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Writing spin in a quantum dot with ferromagnetic and superconducting electrodes
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We propose an efficient mechanism for the operation of writing spin in a quantum dot, which is an ideal
candidate for qubit. The idea is based on the Andreev reflection induced spin polarization~ARISP! in a
ferromagnetic/quantum-dot/superconductor system. We find that on the resonance of Andreev reflection, the
spin polarization of quantum dotstrongly depends on the magnetization of ferromagnetic electrode, and the
sign of the spin polarization is controllable by bias voltage. In the presence of intradot interaction, we show
that ARISP effect can still survive as long as the charging energyU is comparable to the superconducting gap
D. Detailed conditions and properties of ARISP are also discussed.
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Qubit is the basic unit in the achievement of quantu
computing. Among many quantum two-level systems,
spin of quantum dot~QD! is an ideal candidate for such
purpose.1 This is because QD fabricated in semiconduc
two-dimensional electron gas~2DEG! can be well controlled
by metallic gates; parameters such as resonant levels, tu
barriers, and charging energy are experimentally tunable
addition the spin coherence time is rather long in semic
ductors ~exceeding 100 ns at low temperature2!, which is
orders larger than charge coherence time. Moreover, du
the 0D nature of QD’s, many spin-flip mechanisms are f
ther suppressed, resulting in an even longer lifetime of s
in QD.3

One of the challenges to exploit the spin of QD as qubi
to efficiently control its local spin polarization. A natural ide
is to apply a magnetic field and induce the spin polarizat
by Zeeman splitting.4 But this scheme has practical difficu
ties because the field is required to be of the order of te
and confined within the scale of QD. More importantly, t
sign of spin polarization in QD cannot be controlled elec
cally.

It is the purpose of this paper to propose an effici
mechanism for writing spin in a QD with ferromagnetic~F!
and superconducting~S! electrodes. The idea is motivated b
the fact that F can provide spin-polarized electrons while
can only accept Cooper pair which is spin singlet. We sh
show below that on the resonance of Andreev reflect
~AR!,5–8 the spin polarization of QD strongly depends on t
magnetization of F, and the sign of spin polarization is co
trollable by a bias voltage. The effect can survive even in
presence of strong Coulomb interaction, as long as the ch
ing energy of QD is comparable to the superconducting
in S.

Noninteracting case.To see the physics clearly, we sta
with the noninteracting ferromagnet/quantum-d
superconductor~F-QD-S! system modeled by the following
Hamiltonian, H5HF1HS1HD1HT , in which HF

5(ks(«k2sh)aks
† aks is for the F electrode, HS

5(ps«pbps
† bps1(p(Dbp↑

† b2p↓
† 1H.c.) the S electrode

Hdot5(sEscs
†cs the noninteracting QD, and HT

5(kstLaks
† cs1(pstRbps

† cs1H.c. the tunnel couplings be
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tween QD and electrodes. We define the Green functionsGr ,
Ga, andG, in the Nambu representation.8 In the noninter-
acting case, these Green functions can be solved exactly
the occupation of QD can be determined byG,.

Figure 1 shows the curves of the occupation num
^ns&[^cs

†cs& vs the resonant levelE0[E↑5E↓ . ~a!, ~b!,
and ~c! correspond to the bias voltagesV.0, V50, andV
,0, respectively. ForV50, there is a step from 0 to 1 in th
curve, indicating an electron filling whenE0 sweeps the
chemical potentialsmF5mS50. ForV.0 (V,0), the step
is shifted toE05mF5V, and there emerges a resonant d
~peak! pinned atE05mS50. The results can be understoo
as follows@see the inset of~a!#: Because there is no single
particle state in the superconducting gap, electron filling
the QD is mainly determined by F, leading to a step linked
mF . When the resonant level lines up withmS , however,
resonant AR may occur, in which a spin↑ and a spin↓ elec-
tron in QD can leak into S by forming a Cooper pair and vi
versa. As a result, an Andreev dip~Andreev peak! is super-
posed on the steplike curve. The most remarkable feature
AR dip ~AR peak! are as follows:~1! The spin polarization
of QD, m[^n↑&2^n↓&, stronglydepends on the magnetiza
tion of F; ~2! thesignof m is controllable by the bias voltage
m.0 for V.0 andm,0 for V,0. Hereafter, the propertie
of AR resonance are referred to as Andreev reflection
duced spin polarization~ARISP!. Qualitatively, ARISP effect
can be interpreted as follows: ForV.0 andE05mS , spin↑
and spin↓ electrons in the QD form Cooper pair and enter
Since F can provide more spin↑ electron than spin↓ electron,
the spin↓ electron will be depleted by the spin↑ electron in
the process of AR, resulting in a strong spin polarization
QD. ForV,0 andE05mS , a Cooper pair is converted int
a spin↑ and a spin↓ electron in QD. It is much easier for spi
↑ electron than spin↓ electron to escape to the empty stat
of F, resulting in a reversed spin polarization.

For quantitative analysis, we evaluate^ns& near the AR
resonance, obtaininĝn↑&512n(p) and ^n↓&512n(2p)
for V.0, ^n↑&5n(p) and ^n↓&5n(2p) for V,0, where

n~p![
1

2
~12p!

GS
2

4E0
2~12p2!1GF

2~12p2!1GS
2

, ~1!
©2004 The American Physical Society02-1
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in which GS and GF[(GF↑1GF↓)/2 are the coupling
strengths between QD and electrodes, andp[(GF↑
2GF↓)/(GF↑1GF↓) is the magnetization in F. Two feature
are noteworthy:~1! The AR resonance has the Lorentzi
line shape with half-widthA@GF

2(12p2)1GS
2#/4(12p2),

implying that the resonance is broadened with the increas
p; ~2! the spin polarizationm reaches its maximum whe
E05mS50, and the maximumm0 only depends on theratio
p and r[GF /GS . ARISP effect is most pronounced whenp
is large andr is small. In the limitr→0, m05 1

2 (16p) and
m05 1

2 (17p) ~upper sign forV.0 and lower sign forV
,0). This means that both F and S electrodes are impor
in the ARISP effect: F provides the asymmetry between t
spin categories, while S enforces the asymmetry via AR p
cess. Below we shall consider the interacting QD, to inv

FIG. 1. The occupation number^n↑& ~solid! and^n↓& ~dotted! vs
the resonant levelE0 in a noninteracting F-QD-S system. The s
perconducting gapD51 is set as energy unit, the bias voltageV
50.5, 0, and20.5 for ~a!, ~b!, and~c!, respectively. Other param
eters areGF50.01, GS50.1, kBT50.02, andp50.5. The inset of
~a! schematically shows the AR resonance forV.0.
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tigate whether ARISP effect can still survive in presence
intradot interaction. Due to the electron-hole symmetry, o
the case ofV.0 is discussed.

Interacting case.To include the Coulomb interaction, w
add the termUn↑n↓ to HD , which makes F-QD-S a strongl
correlated system. Notice that in the limitU→`, double
occupation is forbidden in QD, and electron number can
fluctuate by two. Hence AR is completely inhibited by th
interaction in this limit. If, however, the charging energyU is
comparable to the superconducting gapD, AR can still occur
with the aid of bias voltage. Therefore, techniques forU
→` limit ~e.g., slave boson method! cannot be applied to the
calculation of ARISP. Alternatively, we adopt the equation
motion ~EOM! method, which is known to be reliable in th
Coulomb blockade regime, and qualitatively correct f
Kondo physics.9,10 Moreover, EOM solution becomes exa
in theU→0 limit. In the EOM approach, one can derive th
equation for the retarded Green function^^A(t1)uB(t2)&& r by
differentiating with respect tot1 or t2, and generate new
Green functions. To close the equation chain, we make
truncation in those Green functions containing two electro
operators in a mean-field manner. After some algebra,
equation forGr can be obtained as

AGr1GrÃ52N1B1B̃, ~2!

in which B[(g1
212S1

r )U21, A[B(g0
212S0

r )1S2
r , Ã or B̃

represents the transpose ofA or B, U, andN are defined as

U[S 1U 0

0 2U D , N[S ^n↓& 0

0 ^n↑&
D . ~3!

g0 andg1 are the bare Green functions for the resonancesEs

andEs1U,

g05S 1

v2E↑
0

0
1

v1E↓

D ,

g15S 1

v2E↑2U
0

0
1

v1E↓1U

D . ~4!

S0
r and S1

r are the corresponding dressing self-energies
to tunnel coupling with electrodes.S2

r is the self-energy con-
tributed by the spin flip in the cotunneling process, which
related to Kondo physics. In the wideband limit, these se
energies can be evaluated analytically. LetSi

r5SFi
r 1SSi

r ,

SF0
r 52

i

2 S GF↑ 0

0 GF↓
D , ~5!

SF1
r 52

i

2 S GF↑12GF↓ 0

0 GF↓12GF↑
D , ~6!
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SF2
r 5

GF↓QS 2v12V

kBT
,
v32V

kBT D 0

, ~7!
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S
0 GF↑QS 2v32V

kBT
,
v22V

kBT D D
SS0

r 5GSS s2~v0! 2s1~v0!

2s1~v0! s2~v0!
D , ~8!

SS1
r 5GSS s2~v0!1s2~v1!1s2~v3! s1~v3!

s1~v3! s2~v0!1s2~v2!1s2~v3!
D , ~9!

SS2
r 5

GS

2 S s2~v1!1s2~v3!1s4~v1!2s4~v3! s1~v0!1s1~v3!1s3~v0!1s3~v3!

s1~v0!1s1~v3!2s3~v0!2s3~v3! s2~v2!1s2~v3!1s4~v3!2s4~v2!
D , ~10!
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in which s1(v)[2(1/p)J(v/D), s2(v)[2(1/p)J(v/D)
3(v/D), s3(v)[2(1/p)I (v/D)(v/D), s4(v)[2(1/
p)J(v/D)(v2/D2), and v0[v, v1[v2E↑2E↓2U, v2
[v1E↑1E↓1U, v3[v2E↑1E↓ . The dimensionless
functionsI, J, Q are defined as

I ~x![5
arcsinx

xA12x2
, uxu,1

ip

2xAx221
2

1

uxuAx221
ln~ uxu1Ax221!, uxu.1,

~11!

J~x![5
p

2

1

A12x2
, uxu,1

p

2

i

Ax221
sgn~x!, uxu.1,

~12!

Q~x,y![2
i

2 S 1

ex11
1

1

ey11
D 1

1

2p
ReFcS 1

2
1

ix

2p D
2cS 1

2
1

iy

2p D G , ~13!

with c being the digamma function.
As for G,, we invoke the stationary condition

S K d

dt
c↑

†c↑L K d

dt
c↓c↑L

K d

dt
c↑

†c↓
†L K d

dt
c↓c↓

†L D 50. ~14!

Using Heisenberg equation and neglecting high-or
fluctuations,12 we obtain

S S0
r 1

1

2
E↑↓szDG,2G,S S0

a1
1

2
E↑↓szD5GrS0

,2S0
,Ga,

~15!
12130
r

in which E↑↓[E↑1E↓1U andsz is the third Pauli matrix.
This equation can be interpreted as ‘‘detailed’’ stationa
condition, i.e., the observables in the energy intervalv and
v1dv are time invariant in the steady state. For compa
son, we also try the Keldysh equationG,ÄGrS,Ga, and
employ the commonly used Ng’s ansatz forS,.10,11 The
calculated results qualitatively agree with each other, but
numerical convergence is much poorer in the latter sche
To sum up, Eq.~2! for Gr and Eq. ~15! for G, will be
applied to the numerical study of ARISP.

Before presenting the numerical results, we qualitativ
analyze the physics in the problem. As seen in the nonin
acting case, spin polarization occurs on the AR resona
The conditions for AR resonance are as follows:~1! QD is
occupied with even number electrons and~2! a pair of elec-
trons can transfer freely between QD and S. In the nonin
acting case, these conditions amount tomL.mR and E0
5mR for AR dip, or mL,mR and E05mR for AR peak. In
the presence of intradot interaction, the occupation num
of QD is quantized due to Coulomb blockade effect. Not
that the occupation of QD is mainly determined by F; it
energetically favorable that QD is empty whenE02mF.0,
singly occupied when2U,E02mF,0, and doubly occu-
pied when E02mF,2U. AR resonance occurs in th
evenly occupied valleys, and further requiresE↑1E↓1U
52mS , meaning that the energy of QD is degenerate wh
moving two electrons between QD and S. Therefore the c
ditions for AR resonance areE02mS52U/2 andE02mF
,2U for AR dip, E02mS52U/2 andE02mF.0 for AR
peak. The key point is that electron filling is linked tomF
while AR is linked tomS , andmFÞmS in nonequilibrium.

Figure 2 shows the curve of^ns& vs E0 for p50.5. As
expected, a spin-polarized AR dip is superposed on a step
pattern. The steps from 0 to12 and 1

2 to 1 are located around
E02mF50 andE02mF52U, and AR dip located around
E02mS52U/2, in agreement to the above analysis.^n↑&
and ^n↓& are nearly equal away from the AR resonance,
separated dramatically on the resonance, indicating AR
effect. The inset~a! shows the detailed line shape of AR d
for severalp. One can see that Eq.~1! derived in the nonin-
2-3
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FIG. 2. The occupation number^n↑& ~solid!
and ^n↓& ~dotted! vs the resonant levelE0 in an
interacting F-QD-S system. The bias voltageV
50.75, the charging energyU51.2, other pa-
rameters are the same as Fig. 1. The inset~a!
shows the detailed line shape of the Andreev d
for severalp. The insets~b! and ~c! show the
curves of ^n↑& ~solid! and ^n↓& ~dotted! at E0

2mS52U/2 vs the charging energyU, with the
bias voltageV50.5 andV51.5, respectively.
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teracting case is also applicable to the interacting case
fact, the intradot interaction plays a role of quantizing t
electron number of QD. Coulomb blockade is lifted und
certain conditions, in which resonant AR occurs as if throu
a noninteracting QD. Next, we discuss the choice of charg
energyU, which is determined by the size of QD. The inse
~b! and ~c! show the curves of̂ns& vs U on the AR reso-
nance (E02mS52U/2). ~b! is for the case ofV,D, in
which all single-particle processes are forbidden and o
AR dominates. One can see in the plot that the spin po
ization is almost independent ofU whenU,2V, but gradu-
ally suppressed whenU.2V. The reason is as follows: o
the AR resonance, QD favors double occupation whenU
,2V and single occupation whenU.2V. For double occu-
pation, ARISP is determined by the ratiop and r, and inde-
pendent of other parameters. For single occupation, the
fective S-QD coupling is greatly suppressed, and there
ARISP vanishes. One tends to think that increasing the
voltageV may help to overcome the charging energyU. This
is true as long asV,D. WhenV.D, however, both single-
particle processes and AR are allowed, and the situatio
more complicated.~c! shows^ns& vs U for V.D. It turns
out that the spin polarization is still independent ofU when
U,2D, reaches a maximum atU52D , suppressed when
2D,U,2V, and gradually vanishes whenU.2V. The
suppression in the range of 2D,U,2V can be attributed to
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the onset of single-particle process. We note that EOM so
tion is valid for relatively smallU, and the suppression o
ARISP is probably underestimated whenU.2D. Neverthe-
less, the maximum atU52D is reliable, which is related to
the singularity in the density of states of S.

In conclusion, we have proposed an efficient mechan
for writing spin in a QD which is based on the ARISP effe
in F-QD-S system. The scheme has the advantages tha
magnetization of F is not required to be strong and the s
of spin polarization can be controlled in fully electric ma
ner. Calculation shows that the optimal conditions for ARI
are GF!GS , U52D, E02mS52U/2, anduVu.U/2. The
properties of ARISP can be described by Eq.~1!. In practice,
the resonant levelE0 can be tuned by gate voltage, and A
resonance can be monitored by the small tunnel current
tween F and S electrodes.. In the context of intensive
search and impressive progress in F/2DEG, S/2DEG,
F/S hybrid structures,13–16 the proposed F-QD-S system
should be feasible with up-to-date nanotechnology. We
looking forward to hearing the relevant experimental
sponse.
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