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Massive spin collective mode in a quantum Hall ferromagnet
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It is shown that the collective spin rotation of a single Skyrmion in a quantum Hall ferromagnet can be
regarded as precession of the entire spin texture in the external magnetic field, with an effective moment of
inertia which becomes infinite in the zerog-factor limit. This low-lying spin excitation may dramatically
enhance the nuclear spin relaxation rate via the hyperfine interaction in the quantum well slightly away from
filling factor n51.
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Nuclear spin dynamics in semiconducting heterojunctio
under the conditions of the odd integer Quantum Hall~QH!
effect is strongly influenced by the two-dimensional~2D!
electron gas in the quantum well through the hyperfine in
action with the electronic spins. This effect was first demo
strated in a set of experiments, reported in Refs. 1, 2, wh
the 71Ga Knight shiftKS and spin lattice relaxation timeT1
in GaAs multiple quantum well~MQW! structure under per
pendicular magnetic field were detected by means of the
tically pumped NMR~OPNMR! technique.KS was found to
reduce dramatically as the Landau level filling factor w
shifted slightly away fromn51, indicating that the injection
of a single charge into the 2D electron system is followed
reversal of many electronic spins. In the same interval of
filling factor, T1 was found to drop by several orders
magnitude. Both effects are considered as strong evide
for the creation of Skyrmionic spin texture3–5 in the elec-
tronic spin distribution asn shifts slightly away from unity,
and indicate the crucial importance of the hyperfine inter
tion in controlling the nuclear spin dynamics.6,7

At filling factor n51 the ground state of the 2D electro
gas is ferromagnetic even in the limit of zero Zeem
energy.3 Flipping nuclear spins in this state through the h
perfine interaction is followed by the creation of sp
excitons.8,9 The extremely longT1 observed by Barret
et al.1,2 may be due to the energy gap existing in the exci
spectrum~see below, however!. In actual heterojunctions th
gap is usually much smaller than the theoretical value. It
be suppressed by the combined effect of quantum confi
ment and external pressure10 or external electric fields.11 Fur-
thermore, in 2D electron gas under strong optical pump
the electronic Zeeman energy can be strongly suppresse
the magnetic hyperfine field.12 In both cases the effectiveg
factor is spatially inhomogeneous due to the presence
long-range impurity potential fluctuations.7

Microscopic calculations, based on Hartree-Fock~HF! ap-
proximation for a single, isolated Skyrmion,13 have found a
family of low-energy excitations, with an approximately qu
dratic relation between the energy and the number of flip
spinsK, which can be associated with the kinetic rotation
energy of the entire spin texture. However, except for
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special case whereK is a half integer, the spectrum has a
excitation gap, which was estimated to be some fraction
the large Coulomb energy scale. To account for the obser
enhancement in 1/T1 , these authors have suggested14 that at
nÞ1, where there is a finite density of Skyrmions, t
ground state is a Skyrme crystal, for which the spin wav
spectrum is gapless due to the breakdown of the global
rotation symmetry. The existence of such an ordered lat
at udnu&0.1, wheredn[n21, is hard to reconcile, howeve
with the small radiusR&2l B of the Skyrmions reported in
Ref. 15, as the average distance (8/udnu)1/2l B between Skyr-
mions in this filling factors region is larger than 9l B . Unfor-
tunately, the theoretical interpretation of these experiment
difficult due to the relatively large value of the reportedg
factor (ugu'0.4).

In the present paper we propose to focus on different
perimental situations, similar to the ones investigated
Refs. 10, 12, where the effectiveg factor can become much
smaller than the bulk GaAs value (ugu'0.4). We restrict the
study to the filling factor regionudnu&0.05, so that the col-
lective rotations of individual Skyrmions found experime
tally in Refs. 10, 12~i.e., with R;7l B), may be regarded a
independent. This is a reasonable assumption since
orientation-dependent interaction between neighboring S
mions decays exponentially with their relative distance
yond the characteristic length (A2p/8g)1/2l B ,16 which is ap-
proximately 3l B at g50.03 ~see below!. We show that the
excitation gap in the collective rotational spectrum of suc
single Skyrmion diminishes quite sharply when the Sk
mion radius increases, so that forR;7l B the spin excitation
gap becomes comparable to the nuclear Zeeman energy
der consideration. Since the collective spin rotation
coupled, through the hyperfine interaction, to nuclear sp
the nuclear spin relaxation rate should be dramatically
hanced.

We start our analysis by considering the Hamiltonian
nuclear spins interacting with 2D electron gas atn51 in
MQW structureĤ5Ĥn1Ĥe1Ĥen , where Ĥn52\gn( j Î j

•B0 is the nuclear Zeeman energyĤe52\ge*d2r Ŝ(r )•B0

1Ĥee is the electronic Hamiltonian, withĤee the electron-
©2004 The American Physical Society04-1
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electron interaction, andĤen5A( j Ŝ(r j )• Î j is the Fermi con-
tact hyperfine interaction between the electron and nuc
spins. HereÎ j is the nuclear spin operator located atr j , Ŝ(r )
is the electronic spin density operator,B0 is the external
magnetic field, which is perpendicular to the 2D electron g
(B05B0z), gn5gnmn /\ and ge5gemB /\ the nuclear and
electronic gyromagnetic ratios, respectively, andA
5(8p/3)gnmng0mBuu0(0)u2 is the Fermi contact hyperfin
coupling constant. In this expressionu0(0) is the periodic
part of the Bloch wave function at the nucleus, andg0 is the
g factor of a free electron.

Within the HF approximation, and to leading order in
gradient expansion, the electronic HamiltonianĤe can be
written as a functional of a unit vector fieldn~r !,

Ĥe5
«C

32p E d2r ~“•n!22
«sp

4p l B
2 E d2r ~z•n!2

«C

2
Q,

~1!

where «sp5ugumBB0 is the Zeeman splitting energy,l B

5Ac\/eB0 is the magnetic length,«C5Ap/2(e2/k l B) is the
Coulomb energy,k is the dielectric constant, andQ
5(1/4p)*d2r (n•@]xn3]yn#) is the Skyrmion winding
number~or topological charge!. The unit vector field is pro-
portional to the expectation value of the electron spin d
sity, i.e.,n(r )54pS(r ), with S(r )[^Ŝ(r )&.

The dynamics of the Skyrmionic spin texture can be st
ied by examining the corresponding effective Lagrangi
This should contain first order time derivative to account
the spin wave excitations~or spin-excitons! obtained within
the microscopic HF scheme atn51. It has the form
2(1/4p l B

2)*d2r (\] tn)•A(n), whereA~n! is a vector poten-
tial of a unit magnetic monopole sitting at the origin in sp
space.5 Since we are interested here in a rigid rotation of
entire spin texture, we may restrict the analysis, for the s
of simplicity, to the spatial region far away from the Sky
mion core, wheren is very close toz, so thatn'(nx ,ny,1
2nx

2/22ny
2/2), and A(n)' 1

2 (2ny ,nx,0). Separating the
collective spin rotational motion, described by the varia
w(t), from all the other degrees of freedom in spin space,
writing c(r ,t)[nx(r ,t)1 iny(r ,t)5c̃(r ,t)eiw(t) and then
addinga kinetic energy term1

2 msc* c(]w/]t)2, associated
with the collective rotation anglew(t) with ms being a phe-
nomenological mass, the effective Lagrangian density i
written in the form

L$c̃,c̃* ;w%5
1

4p l B
2 5

«spS 12
1

2
c̃* c̃ D

1
i

4
F c̃* S \

]c̃

]t
D 2c̃S \

]c̃*

]t
D G

2
1

2
c̃* c̃S \

]w

]t D 6
2

1

32p
«C~“c̃* •“c̃ !1

1

2
msc̃* c̃S ]w

]t D 2

.

~2!
12130
ar

s

-

-
.
r

e
e

e
y

Note that in deriving this expression all terms of ord
higher thano(ucu2) are neglected. Furthermore, we om
here the last term appearing on the right-hand side of Eq.~1!,
which is topological invariant~i.e., under any continuous de
formation of n!, and so does not influence the equation
motion. Also note that Eq.~2! is consistent with the effective
Lagrangian derived from the microscopic Hamiltonian in t
HF approximation by Apel and Bychkov.17

It should be stressed that the degrees of freedom in
space, described by the fieldc̃(r ,t), are assumed to be mas
less. This assumption is consistent with the lowest Lan
level approximation, usually exploited in this context. T
Euler-Lagrange equations, derived from the effective L
grangian density~2!, with respect toc̃* andw are

2 i\
]c̃

]t
1«spc̃2

1

4
«Cl B

2¹2c̃1S \
]w

]t D c̃

24p l B
2msS ]w

]t D 2

c̃50, ~3!

d

dt F c̃* c̃22m̃sc̃* c̃S dw

dt D G50. ~4!

Since Eqs.~3! and ~4! describe the dynamics of spins i
the tail of the Skyrmion~where the spin polarization is
nearly complete! the spin-wave formc(r ,t)5c̃(r ,t)eiw0

5expi(k•r2vt1w0), wherew0 is a constant, should be
solution. Indeed, substituting this form into Eqs.~3! and ~4!
the former equation reduces to the well-known spin-wa
dispersion relation in the long wave-length limit\v5«sp

1 1
4 «Cl B

2k2 ~whereas the latter equation is trivially solved!.
The desired collective mode can be described byc(r ,t)

5c̃0(r )eiw(t), wherec̃0(r ) is time independent. It turns Eqs
~3! and ~4!, respectively, to

F«spc̃02
1

4
«Cl B

2¹2c̃0G1c̃0F S \
]w

]t D24p l B
2msS ]w

]t D 2G50,

S ]2w

]t2 D50. ~5!

The first equation can be separated into purely spatial
temporal equations

«spc̃02
1

4
«Cl B

2¹2c̃050, S \
]w

]t D24p l B
2msS ]w

]t D 2

50

with the nontrivial solution for the time-dependent equati

S ]w

]t D5
\

4p l B
2ms

5
eBs

msc
, ~6!

whereBs[(1/4p)B0 . The solutions for the static, space d
pendent equationc̃0(r ,f)}Km(r / l sk)e

imf, with Km(x) a
modified Bessel function of integer orderm, coincide with
the asymptotic form of the static Skyrmion solutions wi
winding numberm, found in Ref. 4. Herel Sk is the length
4-2
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scale corresponding to the Skyrmion’s tail,l Sk
2254«sp/«Cl B

2

52A(2/p)uguã/ l B
3, and ã5k\2/m0e2 is the effective Bohr

radius (m0 being the free electron mass!.
Equation~6! yields an effective Larmor frequency for pre

cession of the entire spin texture in a magnetic fieldBs . The
remarkable feature of this result is thatBs is, up to a con-
stant, identical to the external magnetic fieldB0 .

The collective massms remains unknown within the phe
nomenological approach described above. It may be de
mined from the variational Skyrmion energy, derived in R
4, by exploiting the connection5 between the total numberK
of flipped spins in the Skyrmion and the eigenvalues
L̂z—the canonical angular momentum conjugate tow. The
variational Skyrmion energy was calculated in the HF a
proximation near filling factorn514 by adding to the
Hamiltonian Ĥe , consisting of the Zeeman energy and t
leading exchange energy term in the gradient expansion
Coulomb self-energy repulsion. The latter represents, in
dition to the leading, topological invariant term, higher ord
corrections in the gradient expansion, resulting in the follo
ing expression for the total Skyrmion energy:

Etot~R!5
3p2e2

26kR
1

1

4
«CS R

l Sk
D 2

lnS 2l Sk

R D , ~7!

whereR is a variational parameter describing the Skyrmi
core radius. IdentifyingLz with the number of flipped spins
in the Skyrmion,5 the Zeeman energy isDEZ5«spL̃z

5 1
4 «C(R/ l Sk)

2 ln(2lSk/AēR), whereL̃z[Lz /\ and ē stands
for the natural logarithm base, so thatL̃z

5(R/ l B)2 ln(2lSk/AēR). Minimization with respect toR
yields for the equilibrium core radius 3p2e2/26kReq

3

5«sp(2/l B
2)ln(2lSk/Req), whereas @(]2/]R2)Etot#eq'(6«sp/

l B
2)ln(2lSk/R), so that U5(]2Etot /]L̃z

2)eq'«sp( l B /
Req)

23 ln(2lSk/R)/2 ln2(2lSk/AēR). An equivalent expression
for U was derived in Ref. 16 in the context of a field the
retical study of Skyrme lattices. Its far reaching physical co
sequences for the spin dynamics of single Skyrmions,
cussed here, have not been revealed there, however.

Expanding the energy~7! up to second order inL̃z about
its equilibrium valueK, that is, writing Etot (L̃z)5Etot (K)
11

2U (L̃z2K)21¯ , the second term on the right-hand si
corresponds to the ‘‘classical’’ rotational energy of the ent
spin texture about its symmetry axis. At the classical le
any deviation ofL̃z from its equilibrium valueK corresponds
to a continuous spatial deformation of the Skyrmion w
respect to its equilibrium configuration, thus conserving
topological chargeQ but increasing the Skyrmion energ
with respect to its equilibrium value. Quantization
this rotational motion can be achieved by replacingLz

→(\/ i )(]/]w), which yields Ĥ rot5
1
2 U@(1/i )(]/]w)2K#2.

Now, the rotational energy5 Erot5(\2/2U)(dw/dt)2, may be
equated to the lowest eigenvalue of the rotational Ham
tonianĤ rot , namely,; 1

2 U, to find the angular velocity
12130
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S dw

dt D;U/\5
eB0

Msc
, Ms54S ã

l B
D ug̃u25/3m0 ~8!

andg̃[g(ã/ l B). This remarkable result is consistent with th
Larmor frequency found in Eq.~6!, provided the phenom-
enological mass isms5Ms/4p. The resulting effective mas
~8! diverges with a vanishingg factor such asug̃u25/3, reflect-
ing the macroscopic moment of inertia associated with
collective rotation of a Skyrmion.

As indicated above, localg factors should fluctuate sig
nificantly in the space of the QW, due, e.g., to lattice strai
and long range fluctuating electric field, which always exi
in the QW as a result of the ionized impurities located in t
barriers. In fact for a QW widthl;70 Å,10 and typical elec-
tric field of about 1023 V/Å, the corresponding fluctuation
in theg factor can be of the order of the bulkg factor itself,11

so that local values can become very small. The size of
corresponding large Skyrmions is expected, however, to
limited by disorder potential.18,19,15 A lower bound on the
values of ugu, below which the Skyrmion radius does n
change, can be estimated from the experimental data
ported in Ref. 10. This yieldsg;0.03 ~or g̃;0.002) for
which the corresponding mass ratio isMs /m0;104, and the
collective Larmor frequencyvSk5eB0 /Msc, is comparable
to the nuclear71Ga Zeeman frequencyvn'1024geB0 . It
should be stressed, however, that despite the huge enha
ment ofMs , the radiusR'7l B of such a large spin texture
remains smaller than half of the average distance betw
neighboring Skyrmions, as long asudnu<0.05. Thus, within
this filling factor region our picture of independently rotatin
Skyrmions in spin space should be valid.

Our theoretical tools are not yet sufficiently develope
however, to enable us sufficiently accurate evaluation of
desired relaxation rates. The best we can do at present
set some reasonable bounds on these rates. We follow
theory developed in Refs. 21, 20 to estimate the decay of
deviationdI z(r ,t) of the nuclear spin polarization from it
equilibrium value, i.e.,dI z(r ,t)5dI z(r ,0)e2G(r ,t), where
G(r ,t)5Re*0

t dt8j(r ,t8), j(r ,t)5(a2/2)*0
t dteivn(t2t)

3^$Ŝ1(r ,t),Ŝ2(r ,t)%&, and the average is performed ov
the electronic states. Restricting the analysis to positionr
far away from the Skyrmion core, whereS1(r ,t)
'(1/4p)c̃0(r )eiw(t), we may rewrite j(r ,t)
'2(auc̃0(r )u/8p)2*0

t dteivn(t2t)^$ei ŵ(t),e2 i ŵ(t)%&, where

ei ŵ(t)[eitĤ rot/\eiwe2 i tĤ rot /\. A straightforward algebra yields
G(r ,t) 5 (a u c̃0(r )u / 4p)2$12 cos@(UdK /\2vn)t# / (UdK /\
2vn)

2%, where dK [ @K# 2 K and @K# is the half integer
closest toK. This expression, which describes a highly id
alized situation, may be used to estimate a lower bound
T1 by considering the limit (UdK/\2vn)→0. The corre-
sponding nuclear spin relaxation is Gaussian,dI z(r ,t)

;e2@auc̃0(r )u/4p#2t2, with characteristic local relaxation tim
T1

Sk(r );4p/auc̃0(r )u, determined by the local transvers
spin density. Typical values are therefore of the order
1/KS , which is roughly 1023 s for GaAs MQW. This ex-
tremely small result~as compared to typical valuesT1
4-3
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;103 s, observed atn51) indicates the great sensitivity o
the nuclear relaxation timeT1 to the filling factor in the close
vicinity of n51.

It is interesting to make a similar lower bound es
mate of the corresponding relaxation time atn51,
where the number of Skyrmions vanishes and
nuclear spin dynamics is controlled by the coupli
to the spin waves. In this case,20 G(r ,t)5G(t)

52(hKS)2*0
`k̃dk̃e2 k̃2/2@12cos(@«ex( k̃)/\2vn#t)#/@«ex( k̃)

2\vn#2, where«ex( k̃)'«sp1
1
4 «Ck̃2, for k̃5klB!1. Thus in

the limit «ex( k̃)2\vn→0, we find for t@\/«C :G(t)
→@2(2p)2KS

2/«C /h#t, so that the relaxation of the nuclea
spin polarization is a simple exponential, with a characte
tic relaxation timeT1

ex5(1/8p2)(«C /hKS)(1/KS). For GaAs
MQW this expression yieldsT1

ex;43102 s, which is of the
same order of magnitude as the experimentally measureT1
at n51. The very longT1 obtained in this case is due to th
large ~Coulomb! energy scale of the spin-wave excitation
R
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In contrast, the energy scale of the collective spin rotatio
of all possible Skyrmions with differentg factors is always a
small fraction of the electronic Zeeman energy, so that
correspondingT1 is by several orders of magnitude short
thanT1

ex.
In conclusion, we have shown that for a QH ferromagn

realized in QW’s with sufficiently suppressed effectiveg
factor,10,12 one expects dramatic enhancement of the nuc
spin-lattice relaxation rate, while shifting the filling facto
slightly away from n51. This effect is associated with
nearly gapless excitation of almost free rotations in s
space of individual Skyrmions.
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