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Electron–longitudinal optical phonon interaction between Landau levels
in semiconductor heterostructures

C. Becker, A. Vasanelli, and C. Sirtori*
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Calculations of electron–longitudinal optical phonon scattering rates between Landau levels in semiconduc-
tor heterostructures with a magnetic field applied parallel to the direction of confinement are reported. We have
found that the scattering rate shows strong oscillations as a function of the applied field, depending on the
configuration of the energy states in the structure. In the limitB→0, the expressions for the intersubband
scattering rate between Landau levels reduce to those obtained in the case of two-dimensional subbands at
B50 T.
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I. INTRODUCTION

The relaxation of carriers in zero-dimensional~0D! semi-
conductor systems has been extensively studied in re
years, both in quantum dots and in two-dimensional~2D!
structures subjected to a strong magnetic field applied pa
lel to the confinement direction.1–6 In particular, the interac-
tion between electrons and phonons, which is a very effic
relaxation path for carriers in 2D systems, has been wid
considered in 0D systems. In 0D systems, both theore
and experimental results have shown that electrons and
gitudinal optical ~LO! phonons are in a strong couplin
regime.7–10 In particular, energy splittings between polaro
states have been observed both in quantum dots and in
structures in strong magnetic fields.9,10 We have calculated
these energy splittings in a quantum cascade~QC! laser
structure in a quantizing magnetic field and shown that,
expected, their value is only a few meV’s~for GaAs-like
parameters! even at very large fields (B.40 T). We believe
this finding prevents the use of a polaron formalism for
present state of art GaAs-based QC lasers. We shall ins
show that a quasi-weak-coupling description of t
electron-LO phonon interaction is possible for a very bro
class of imperfect QC structures. The central assumptio
this model is that the actual output of a QC laser res
among other parameters from the inhibition~or not! of the
LO phonon assisted intersubband transitions. These inter
band transitions are envisioned as taking place in many
crosamples (m samples! which differ from one another by
random values of one of their characteristic thicknesses. T
model, which recalls the inhomogeneous broadening mo
of the optical transitions in a quantum well~QW! structure,
allows an easy derivation of the population relaxation r
due to the irreversible escape of the carriers from the gro
level of a Landau ladder to all the other levels at lower e
ergy. To our knowledge, this is the first time that such
calculation is presented, since previous reports were lim
to simplified cases~e.g., at the magnetophonon resonance
in the case where only the first electronic subband of
system is populated! ~Refs. 11–18!. We shall show that the
0163-1829/2004/69~11!/115328~6!/$22.50 69 1153
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population relaxation rate is an oscillating function of t
magnetic field. We shall also show that our formalism
duces to the well-known expression of theB50 relaxation
rate at the edge of an excited subband due to the emissio
one LO phonon to all the other 2D states of a lower subba
In Sec. II, we explain our model and in Sec. III detail th
weak- and strong-field limits and discuss a structure wh
one should benefit from the quenching of the phonon
assisted transfer between subbands at high magnetic fie

II. MODEL

In the Landau gauge the one electron effective m
Hamiltonian reads

Ĥ5
px

2

2 m*
1

~py1eBx!2

2 m*
1

pz
2

2 m*
1V~z!, ~1!

wherem* is the carrier effective mass at energy« andV(z)
is the confining potential in the growth direction. The sp
Zeeman effect has been neglected because for GaAs-like
terials the Lande´ g factor is so small that even at 40 T th
spin Zeeman effect remains smaller than'1 meV; this
value is significantly less than the effective electronic te
perature broadening or the inhomogeneous broadening.

The eigenstates of Eq.~1! are factorized:

cn,p,ky
~rW !5^rWuEn ,p,ky&5xn~z!wp~x1l2ky!

eikyy

ALy

, ~2!

where wp is the pth Hermite function,Ly the sample size
along they direction, andl5A\/eB is the cyclotron radius.
The energies are additive for the longitudinal and transve
carrier motions:

«n,p,ky
5En1S p1

1

2D\ vc , ~3!

where En are the energies of the unperturbed system
\vc5\eB/m* is the cyclotron energy.
©2004 The American Physical Society28-1
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Thus, the unperturbed Landau-level spectrum is discr
similarly to that of a quantum dot. There exists a major d
ference between the two cases, which is the macrosc
degeneracyLxLy /(2pl2) of each of the Landau energie
given by Eq.~3!.

The electron-LO phonon Hamiltonian is the sum of t
interaction Hamiltonian with each phonon mode defined
its 3D wave vectorqW 5(QW ,qz), whereQW 5(qx ,qy) is its in-
plane component:

Ĥe2ph5(
qW

Ĥe2ph~qW !,

Ĥe2ph~qW !5 i
g

q
~e2 iqW •rWaqW

1
2eiqW •rWaqW !, ~4!

whereg2 is the Frölich factor given by

g252p\vLO

e2

«p V
,

«p5
4p«0

«`
212«s

21
, ~5!

vLO is the energy of the dispersionless LO phonons wh
we consider bulklike.«s and «` are the static and high
frequency relative dielectric constants respectively andV is
the sample volume.

A completely discrete spectrum implies a conceptual d
ficulty in computing the transition from one given level
the other ones, to the extent that there is no justification
apply the Fermi golden rule to compute the transition
tween the Landau levels due to the emission of LO phon
Moreover, like in a quantum dot, the lack of electronic co
tinuum leads us to expect the formation of mixed element
excitations, the polarons, which are the stable exact eig
states of the interacting electrons and LO phonons. The
ergy relaxation should subsequently be handled within
polaron formalism and this can be done by noting that
polarons are coupled to the phonon thermostat becaus
anharmonicity.7,19 While there are now good evidences
robust electronic polarons in, e.g., InAs/GaAs quant
dots,20 the Landau-level polarons are not as strong as in In
dots for a similar coupling between the electrons and the
phonons: anticrossings of the order of only'5 meV have
been reported21 in GaAs when~for the ground electronic
subband! the cyclotron frequencyvc is equal to the LO pho-
non frequencyvLO . Since we are interested in evaluatin
inter-subband relaxation~where thez dependent wave func
tions are different in the initial and final electronic state!,
the polaronic effects are expected to be even smaller
those measured whenvc5vLO , making the polarons pron
to decay very quickly due to the imperfections of the ma
rials. Consider the factorized electron-phonon sta
uE2,0,ky& ^ u0& and uE1 ,n1 ,ky8& ^ u1&. They comprise zero o
one LO phonon. Assume the magnetic field is such that
zero-phonon stateuE2,0,ky& ^ u0& has the same energy as th
11532
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one phonon states of the lower subbanduE1 ,n1 ,ky8& ^ u1&.
This is the intersubband magnetopolaron resonance:

E25E11n1\vc1\vLO . ~6!

The diagonalization of the electron-phonon Hamiltonian b
tween these states leads to the formation of two pola
states whose energy splitting\V between the state
uE2,0,ky& ^ u0& and uE1 ,n1 ,ky8& ^ u1& is given by

\2V25 (
qW 5(QW ,qz)

uI u2g2
11nqW

q2
u^E1ueiqzzuE2&u2, ~7!

where the matrix element for the in-plane direction reads

uI u25
~l2 Q2!n1

2n1 n1!
expS 2l2 Q2

2 D . ~8!

In Fig. 1 the \V splitting is plotted as a function of the
magnetic field at the polaron resonance in a 90 Å wide Ga
quantum well with Al0.45Ga0.55As barriers forn151 –10. Its
maximum value is of the order of 3 meV atB550 T. Hence,
in a real system, it is likely that the disorder induced by t
impurities, interface defects, etc. will homogeneously or
homogeneously broaden the Landau levels making the
laron effects hardly visible. In the case where the pola
description were necessary~i.e., for extremely low defects
samples where the polaron splitting would largely exceed
Landau-level broadening!, one would have to start from th
polaron eigenstates and completely reconsider the prob
of the energy relaxation, because no LO phonon emissio
absorption could be further added to the model of sta
mixed elementary excitations of the interacting electron a
phonon system.7,19 In the polaron framework, the energy re
laxation can only be due to mechanisms which indirec
break the polaron: either a finite phonon lifetime~as, e.g.,
triggered by anharmonicity! or a finite electron lifetime~as,
e.g., due to Auger effects or to recombination lifetime!. In a
quasiclassical description of these anharmonicity and/or
ger effects, the decay frequency of the polaron is equal

FIG. 1. Energy splitting as a function of the magnetic field at t
polaron resonance in a 90 Å wide GaAs quantum well w
Al0.45Ga0.55As barriers, forn151 –10.
8-2
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1

tpol
5

f e

te
1

f ph

tph
, ~9!

where f e and f ph are the zero-phonon and one-phonon fra
tions in the polaron wave function, whilete andtph are the
electron and phonon lifetimes, respectively. This implies t
the polaron lifetime is always longer than the shorter of
electron or phonon lifetimes, that is to say a few picoseco
in a GaAs-like material sincetph is itself a few picoseconds
in these materials.

For state of the art materials, we believe that calculati
performed in a strong coupling~polaronic! approach will not
correctly describe the results of the experiments. This is
cause the anticrossing~at resonance! or, a fortiori, the differ-
ence between the polaron energy and the uncoupled elec
phonon energies~off resonance! are not much larger than th
collision or inhomogeneous broadenings. Such a situatio
in fact reminiscent of the one found in a low quality fact
planar microcavity where the coupling between the mate
system and the photons is too weak compared to their da
ings ~due to defects, imperfections, losses, etc.! thereby pre-
venting the formation of stable mixed modes~the polaritons
in the microcavity case!.

We shall now calculate the relaxation timetn2 ,n,ky
of a

given initial Landau staten centered at a given2l2 ky of a
given subbandn2 due to the emission of a longitudinal op
tical phonon, which brings the electron in the various Land
states of different subbandsnm , m,2. We assume that th
Landau levels are broadened and use the Fermi golden
to write

1

tn2 ,n,ky

5
2 p

\ (
n8,ky8

u^n2 ,n,kyuĤe2phun1 ,n8,ky8&u
2

La@En2
2En1

1~n2n8!\vc2\vLO#, ~10!

whereLa is a normalized Lorentzian function characteriz
by the broadening parametera or any function ~e.g., a
semiellipse! which represents a broadened delta function
the difference between Landau-level energies. A quick
spection of Eq.~10! shows that resonances in the scatter
rate 1/t will take place when the LO phonon energy match
the energy difference between two Landau levels of two s
bands, i.e., exactly at the intersubband magnetopolaron r
nances. These resonances instead of occurring at dis
values of the magnetic fieldBn,n8 will be smeared out and
extend over finite segments aroundBn,n8 because of the
broadening effect. A self-consistent calculation of scatter
rates in the case of highly singular density of states may
found in Ref. 22.

Actually, we shall not attempt to make such a calculat
because the precise value ofa or the precise shape ofLa are
of little importance~provideda is small enough! to the ex-
tent that the central assumption of our model is that ac
experiments involve an inhomogeneous broadening of
levels rather than an homogeneous one as it arises from
croscopic scatterers. Our belief is that a macroscopic are
the sample is involved when measuring the output of a qu
tum cascade laser. Hence, we envision the light emitted
11532
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the sample as originating from a huge collection of simi
samples which however differ from each others because
~or several! parameter, such as one~or several! of the well
width~s! L, varies in a random fashion from onem sample to
the other. Depending onB andL, one suchm sample will be
near the intersubband magnetopolaron resonance. Henc
t will be short and ifn2 corresponds to the subband to b
populated to ensure laser action, this particularm sample will
be off duty. Instead for the sameB value anotherm sample
characterized by a slightly differentL will be off the inter-
subband magnetopolaron resonance. Itst will be longer than
them sample at resonance, and it will possibly participate
optical gain ~provided the recombination waveleng
matches the electromagnetic cavity requirement!. Our model
is thus similar to the well-known model of the ‘‘terrasselik
interface defects.’’23,24 These defects are assumed wi
enough in the layer plane to leave the Landau quantiza
essentially unchanged. In other words, instead of assumi
global in-plane invariance, eventually perturbed by impu
ties, which would lead to extremely complicated se
consistent calculations, we add the response ofN nearly ideal
m samples to evaluate Eq.~10!. The properties of theseN m
samples differ because of the random distribution of the
rameterL. Since the numberN is very large we can replac
the discrete summation over the variousm samples by an
integral whose integrand will display a probability dens
that the random variableL lays betweenL andL1dL. It is
then clear that Eq.~10! will have to be replaced by

K 1

tn2 ,n,ky
L 5E

0

`

P~L !
1

tn2 ,n,ky
~L !

dL. ~11!

In the following, we shall use a Gaussian probability dens

P~L !5
1

sA2p
expS 2

~L2L0!2

2s2 D , ~12!

and extend the lower bound of the integral in Eq.~11! to
2` becauses!L0. Now, if the fluctuations of the energ
differenceEn2

2En1
due to the fluctuations ofL are much

larger than thea parameter, which determines the width
the Lorentzian, all the smearings out of the 1/t resonances
versusB will effectively result from the parameters. This
will allow us to go to the limita→0, i.e., to replace the
Lorentzian by a delta function.

Under such conditions, we get:

K 1

tn2 ,n,ky
L 5

2p

\ (
ky8 ,n8

u^n2 ,n50,kyuĤe2phun1 ,n8,ky8&u
2

3E
2`

1`

P~L !d@Dn2 ,n1
~L !2n8\vc2\vLO#dL,

~13!

where we have specialized to the ground Landau leveln
50) of the initial subband and where

Dn2 ,n1
~L !5En2

~L !2En1
~L !. ~14!
8-3
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In principle, there is also a variation of the squared ma
element withL. It is small however compared to those ass
ciated with the variations of the argument of the delta fu
tion. For simplicity we have neglected these variations. T
energy differenceDn2 ,n1

is a monotonously decreasing fun
tion of L. In order to keep analytical results as far as possi
we shall assume that aroundL0 the energy differenceDn2 ,n1

varies linearly withL:

Dn2 ,n1
~L !5D02g~L2L0!, ~15!

whereg.0 a priori depends onn2 and n1. With this ~mi-
nor! assumption Eq.~13! simplifies as

K 1

tn2 ,n,ky
L 5

2p

\ (
ky8 ,n8

u^n2 ,n50,kyuĤe2phun1 ,n8,ky8&u
2

3
1

dA2p
expS 2

~D02n8\vc2\vLO!2

2d2 D ,

~16!

whered5g s is the width of the Gaussian distribution of th
energy differencesDn2 ,n1

. Hence, as seen from Eq.~15!, the
inhomogeneous broadening model results in an expressio
the average scattering rate which looks like the one obta
by replacing the deltalike peaks of the Landau-levels den
of states by Gaussians. A typical value for linewidths
quantum cascade laser structures is'12 meV;25 as a conse-
quence in the following we will taked56 meV.

Before discussing the limiting behavior of the scatteri
rate in both limitsB→0 andB→` in Sec. III, let us mention
that Eq.~16! shows that̂ 1/tn2 ,n,ky

& displays maxima when
ever the following condition is satisfied:

D02\vLO5n8\vc . ~17!

This means that a plot of the maxima versus 1/B will show
peaks which are separated bye\/@m* (D02\vLO)#. There-
fore if two series of peaks show up in the Fourier transfo
of ^\/(2pt)&, the two periods will directly give access t
the energy differencesEn2

2En1
andEn2

2En
18
.14

It is also important to note that thê1/t& peaks occur at
the intersubband magnetopolaron resonances. Hence,
models of a weak coupling or a strong coupling betwe
electrons and LO phonons provide the same qualitative re
as far as the variations of̂1/t& versusB are concerned
Thus, it is not the mere observation of the oscillatory beh
ior versusB which can discriminate between both descr
tions of the electron-phonon coupling. Rather, we belie
that the measurement of the absolute value of the scatte
frequency can give us a hint on which approach is m
likely to be correct since, in general, the strong coupl
regime leads to a less efficient energy relaxation~by roughly
a factor of 10! than the weak coupling one.

After some manipulations and using Eq.~8!, we find
11532
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K \

2ptn2,0,ky
L 5g2~11nLO! (

QW ,qz

u^xn2
ue2 iqzzuxn1

&u2

qz
21Q2

S~Q!,

S~Q!5
e2l2Q2/2

dA2p
(
n8

1

n8!
S l2Q2

2 D n8

3expS 2
~D02n8\vc2\vLO!2

2d2 D , ~18!

wherenLO is the mean number of LO phonons. It is wor
remarking that 1/t is ky independent, which recalls the im
plicit in-plane translation invariance of the inhomogeneo
broadening model. Thus, Eq.~18! represents also the averag
scattering rate of the population of the ground Landau le
of the subbandn2. Equation~18! can be made a little more
explicit by evaluating the summation overqz . One readily
finds:

K \

2ptn2,0,ky
L 5~11nLO!

e2 \vLO

8p«0
S 1

«`
2

1

«s
D

3E
0

`

f ~Q!S~Q!dQ, ~19!

where f (Q) is the form factor:

f ~Q!5E E dzdz8xn1
* ~z!xn1

~z8!xn2
~z!xn2

* ~z8!

3exp~2Quz2z8u!, ~20!

which vanishes both atQ50 ~like Q) and whenQ→` ~like
1/Q).

We show in Fig. 2 the calculated scattering rates versuB
for the LO phonon emission between the ground Land
level of theE2 subband to the Landau levels of theE1 sub-
band for a GaAs well clad by Ga0.55Al0.45As barriers. Two

FIG. 2. Calculated scattering rates vsB for the LO-phonon
emission between the ground Landau level of theE2 subband to the
Landau levels of theE1 subband~GaAs well, Al0.45Ga0.55As barri-
ers!. The Gaussian widthd is 6 meV.
8-4
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different well widths ~50 Å and 90 Å, respectively!, with
E22E1 energies of 212 meV and 111 meV, respective
have been considered.

III. THE WEAK- AND STRONG-FIELD LIMITS

In the weak-field limit, i.e.,\vc→0, S(Q) in Eq. ~18!
can after some manipulations be approximated by

S~Q!'Gd~Q!5
1

dA2p
expS 2

S D02\vLO2
\2Q2

2m*
D 2

2d2
D ,

~21!

where m* is the effective mass at the edge of the exci
subband. We recognize inGd(Q) a broadened delta functio
of the energy difference between the edge of the initial s
band and the total electron energy in the final subband.
note that the electron has gained in-plane kinetic energy
cause the global in-plane invariance of the interact
electron-phonon system forces the electron to acquireQW in
the layer plane after the interaction with one LO phono
Finally, the average population relaxation time reads

K \

2ptn2,0
L 5g2~11nLO! (

QW ,qz

u^xn2
ue2 iqzzuxn1

&u2

qz
21Q2

Gd~Q!.

~22!

It is clear that Eq.~22! is the expression of the intersubban
relaxation time for the emission of phonons from the edge
En2

to a lower subbandEn1
for an inhomogeneously broad

ened heterostructure. If, in addition, we neglect the inhom
geneous broadening we replaceGd(Q) by d@D02\vLO
2\2Q2/(2m* )# and Eq.~22! will coincide with the Fermi
golden rule expression of the intersubband relaxation tim

Finally, let us discuss the strong magnetic-field regi
and propose a structure which is meant to take benefit of
changes in the electron-phonon interaction in heterost
tures by a magnetic field. It consists of a two-well acti
region sandwiched between injection/extraction regions
this case, there is only one subband below the excited s
and the change in its lifetime is maximized. We show in F
3 the schematic conduction-band edge profile in this str
ture. The transition energyE22E1 will correspond to 137
meV. Figure 4 shows the changes in the calculated pop
tion relaxation time of the excited subbandE2 versusB. This
lifetime is increased by a factor of 2 atB515 T and by a
factor of 5 atB519 T. The study of the broadening of th
Landau levels and the means to reduce it are thus an im
tant issue in the perspective of exploiting the effects of l
magnetic field on the mid-infrared devices. For longer wa
length, it is even possible to reach at high magnetic fiel
regime where the cyclotron energy exceeds the intersubb
energies. In this case, one of the main cause of popula
transfer, the irreversible emission of LO phonons, will
quenched and the excited-state lifetime will become limi
by other mechanisms. We think that in this case electr
electron interactions have an important role for relaxati
11532
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giving the necessary energy conservation, they allow e
trons in a state where LO-phonon relaxation is impossible
reach another state in which relaxation is allowed. In
magnetic quantum limit, we can keep only then50 term in
Eq. ~18!. In addition, we use a convenient interpolation
the form factorf (Q), that is,

f ~Q!5
2Quz2z8un1 ,n2

11aQ1bQ2
, ~23!

b5
2uz2z8un1 ,n2

2E E uxn1
~z!xn2

~z8!u2dz dz8

, ~24!

wherea is a fitting parameter@known e.g., by requiring tha
Eq. ~24! has the right slope atQ50] and

uz2z8un1 ,n2
5E E xn1

~z!xn2
* ~z!uz2z8u

3xn1
* ~z8!xn2

~z8! dz dz8. ~25!

FIG. 3. Schematic conduction-band profile for a structure wit
two-well active region.

FIG. 4. Population relaxation time of the excitedE2 subband vs
magnetic field for the structure shown in Fig. 3. The Gaussian w
d is 6 meV.
8-5
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Therefore, in the strong-field regime, the intersubband s
tering rate associated with the LO phonon emission beha
like

K 1

tn2,0,ky

L 5~11nLO!
e2vLO

4«0
S 1

«`

2
1

«s
D

3
e2(D02\vLO)2/~2d2!

dA2p
S 22eB uz2z8un1 ,n2

\
D

3E
0

` xe2x2

11axA2eB

\
1bx2S 2eB

\
D

dx. ~26!

It is worth remarking that Eq.~26! shows that once then
51 level of theEn1

phonon replica is beyond a few meV

from then50 level of theEn2
subband, the scattering tim

reaches very large value~because the Gaussian has a ve
large and negative argument!. At even larger field, we find a
small decrease oftn2,n1. This is because the inhomogeneo
broadening model is, in essence,B independent, leading to
Gaussian contribution which does not vary withB. However,
a very different behavior would arise if, e.g., a homogene
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into account. In fact, in the magnetic quantum limit, the
tersubband relaxation will be very sensitive to disorder
fects ~hence, experimentally, it will vary strongly from
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