequency range
effective medium approximation can be reasonably adap
to the structure. As for the structure which will be discuss
in Paper II, we will show that effects of the usual photon
bands are very pronounced for the EEL and the induced
diation emission spectra.

The paper is organized as follows. In Sec. II we brie
summarize the vector cylindrical wave formalism. Using t
formalism the dispersion relation of the surface plasmon
lariton in an isolated metallic cylinder is obtained. The m
tiple scattering method is adapted to the EEL and the indu
radiation emission in clusters of metallic cylinders in Se
III. In Sec. IV the expression of the EEL in metallic photon
crystals is derived. The numerical results of the EEL sp
trum are compared both with those of the isolated cylin
and with those of an effective homogeneous medium.
nally, we summarize the results.

II. SURFACE PLASMON POLARITON IN AN
ISOLATED CYLINDER

An infinitely long metallic cylinder with a circular cros
section can support an electromagnetic surface-local
mode which is called surface plasmon polariton~SPP!. The
SPP is characterized by an angular momentuml, a wave
numberkz , and an angular frequencyv, owing to the rota-
tion invariance with respect to the cylindrical axis, the tran
lational invariance along the axis, and the translational
variance of time, respectively. Before considering
dispersion relation, it is valuable to note some formulas
the light scattering by an isolated cylinder using vector
12510
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lindrical waves.30 From now on, we take the cylindrical axi
to thez axis. Assume that a monotonic incident wave with
momentumkz along the cylindrical axis is scattered by a
isolated cylinder with a dielectric function«a(v) and a ra-
dius r embedded in a host with a permittivity«b . Through-
out the paper«b is taken to be 1 in numerical calculation
though we keep it unspecified in the following equation
The incident wave can be written as a superposition of ve
cylindrical waves:

E0~x!5eikzzF S 2
1

lb
ẑ3“ i DcM ,0~x!

1S ikz

lbqb
“ i1

lb

qb
ẑDcN,0~x!G , ~1!

cb,0~x!5(
l

Jl~lbr!eil uc l
b,0 ~b5M ,N!, ~2!

lb5Aqb
22kz

2, qb5A«b

v

c
, ~3!

wherec is the speed of light in vacuum, (r,u,z) is the cy-
lindrical coordinate,ẑ is the unit vector along thez direction,
and“ i is the differential operator with respect to (r,u). In
the present paper we take the following convention of
square root of a complex number: ImAw>0 for Im(w)
>0. Sometimes, we call theM ~N! field theP ~S! polariza-
tion. At kz50 the M ~N! field corresponds to the TE~TM!
polarization.

A metallic or dielectric cylinder scatters light irrespectiv
of whether the light is evanescent or not. By imposing t
boundary condition of Maxwell’s equation, we can solve t
scattering problem exactly. The induced wave scattered
the cylinder is given by

Eind~x!5eikzzF S 2
1

lb
ẑ3“ i DcM , ind~x!

1S ikz

lbqb
“ i1

lb

qb
ẑDcN, ind~x!G , ~4!

cb, ind~x!5(
l

Hl~lbr!eil uc l
b, ind, ~5!

c l
b, ind5(

b8
t l
bb8c l

b8,0 . ~6!

Here,Hl is the Hankel function of first kind andt l
bb8 is the

t-matrix of the cylinder, its analytical expression being

S t l
MM tl

MN

t l
NM tl

NND 52S dl
.MM dl

.MN

dl
.NM dl

.NND S dl
,MM dl

,MN

dl
,NM dl

,NND 21

,

~7!
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S dl
.MM dl

.MN

.NM .NND 5

rbJl8~ra!Jl~rb!2raJl~ra!Jl8~rb! l
kz

qa
S rb

ra
2

ra

rb
D Jl~ra!Jl~rb!

, ~8!
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dl dl S
l

kz

qb
S rb

ra
2

ra

rb
D Jl~ra!Jl~rb!

qa

qb
rbJl8~ra!Jl~rb!2

qb

qa
raJl~ra!Jl8~rb!

D
S dl

,MM dl
,MN

dl
,NM dl

,NND 5S rbJl8~ra!Hl~rb!2raJl~ra!Hl8~rb! l
kz

qa
S rb

ra
2

ra

rb
D Jl~ra!Hl~rb!

l
kz

qb
S rb

ra
2

ra

rb
D Jl~ra!Hl~rb!

qa

qb
rbJl8~ra!Hl~rb!2

qb

qa
raJl~ra!Hl8~rb!

D , ~9!

r i5l i r ~ i 5a,b!, la5Aqa
22kz

2, qa5A«a

v

c
. ~10!
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It should be emphasized that except forkz50 or l 50, theM
~N! polarization mixes with theN ~M! polarization in the
induced wave. This property is quite distinct from the case
an isolated sphere, where the polarization mixing does
take place. In the light scattering by cylinder there is anot
distinct point from that by sphere. Sincelb is the wave num-
ber in the (x,y) plane, the induced wave is evanescent wh
lb is pure imaginary. On the other hand the induced wave
the sphere behaves ashl(qbuxu), wherehl is the spherical
Hankel function of first kind. This means that induced wa
by the sphere is always real and has a net flux atuxu5`
irrespective of whether the incident wave is evanescen
not.

Next, we focus on the SPP mode in an isolated meta
cylinder. The SPP mode is a real eigenmode in the cylin
and can exist without the incident light. Therefore, taki
account of Eq.~6! the equation that determines the disp
sion relation of the SPP is given by

S t l
MM tl

MN

t l
NM tl

NND 21S c l
M , ind

c l
N, indD 50. ~11!

Like as the SPP on a flat metal/air interface, whose dis
sion relation is given by the pole of the interfaceS matrix
between the metal and air, the dispersion relation of the
in a metallic cylinder is given by the pole of thet matrix. The
above equation leads to the following secular equation:

detS dl
,MM dl

,MN

dl
,NM dl

,NND 50 ~12!

for the SPP mode with angular momentuml. Strictly speak-
ing, we must say that the SPP mode is referred to the m
with pure imaginaryla , when the cylinder is of metal. Th
secular equation also determines the dispersion relatio
the guided modes, in whichla is real and positive, when th
cylinder is of dielectric.

For simplicity, from now on, we restrict our consideratio
to an aluminum cylinder with diameter 2.5 nm, though t
formalism presented in the paper can be adapted to any t
of cylinders as long as an isotropic dielectric function of t
12510
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cylinder is concerned. The dielectric function of the Alum
num can be approximated well with the following Drud
formula:

«a~v!512
vp

2

v~v1 ih!
, ~13!

\vp and\h being 15 eV and 1 eV, respectively. The sm
diameter of the cylinder is comparable with that of a carb
nanotube and the plasma frequency is equal to 3
31015 Hz and to 82.7 nm in terms of wavelength, whic
corresponds to ultraviolet light. Though the cylinder has
nanoscale diameter, it seems still reasonable to apply
macroscopic dielectric function to the cylinder.

In Fig. 1 the dispersion relation of the SPP modes of
Aluminum cylinder is shown. In this case the SPP mode w
l 50, which is the solution ofd0

,NN50, is quite distinct
from those withl>1. The mode withl 50 ends atv50 and
has positive slope in the (v,kz) space, whereas the othe
modes end at finitev on the light linev5ckz and have
negative slopes. Asl increases, the dispersion curves a
proach tov5vp /A2. Though the dispersion curves end o

FIG. 1. The dispersion relation of the surface plasmon polari
of the Aluminum cylinder with diameter 2.5 nm in air. The loss-le
Drude dielectric function with\vp515 eV was assumed for th
aluminum cylinder. The bold line is the light linev5ckz .
6-3



ne
s
h

tio
e

t
pa
re
o
r

eV
th

e
er

r
e

th
re
e

is
b

r

e
t

f
t

-

the
ng
ter-

e
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the light line, they can be extrapolated inside the light co
With this extrapolation we can understand how the SPP re
nance occurs when real light is incident on the cylinder. T
resonance also affects significantly the induced radia
emission when a charged particle passes near the cylind

III. ELECTRON ENERGY LOSS IN
CLUSTER OF CYLINDERS

The formalism presented above serves to describe
EEL and the induced radiation emission when a charged
ticle runs near a cluster of cylinders. In this method the
tardation effect is fully taken into account, though the rec
of the charged particle is neglected. In a typical EEL expe
ment the kinetic energy of the electron is about 100 k
whereas the total energy loss is less than 0.01% of it, so
the assumption of neglecting the recoil is fairly justified.

Let us consider a charged point particle with a charge
and a velocityv runs near the cluster composed of nonov
lapping metallic cylinders aligned in thez direction, whose
positions are specified by two-dimensional (x andy) vector
xa(a51,2, . . . ,N), N being the number of the cylinders. Fo
simplicity, we assume that the charged particle does not p
etrate any cylinders in the cluster and the trajectory of
particle is perpendicular to the cylindrical axes. Therefo
without losing generality, the position of the particle at tim
t is taken toxt5(vt,y0 ,z0) in the Cartesian coordinate. As
known well, a running charged particle is accompanied
the electromagnetic wave that is given by

E0~x,v!52
vm0e

2 E dkz

2p
e6ei

v
v x1 iguy2y0u1 ikz(z2z0),

~14!

e65S 1

g S 12
1

qb
2 S v

v D 2D
7

1

qb
2

v

v

2
1

qb
2

v

v
kz

g

D , ~15!

g5Aqb
22S v

v D 2

2kz
2, ~16!

in the time-Fourier component. Here, the superscript ofe is
referred to the sign ofy2y0. If the light velocity in the
background medium is smaller thanv, the electromagnetic
wave becomes real, yielding the Cerenkov radiation. He
we restrict ourselves to the regionv,c/A«b, so that the
electromagnetic wave is evanescent (g is pure imaginary!.

The above expression can be transformed into a lin
combination of the vector cylindrical waves centered ax
5xa as
12510
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E0~x,v!5E dkz

2p
eikz(z2z0)F S 2

1

lb
ẑ3“ i Dca

M ,0~x!

1S ikz

lbqb
“ i1

lb

qb
ẑDca

N,0~x!G , ~17!

ca
b,0~x!5(

l
Jl~lbux2xau!eil u(x2xa)c l ,a

b,0 , ~18!

c l ,a
M ,05

m0ev

2
ei (v/v)xa6 ig(ya2y0)S 6

i

lb
D i le2 i l uK6, ~19!

c l ,a
N,05

m0ev

2
ei (v/v)xa6 ig(ya2y0)S kzv

qbvglb
D i le2 i l uK6.

~20!

Here, uK6 is the argument of two-dimensional vectorK6

[(v/v,6g) for a realg. In the case of a pure imaginaryg
we must defineuK6 as

eil uK65S v/v6 ig

lb
D l

. ~21!

Moreover,6 in Eqs.~19! and~20! corresponds to the sign o
y02ya and c l ,a

b,0 is the multipole coefficient of the inciden
wave for cylindera. We should note that thekz integration is
involved in Eq.~17!. However, sincekz is a conserved quan
tity for the cluster, each cylindrical wave with fixedkz is
independently scattered by the cluster.

The incident evanescent wave is multiply scattered in
cluster of the cylinders. By using the multiple-scatteri
method, the induced radiation field is self-consistently de
mined as follows.14 If we focus on cylindera, the incident
wave consists of the direct term@Eq. ~17!# plus the sum of
the induced wave scattered by another cylindera8. There-
fore, the induced wave from cylindera is obtained by mul-
tiplying the t matrix of cylindera to the multipole compo-
nents of the incident wave reexpanded aroundx5xa . As a
result, the self-consistent induced wave is determined as

Eind~x,v!5E dkz

2p
eikz(z2z0)F S 2

1

lb
ẑ3“ i DcM , ind~x!

1S ikz

lbqb
“ i1

lb

qb
ẑDcN, ind~x!G , ~22!

cb, ind~x!5(
l ,a

Hl~lbux2xau!eil u(x2xa)c l ,a
b, ind, ~23!

c l ,a
b, ind5(

b8
t l ,a
bb8S c l ,a

b8,01(
l 8

(
a8Þa

Gla,l 8a8c l 8,a8
b8, indD ,

~24!

Gla,l 8a85Hl 82 l~lbraa8!e
i ( l 82 l )uaa8. ~25!

Here,Gla,l 8a8 is the propagator from cylindera8 to a, and
in its expressionraa8 and uaa8 are the magnitude and th
argument ofxa2xa8 , respectively.
6-4



in

c
s
.
ry
n-
tio
b
c

io

th

e

b

t

r

i-
se-
is is

he

n of

he

-
ob-
ther
,
ith

the

er-

er-
we

n,

ss-
ver,

mi-

le
ce
ar-

RELATIVISTIC ELECTRON ENERGY LOSS. . . . . I. . . . PHYSICAL REVIEW B69, 125106 ~2004!
As was mentioned in Sec. II, the induced wave conta
propagating components with reallb , which have a net flux
at r→`. This implies that a radiation emission takes pla
when a charged particle passes near the cluster. As a re
the charged particle losses its energy via the emission
addition, if the cylinders are lossy having positive imagina
part in «a(v), a part of the energy is absorbed in the cyli
ders. The total energy loss is then the sum of the radia
emission and the absorption. Qualitatively, the loss can
calculated with the exerted force by the induced field rea
ing on the particle. Thus, its expression is given by

Pel~v!52
e

2
ReE dte2 ivtv•Eind~xt ,v! ~26!

per unit angular frequency. The integral overt yields

Pel~v!5E dkz

2p
Pel~v,kz!, ~27!

Pel~v,kz!52e(
l ,a

ReFe2 i (v/v)xa6 ig(y02ya)~2 i ! leil uK6

3S 6
i

lb
c l ,a

M , ind2
kzv

vqblbg
c l ,a

N, indD G . ~28!

Here,6 in the above equation is referred as the sign ofy0
2ya .

On the other hand the net flux of the induced radiat
emission is obtained by

Pem~v!5 lim
r→`

1

2E dzdur ~29!

3Re@~Eind~x,v!!* 3H ind~x,v!#• r̂. ~30!

per unit angular frequency. Using the asymptotic form of
induced field@Eq. ~22!#, the net flux turns out to be

Pem~v!5E
2qb

qb dkz

2p
Pem~v,kz!, ~31!

Pem~v,kz!5
lb

2m0vE du~ u f M~u!u21u f N~u!u2!, ~32!

f b~u!5A 2

plb
(
l ,a

e2 ilbr̂•xa1 i l u~2 i ! l 11c l ,a
b, ind. ~33!

The cutoff of thekz integral comes from the fact that th
scattered wave becomes evanescent whenukzu.qb . If there
is no absorption in the cylinder, the energy loss must
equal to the net flux of the radiation emission, that is,

Pel~v,kz!5Pem~v,kz!. ~34!

This equality serves as a criterion of the correctness and
convergence of numerically calculated EEL spectrum.

In the case of an isolated cylinder, the integration oveu
in Eq. ~32! can be performed analytically, yielding
12510
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Pem~v,kz!5
2

m0v (
lb

U(
b8

t l
bb8c l

b80U2

. ~35!

First of all, let us consider the EEL in the isolated alum
num cylinder. The EEL spectrum of the cylinder has a
quence of peaks at the frequencies of the SPP modes. Th
because thet matrix has a SPP pole on the real axis in t
complex plane ofv as can be understood in Eqs.~7! and
~12!. To see the correspondence of the dispersion relatio
the SPP, Fig. 2 shows the integrandPel(v,kz) of the EEL
spectrum, changing thekz value from 0 to 10 in units of
vp /c. Here, the velocity and the impact parameter of t
charged particle were taken to 0.4c and 2r , respectively. One
can find the main EEL peak appears nearv5vp /A2, where
the SPP bands withl>1 exist. In contrast to the fine struc
ture of these bands in Fig. 1, no fine structure can be
served in the peak. This is a direct consequence of ra
large imaginary part in the dielectric function of Aluminum
which yields a broadening and mixing of the SPP bands w
l>1. The peak frequency decreases with increasingkz , re-
flecting the negative slopes of these bands. In addition to
main EEL peak another EEL peak appears much belowv
5vp /A2. This peak comes from the SPP mode withl 50,
as can be understood clearly by comparing with the disp
sion relation of the SPP mode withl 50. In fact the peak
frequency increases quite remarkably with increasingkz ,
tracing the dispersion curve of the SPP withl 50. As a gen-
eral tendency,Pel(v,kz) decreases with increasingukzu.

Next, we consider how the imaginary part affects the p
centage of the radiation emission in the EEL. To this end,
show in Fig. 3 the integrated EEL spectrumPel(v) and the
integrated radiation emission spectrumPem(v) at h
50,1 eV. At h50 these must coincide. As can be see
when the imaginary part in«a is introduced, the radiation
emission spectrum is almost unchanged from that in the lo
less cylinder except for the SPP frequency region. Howe

FIG. 2. The electron energy loss spectrum in an isolated Alu
num cylinder with diameter 2r 52.5 nm. The spectrum is given in
units ofm0ce2r /2 and consecutive curves are shifted 4~in the same
units! upward for readability. The velocity of the charged partic
was taken to bev50.4c. The impact parameter, i.e., the distan
between the cylindrical axis and the trajectory of the charged p
ticle, is 2.5 nm.
6-5
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the EEL spectrum receives a drastic change. According to
figure, the EEL is dominated by the absorption in the cyl
der under study. Therefore, the efficiency for converting
kinetic energy of the charged particle to the radiation
surface plasmon is very low.

Finally, we consider how the spectra change when ano
cylinder is added. In this case, the multiple scattering of
induced radiation significantly affects the spectra. As we w
see, almost touched metallic cylinders causes a dra
change in the spectra as well as in the near-field config
tion. This phenomena is closely related to the surfa
enhanced Raman scattering,31–34in which the intensity of the
induced electromagnetic field is enhanced more than a th
sand times as large as that of the incident intensity. As
example, we explored the EEL for various spatial arran
ments of the two identical Aluminum cylinders. Figure
shows the EEL spectraPel(v,kz) with kz50 corresponding
to the arrangements shown in the insets. In~a! and ~b! the
two cylinders are well separated, the distance between
two cylindrical axes being 4r (r 51.25 nm), whereas in~c!
and ~d! they are very close to each other, the distance be
2.16r . The distance between the two cylindrical axes and

FIG. 3. The integrated EEL and the radiation emission spectr
the isolated aluminum cylinder. The same parameters as for F
were used.

FIG. 4. The EEL spectra in the two identical aluminum cyli
ders with various spatial arrangements shown in the insets.kz50
was assumed. See text for the other parameters.
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trajectory of the charged particle is 2r in ~a! and ~b!, and is
1.08r in ~c! and ~d!. As expected, if the two cylinders ar
well separated along the trajectory@case~a!#, the EEL spec-
trum per cylinder has a single peak nearv5vp /A2, though
an asymmetry of the peak is observed. In case~b! the two
cylinders are separated along the normal direction of the
jectory. This geometry still yields a single peak in the EE
spectrum atv.vp /A2. Since there is the parity symmetr
with respect to the trajectory, No electro-magnetic mod
with the odd parity is involved in case~b!. On the other
hand, if the two cylinders are very close to each other, s
eral loss peaks appear at the frequencies far fromvp /A2. In
particular, the spectrum of the case~d! has two marked peak
at v/vp.0.52 and 0.84. The latter peak is shared also
case~c!. The peak atv/vp.0.52 is related to the weakly
resonant cavity modes localized in the groove between
two cylinders. To confirm this, we show the field intensi
uHz(x)u2 at the peak frequency in Fig. 5. In the figure we c
see clearly that the peak is caused by the cavity mode in
groove. As for the peak atv/vp.0.84 we could not find a
clear evidence of the resonant cavity mode, as the field
tensity at the peak frequency has another local maximum
boundary of the cylinder beside that in the grooves. T
feature suggests that this peak to be caused by a strong
ing of a cavity mode and the SPP modes. If the electron r
across the groove of the almost touched cylinders@case~c!#,
the peak atv.0.52vp disappears owing to the symmetr
mismatch and the peak atv.0.84vp receives an enhance
ment.

Regarding the radiation emission spectrum in the two c
inders, its features are more or less similar to those in Fig
though the magnitude ofPem(v,kz) is much smaller than
that of Pel(v,kz).

IV. ELECTRON RUNNING OUTSIDE
PHOTONIC CRYSTAL

A photonic crystal that consists of a periodic array
metallic cylinders has a rich spectrum in it, including infini
SPP bands for the TE polarization35,36 and a low-frequency
cutoff for the TM polarization.37 Combining these propertie
with a running charged particle, the system can react a

in
2

FIG. 5. The field intensityuHz(x)u2 induced by a running
charged particle whose velocity is 0.4c is plotted at (kz ,v)
5(0,0.523vp), where a peak is observed in the EEL spectrum. T
solid line stands for the edges of the two cylinders. The trajector
the charged particle is aty521.35 nm.
6-6
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novel light emitter. In fact, when a charged particle pas
near the photonic crystal, it induces the emission of real p
ton as was first pointed out by Smith and Purcell for a m
tallic grating.21 In the photonic crystal, this phenomenon c
be interpreted in two ways. One interpretation is as follow
The incident evanescent wave from the charged particle
quires an Umklapp momentum transfer in the photonic cr
tal, thereby coming into the light cone in the (v,ki) space,ki
being the wave vector parallel to the boundary of the pho
nic crystal. As a result, real photon is emitted from the ph
tonic crystal. The other interpretation is to regard the p
nomena as a coherent radiation emission from differ
cylinders. Though these two interpretations are equival
the two points of view give us a deep insight of the S
radiation in the photonic crystal.

In the case of an isolated cylinder, the induced radiat
emission is possible whenqb

2.kz
2 , i.e., when the emitted

light is inside the light cone of the (v,kz) space. On the
other hand, the condition that the evanescent light turns
to be a real photon via the Umklapp momentum transfe
the photonic crystal is given by

qb
22kz

22S v

v
2n

2p

a D 2

.0, ~36!

a being the pitch of the photonic crystal. Therefore, the
lowed frequency range of the SP radiation is

ṽ2,ṽ,ṽ1 , k̃z
2,

n2«b

S c

v D 2

2«b

, ~37!

ṽ65

n
c

v
6An2«b2F S c

v D 2

2«bG k̃z
2

S c

v D 2

2«b

, ~38!

whereṽ5va/2pc and kz̃5kza/2p. If the above condition
is not satisfied in the light cone, a destructive interferen
among the induced radiation fields from different cylinde
occurs, leading to the prohibition of the radiation emissi
This also implies that if there is no absorption in the photo
crystal, the concerned range in the (v,kz) space does no
contribute to the EEL in the photonic crystal. The phase d
gram of the radiation emission atv50.4c is shown in Fig. 6.
In Fig. 6 the SP radiation is allowed in the shaded regi
The allowed region has the low-frequency cutoff which
creases with increasingv value. Besides, in the allowed re
gion of the SP radiation the photonic density of state is
general singular including the Van Hove singularity. The
fore, we may expect a quite rich spectrum of the SP radia
in the photonic crystals.

The rich spectrum is not limited in the SP radiation. W
should mention that the photonic band structure exists
outside the shaded region of Fig. 6. As long as the imagin
part inea is nonzero, the absorption of the induced radiat
is inevitable in the photonic crystal. This causes the E
outside the shaded region, and the EEL is affected sig
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cantly by the photonic band structure therein. Inside
shaded region the EEL consists of the radiation emission
the absorption, and they are independent physical obs
ables.

Like as in the case of cluster of cylinders, the EEL and
SP radiation in the photonic crystals can be treated in a
fied framework with the multiple-scattering method on t
basis of vector cylindrical waves. Pendry and Marti
Moreno presented for the first time an unified framework
terms of the transfer matrix method to argue the EEL and
SP radiation in photonic crystals.12 The method is based on
discretization of Maxwell’s equation on a spatial mesh
order to obtain the real-space transfer matrix.13 They found
that the scattering matrix, which is obtained from the trans
matrix, is directly related to the EEL and SP radiation sp
tra. Their algorithm is easily adapted to the two-dimensio
counterpart30,38,39 of the layer Korringa-Kohn-Rostoker
Ohtaka~KKRO! method,40–45 which is a generalization o
the multiple scattering method to periodic systems. T
layer-KKRO method has very high accuracy for the photo
crystal under consideration. We should note that the thr
dimensional layer-KKRO method was already used for d
cussing the EEL and the SP radiation in three-dimensio
photonic crystals composed of spheres.23–25,46

Let us assume that a running charged particle passes
side a finite-thick photonic crystal composed of a perio
array of the Aluminum cylinders. The particle runs with di
tances from the boundary (y5yin) parallel to the~1,0! di-
rection of the square lattice. Here, we take thex axis to be
parallel to the~1,0! direction. A schematic illustration of the
system under study is shown in Fig. 7. In this case the
duced radiation field in the outer region of the photonic cr
tal including the particle trajectory is given by

Eind~x,v!52
m0ev

2 (
h
E dkz

2p
eiKh

2
•(x2xin)

3Q21~h,h0!e1eigh0
s, ~39!

FIG. 6. The phase diagram of the induced radiation emissio
a periodic array of cylinders with lattice constanta is shown. The
Smith-Purcell radiation is possible only in the shaded region of
(kz ,v) plane. The velocity of the charged particle was taken to
v50.4c. The solid line is the light linev5ckz .
6-7
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Kh
65~kx1h,6gh ,kz!, ~40!

v

v
5kx1h0 , ~41!

gh5Aqb
22~kx1h!22kz

2, ~42!

where Q66(h,h8), which has spatial tensor index, is th
scattering matrix of the photonic crystal,30 kx is the Bloch
momentum in the irreducible surface Brillouin zone asso
ated with the boundary,h(52pZ/a) is a reciprocal lattice
vector, andxin5(0,yin ,z0) in the Cartesian coordinate. In th
opposite outer region of the photonic crystal the induc
radiation field~transmitted SP radiation in Fig. 7! is given by

Eind~x,v!52
m0ev

2 (
h
E dkz

2p
eiKh

1
•(x2xout)

3Q11~h,h0!e1eigh0
s, ~43!

where xout5(0,yout,z0), yout being they coordinate of the
upper boundary. Quantitatively, the EEL per unit length
the particle trajectory is expressed by the following equati

Pel~v,kz!5 1
4 m0e2ve22ugh0

usugh0
u

3Im@~e1!†Q21~h0 ,h0!e1#. ~44!

On the other hand the SP radiation spectrum per unit len
is given by

FIG. 7. A charged particle runs with distances from the bound-
ary of the finite-thick photonic crystal, which is composed of
square array of cylinders with pitcha. The polarization vector of the
evanescent wave accompanied by the charged particle is denot
e6.
12510
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Pem~v,kz!5 1
8 m0e2ve22ugh0

us

3 (
hPopen

gh~ uQ11~h,h0!e1u2

1uQ21~h,h0!e1u2!, ~45!

where the summation is taken over the open diffraction ch
nels.

If the cylinders are loss less in the photonic crystal, ag
Pel(v,kz)5Pem(v,kz). This can easily be confirmed b
considering flux conservation through the photonic crysta

(
hPopen

gh~ uQ11~h,h0!e1u21uQ21~h,h0!e1u2!

52ugh0
uIm@~e1!†Q21~h0 ,h0!e1#. ~46!

Here, we study two kinds of metallic photonic crysta
One is a dilute photonic crystal that is composed of
square array of the Aluminum cylinders with the lattice co
stant a54r 55 nm. The other is its dense version whic
corresponds to the cases~c! and ~d! of the coupled two cyl-
inders treated in the last section (a52.16r 52.7 nm). The
photonic band structures of these photonic crystals atkz50
projected on the surface Brillouin zone associated with
boundary parallel to the~1,0! direction of the square lattice
are shown in Fig. 8. The band structures were calculated
using the two-dimensional layer-KKRO method takingl max
55 and 12 in the dilute and dense photonic crystals, resp
tively. Here, we dropped the band diagram of theS ~TM!
polarization, because it is not relevant to our problem. Ho
ever, at nonzerokz we must take account of both theSandP
polarizations.

In both the photonic crystals the plasma frequency of
cylinder is much smaller than the lattice scale, so that
photonic band structure is very close to that of the em
lattice at high frequencies. However, belowv5vp many flat
bands which characterize the metallic photonic crystals
pear. These bands are generally anisotropic, reflecting
C4v symmetry of the square lattice, and have a singular s
density. In the dilute photonic crystal, many bands are c
centrated nearv5vp /A2. This indicates that they ar
merely a tight-binding coupling of the SPP of the isolat
cylinder. In principle, we can find infinite numbers of the fl
bands aroundv5vp /A2, and they are quite difficult to dis
tinguish. On the other hand, in the dense photonic crystal
flat bands are diverse in frequency, whereas their cente
still at v5vp /A2. Some of the bands are originated fro
the cavity mode localized in the groove of the two cylinde
However, most flat bands are considered to be related w
the SPP of an Aluminum cylinder.

In Fig. 8 the dispersion line of the radiation involved
the EEL, i.e.,v5v(kx1h) ~which is referred to as thev
line! as well as the light linev56ckx are also shown. Here
v is assumed to be either 0.4c or 0.9c andh is taken to be 0.
In the frequency range concerned only the line withh50 is
relevant, because the threshold of the SP radiation occur
along thev line of h52p/a is rather high@ṽ2.0.286 and

by
6-8
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0.474 in Eq.~38! for v50.4c and 0.9c, respectively#. As a
result, the EEL is caused solely by the absorption in
frequency range concerned. When thev line meets the
shaded region of the projected band diagram, the cha
particle can excite an eigenmode in the photonic crystal
thus causes an enhanced absorption loss in EEL. Str
speaking, the projected band scheme should be used to
derstand the feature of the photonic crystal with infin
thickness along theG-X direction. Since we are considerin
a finite-thick photonic crystal, the shaded region in Fig
must be regarded as a set of the dispersion curves of
eigenmodes in the finite-thick photonic crystal. Apparen
as the thickness increases, the dispersion curves fills up
the shaded region.

Figure 9 showsPel(v,kz) with kz50 of the two photonic
crystals, varying number of layers. The velocity of t
charged particle was taken to 0.4c and the parameters was
taken to zero. Concerning the dilute photonic crystal,
EEL spectrum has the double peaks nearv5vp /A2 in the
monolayer case. This feature already appeared in the re
of the two separated cylinders~see Fig. 4!, where an asym-
metry of the loss peak is observed. As the number of lay
increases, the double peaks disappear and the spectrum

FIG. 8. The photonic band structure of the square lattice of
loss-less~i.e.,h50) Aluminum cylinders atkz50 was projected on
the surface Brillouin zone associated with the boundary paralle
the ~1,0! direction of the square lattice. In~a! the cylinders are well
separated~lattice constanta54r 55 nm), whereas in~b! the cylin-
ders nearly touch (a52.16r 52.7 nm).
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verges to a certain function which has single peak neav
5vp /A2. The converged spectrum is not so far from t
EEL spectrum of the isolated cylinder in which the sing
peak is found atkz50. These features are consistent with t
numerical results on the projected band structure~Fig. 8!:
The v line of v50.4c hits only the flat bands nearv
5vp /A2. As in the isolated cylinder, we can infer that th
single peak in the EEL spectrum is caused by the broade
and mixing of the flat bands owing to the nonzero imagina
part in «a .

As for the dense photonic crystal, there are several l
peaks whose positions change as the number of layers
creases. Compared with the case of coupled two cylind
the peak positions of the EEL spectrum in the photonic cr
tal are well correlated with those of case~d! of Fig. 4. In
particular, the two peaks atv.0.55vp and 0.82vp at N
532 are of reminiscences of those in case~d!, and the cor-
responding flat bands, which have relatively large widths
frequency, can be observed in Fig. 8~b!. Again, above

e

to FIG. 9. The EEL spectrum of the photonic crystals atkz50,
varying the number of layers. The velocity of the charged parti
was taken tov50.4c. In ~a! the cylinders are well separated~lattice
constanta54r ), whereas in~b! the cylinders nearly touch (a
52.16r ). The trajectory of the charged particle is just on t
boundary of the photonic crystal~i.e., s50). Consecutive curves
are shifted 23m0ce2/8 and 53m0ce2/8 upward in ~a! and ~b!,
respectively.
6-9
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TETSUYUKI OCHIAI AND KAZUO OHTAKA PHYSICAL REVIEW B 69, 125106 ~2004!
va/2pc.0.01 the EEL spectrum converges to a cert
function with increasing number of layers, though the co
vergence progresses slowly compared with that in the di
photonic crystal. A remarkable feature in this case appe
below va/2pc50.01, where a frequency shift of a sma
loss peak is observed with increasingN. In contrast to the
dilute photonic crystal, in such low frequency region thev
line lies in the shaded region of the lowest band even fov
50.4c, as can be seen in Fig. 8. This band does not origin
from the SPP modes, and thus the loss peaks found be
va/2pc50.01 is different in feature from that by the SP
bands.

The effects of the lowest band in the EEL spectrum can
clearly demonstrated in the dilute photonic crystal with lar
thickness, using a charged particle impinging with such h
speed that thev line is in the lowest band in Fig. 8~a!. Figure
10 shows the two EEL spectra ofv50.4c and 0.9c in the
dilute photonic crystal having 256 layers. As can be seen
the figure, the lowest band causes very sharp loss p
whose positions are distributed belowva/2pc.0.025. In
order to understand this feature, we must remark that out
the light cone the band becomes the set of the guided m
in the corresponding finite-thick photonic crystal. Moreov
as mentioned later, we can reasonably introduce an effec
dielectric function«eff(v), which is very close to that o
Maxwell-Garnett,27 to the photonic crystal under conside
ation. The effective dielectric function of Maxwell-Garnett
given by

«eff
MG~v!5«bS 11

2 f a

12 f a D , ~47!

a5
«a2«b

«a1«b
, ~48!

f being the filling ration of the cylinders. Using this effectiv
dielectric function, the dispersion relation of the guid
modes in the~loss-less! effective medium is determined by

FIG. 10. The EEL spectrum of the dilute photonic crystal hav
256 layers atkz50. The velocity of the charged particle was tak
to 0.4c ~dashed line! and 0.9c ~solid line!.
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12S 2g/«b1g8/Re~«eff
MG!

g/«b1g8/Re~«eff
MG!

D 2

exp~2igd!50, ~49!

g5AS v

c D 2

«b2kx
2, ~50!

g85AS v

c D 2

Re~«eff
MG!2kx

2 ~51!

d being the thickness of the photonic crystal. By imposi
the matching condition of frequencyv and wave vector
kx(5v/v), the above equation has a sequence of solutio
which agree with the positions of the sharp loss peaks ov
50.9c in Fig. 10 fairly well.

The convergence ofPel(v,kz) is a direct consequence o
the convergence of the scattering matrixQ21 itself. As was
discussed by Bottenet al., the converged value ofQ21

gives the reflectance of the semi-infinite photonic crysta38

This also implies that using the converged value ofQ21 , we
can extract the effective dielectric function via Fresnel’s fo
mula of the interface S matrix. That is, for theP polarized
incident wave, the scattering matrixQ21 of the semi-infinite
photonic crystal can be regarded as the interfaceS matrix
between the background medium and the effective medi

@Q21~h0 ,h0!#pp.
g/«b2g8/«eff

g/«b1g8/«eff

, ~52!

g85AS v

c D 2

«eff2S v

v D 2

. ~53!

Here, kz50 was assumed. The effective dielectric functi
«eff obtained in this way, along with that of Maxwell-Garne
for the dense photonic crystal are shown in Fig. 11. T
function is not so far from the effective dielectric function
Maxwell-Garnett, though some extra features atva/2pc
.0.019 and 0.026 are observed. In the following section
will see that the EEL spectrum in the photonic crystal, wh
the charged particle runs inside the photonic crystal, is w
reproduced with the effective dielectric function having t
extra features. As for the dilute photonic crystal, our effe
tive dielectric function is very close to that of Maxwel
Garnett.

V. ELECTRON RUNNING INSIDE PHOTONIC CRYSTAL

When a charged particle runs inside the photonic cryst
the induced radiation field is rather involved owing to t
multiple scattering among the layers above and below
trajectory. However, the scattering matrix formalism
readily adapted to the case as long as the particle does
penetrate any cylinders in the photonic crystals. A schem
illustration of the system under consideration is shown
Fig. 12. In this case the induced radiation field reacting b
to the charged particle is determined as
6-10
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FIG. 11. ~a! The effective dielectric function for theP-polarized
light in the dense photonic crystal (a52.16r ). The casekz50 was
assumed.~b! The effective dielectric function of Maxwell-Garne
in the dense photonic crystal.

FIG. 12. A charged particle runs inside the photonic crystal w
an equal distance from the upper and lower nearest layers o
trajectory. The plane wave coefficients of the induced wave in
void stripe including the trajectory are denoted bya andb.
12510
Eind~x,v!52
m0ev

2 (
h
E dkz

2p

3~aheiKh
1
•(x2x0)1bheiKh

2
•(x2x0)!, ~54!

ah5~12Q12
d Q21

u !21Q12
d ~e21Q21

u e1!, ~55!

bh5~12Q21
u Q12

d !21Q21
u ~e11Q12

d e2!, ~56!

where Q66
u(d) is the scattering matrix of the upper~lower!

layers above~below! the trajectory andx05(0,y0 ,z0). Be-
side, the Fourier coefficients of the upper and lower tra
mitted wave, denoted byth

6 , is also obtained as

th
15(

h8
Q11

u ~h,h8!~e1dh8h0
1ah8!, ~57!

th
25(

h8
Q22

d ~h,h8!~e2dh8h0
1bh8!. ~58!

Therefore, the EEL and SP radiation spectra per unit len
becomes

Pel~v,kz!52 1
4 m0e2vugh0

uIm@ah0
* •e22bh0

•~e1!* #,

~59!

Psp~v,kz!5
1

8
m0e2v (

hPopen
gh~ uth

1u21uth
2u2!. ~60!

Again, the flux conservation in a loss-less photonic crys
leads

(
hPopen

gh~ uth
1u21uth

2u2!522ugh0
uIm@ah0

* •e22bh0
•~e1!* #,

~61!

which implies that the EEL is equal to the SP radiation em
sion.

At low frequencies we may expect that the EEL in a ph
tonic crystal is somehow approximated by that of a los
effective homogeneous medium. As is known well, the re
tivistic EEL in such a medium with permittivity«eff is given
by

Pel~v,kz!5
1

4
m0e2vReH 1

g F12S c

v D 2 1

«eff
G J ~62!

per unit length. When«eff is real and the conditionv
.c/A«eff is satisfied, the above equation is equal to the C
enkov loss. Otherwise, Eq.~62! can be regarded as the EE
by the absorption. In a homogeneous metal the bulk plasm
dominantly contributes to the EEL, because of the fac
1/«eff .

Figure 13 shows the EEL spectra of the dense photo
crystal and its simulation using the effective dielectric fun
tion obtained by Eqs.~52! and ~53!. Here, the charged par
ticle runs with velocity 0.4c between the 32th and 33th laye
of the 64 layer thick slab of the dense photonic crystal.

One can observe that the frequency of the main loss p
is larger thanv50.9vp , which is close to the bulk plasmo

he
e
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frequency. This is quite reasonable, taking account that
dense photonic crystal has a large filling ratio (.67%) and
thus is close to the bulk metal of Aluminum. Beside the m
loss peak, two small peaks are observed in the EEL sp
trum. Using the homogeneous medium approximation w
the effective dielectric function obtained in the previous s
tion the above features are well reproduced. It should
emphasized that the small two peaks in the dense phot
crystal cannot be explained with the effective medium the
of Maxwell-Garnett based on«eff

MG given by Eq.~47!.
Regarding the EEL spectrum in the dilute photonic cr

tal, our effective dielectric function as well as the Maxwe
Garnett approximation reproduce the spectrum havin
single peak nearv5vp /A2 fairly well.

VI. SUMMARY

In this paper we have presented a fully-relativistic ana
sis of the EEL and the induced radiation emission in vario
spatial arrangements of metallic cylinders by using the m
tiple scattering method and the layer-KKRO method. In
isolated metallic cylinder with a nanoscale diameter
showed that the EEL is dominated by the absorption ra
than the induced radiation emission. Thus, the efficiency
converting the kinetic energy of the charged particle to
radiation emission is very low. In the two identical metal
cylinders a variety of EEL peaks appear. Some of them
attributed to the cavity mode localized in the groove betwe

FIG. 13. The EEL spectrum in the dense photonic crystal hav
64 layers along theG-X direction is shown. The EEL spectrum i
the effective medium whose dielectric function is given by Fig.
is also plotted. The velocity of the charged particle is taken to 0.c.
s
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the cylinders. Such a cavity mode as well as the SPP mo
become the seed of the flat bands in a dense periodic
rangement of the metallic cylinders. After presenting a ma
ematical description of the EEL and the SP radiation em
sion in two-dimensional photonic crystals composed
cylinders, we showed the numerical results of the EEL sp
tra in both dilute and dense periodic arrays of the meta
cylinders. In the dilute photonic crystal the EEL spectru
has a simple structure. The spectrum has a single peak
v5vp /A2 and is not so far from the EEL spectrum in th
isolated cylinder. However, when a high-speed charged
ticle passes near the photonic crystal, a sequence of
sharp loss peaks, which comes from the lowest photo
band guided in the finite-thick photonic crystal, are observ
The peaks are comparable in magnitude with that by the S
bands. On the other hand in the dense photonic crystal
EEL spectrum is very complicated reflecting the photo
band structure, though a good correspondence to the
spectrum in the almost touched two cylinders is observed
both the photonic crystals the effective dielectric function
which are obtained with the reflectance of the correspond
semi-infinite photonic crystals, fairly reproduce the EE
spectra when the charged particle runs inside the phot
crystals.

In this paper we have restricted ourselves to various
rangements of aluminum cylinders whose diameter is a
nanometers, bearing carbon nanotube arrays in mind. S
the plasma wavelength of Aluminum is much larger than
above scale, a metallic photonic crystal composed of the
inders behaves as if it has an effective dielectric funct
reflecting the coupled SPP’s, in the frequency range c
cerned. In addition the SP radiation from the photonic crys
is completely absent. However, it is of great importance
study the EEL and the SP radiation emission spectra w
the lattice constant is comparable with the plasma wa
length of the constituent cylinders. In this case an effect
medium approximation cannot be adapted and usual ph
nic bands affect strongly the EEL and induced radiat
emission spectra. To explore the spectra in such meta
photonic crystals with and without a structural defect is t
main theme of Paper II.
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