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Measurement of two-qubit states by a two-island single-electron transistor
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We solve the master equations of two charged qubits measured by a single-electron tré®&iBt@on-
sisting of two islands. We show that in the sequential tunneling regime the SET current can be used for reading
out results of quantum calculations and providing evidences of two-qubit entanglement, especially when the
interaction between the two qubits is relatively weak compared to qubit-SET coupling.
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Quantum information processing in solid-state nanostruc- H=Hgo+Heert Hint, (1)
tures has attracted widespread attention because of the po-
tential scalability of such devices. Within this context, quan- o
tum measurement in mesoscopic systems is a crucial issU¥1€"€Han, Hser andHiy are the Hamiltonians of the two

: : : - bits, the SET, and the interaction between the qubits and
and is being carefully analyzed both experimentafyand ~ 9YP'S, ' . . .
theoretically>™*® so that proper measurements can be de:[he SET, respectiveli q, describes the two interactiniéft

. . . : and right, as illustrated in Fig.) qubits, each consisting of
signed to extract the maximal amount of information €ON-1 o tunnel-counled auantum dat@D's) and containing one
tained in a solid-state qub{por qubitg. One prominent ex- pledq g

ample is a single-electron transis{&ET), whose current is excess charge:
particularly sensitive to the charge degrees of freedom
through gate potential variations on its central istantf =2
Indeed, with a radio-frequency SET, electrons can be Hgp= 2 (DT axtA4047) +I0L0R,, 2
counted at frequencies up to 100 MRsp that if the states «bR
of a qubit can be distinguished by charge locations, a SET
can be used to measure the qubit states. where O, (Qg) and A (t)[Ag(t)] are the inter-QD(but

Recently, two-qubit coherent evolution and possibly en-ntraqubiy tunnel coupling and energy difference in the left
tanglement have been observed in capacitively coupled Codright) qubit. Here we use the spin notation such thg
per pair boxe$? The realization and detection of two-qubit =a'b,+bla, ando,,=ala,—b!b, (e=L,R), wherea,
entanglement are crucial milestones for the study of solidand b, are the annihilation operators of an electron in the
state quantum computing. In this paper we study a schemiépper and lower QD’s of each qubitis a coupling constant
for the quantum measurement of two Charge qub[‘ts ( between the two quitS, Originating from CapaCitive Cou-
= 2), which can be extended to the detection of moderatelp!ings in the QD systerit 1) and [|) refer to the two
larger number of qubitsN>2). Specifically, the target qu- single-qubit states in which the excess charge is Ioca!|zed in
bits being constantly measured are double dot chargi!® Upper and lower dot, respectively, (e=L,R) are bias
qubits> whose states are the different spatial distributions o2!€ voltages applied on the qubits, which can be used to
the excess electron on the double dot. The quantum detect ne the qubit energy sphtt!ngs aF‘d are used for the manipu-
is a two-island SETI{=2), with each island coupled to a ation of these charge qut_)lts QUnng qua_ntum calculatidns.

. I . - ST oo - . The SET part of the HamiltoniaH ¢ is written as
gubit capacitively, as illustrated in Fig. 1. Our objective is to
demonstrate the capability of this two-island SET in detect-

ing and differentiating two-qubit quantum states. In particu- j‘_l. _ALR

lar, we develop a master-equation formalism from micro- c: X I CcR

scopic Hamiltonian to describe the readout current of the X

SET in its sequential tunneling regime. Under the condition L-qubi‘{QL,CB J ayCE}R-quit
that the relaxation time of SET current is sufficiently long

L R
. . o . G
compared to the period of qubit oscillations, we clarify Cin nt
three major issues regarding the capability of the two- L R
island SET layout: whether the two-qubit eigenstates

o AR
{]00),]01),|10), and|11)} can be distinguished, whether en- Readout corrent >
tangled states and product states can be distinguished, and

whether Zeno effect can be seen in the two quifits. FIG. 1. Qubits are capacitively coupled to a two-island SET,
The Hamiltonian for the combined two qubits and thewhich acts as a charge detectbi{=2) qubits are arranged be-
two-island SET can be written as follows: tween source and drain.
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Herec; s (ciRS) is the annihilation operator of an electron in E”fﬂﬁ-j E”ﬁ-@-lj

the i th (ixth) level ( (ir)=1,...n), in the left (right) (h) (M
electroded, s (drJ is the electron annihilation operator of
the left(right) SET islandse{7,]|} is the electron spin, and

naszdzsda,S is the number of electrons on each island. Herethe chemical potential difference — ug, i.€., u — ur

we assume only one energy level on each island.(Vge >{FL,FR,VM}.2“ We consider the following two transport
andVys are the tunneling strength of electrons between lefiprocesses separately. The first case is when the double-
(right) electrode and the lefright) island and that between occupied states are energetically betwggnand ug and all

the two islandsU (Ug) is the on-site Coulomb energy of the electronic states in Fig. 2 take part in the tunnef(finite
double occupancy in the leftight) island. Finally, the inter- U mode). The second case is when double occupancy of
action between the qubits and the SET, describedhy, electrong(e)—(i) in Fig. 2] is prohibited through sequential
are capacitive couplings between the qubits and the two SEfunneling(infinite U mode). Experimentally, these two cases

FIG. 2. Electronic states in the detector.

islands: are interchangeable by tuning the applied island gate
voltages®®
The wave functionq W (t)) of the qubits-SET system can
Hin=3 (Ehdldiso,+ ERdhdror). (@) (D) of the g 4

be expanded over the two-electron states of the qubits, the
island states of the SET shown in Fig. 2, and all possible
Consequently, the energy level of a SET island is raised bglectrode states. More specifically, we chof@eto refer to
Efni—eCnCa/Ce/(CAC+ CE[Ca+Cin) if the charge in  the initial ground state of the whole SET system where the
the corresponding qubit is located in the lower &DThe  two electrodes are filled with electrons up tq and ug,
electronic states of the qubits also influence the tunnelingespectively, and the two islands are empty of excess elec-
ratesI"“(E) =27p,(E)|V.(E)|? (p, are densities of states trons. The basis states for the SET can then be constructed
of the electrodes If we define{|A)=|| ), [B)=|]1), |[C)  from |0) by moving electrons from the left electrodeith
=[11), ID)=|11)}, the tunneling rates would then satisfy higher chemical potentiatto the two islands and the right
the following relationshipsT's=T5<Tt=TF andI'R=T%  electrode. For convenience, we categorize the states by the
<TR=TEk. number of electrons that have been transferred from the left
Now we can construct the equations of the qubits-SETO the right electrode:
density-matrix elements governed by the above-mentioned
Hamiltonian atT=0, following the procedure developed by W () =W o(t)+[F1(t), ®
Gurvitz? The possible electronic states in the detector thatvhere | o(t)) is the part of the wave function where no
we consider are shown in Fig. 2. Our derivation procedure iglectron reaches the right electrode gHth(t)) represents
valid as long as the energy levels of the islands are inside thihe part of the wave function where more than one electron is
chemical potentialg., of the left electrode angig of the  transferred to the right electrodglo(t)) can be expressed
right electrode, and the tunneling rates are much smaller thass

|\If0(t)>= b(O)a,z(t)+2 [bl(g)byz(t)dtscls*'bl(sO)C’Z(t)d;{sCIs]'*_ 2 I(Ol)dszs (t)d dJFreszcllslclzs2
z=A,B,C,D Is l1i58s, 127172
(O)ez (0)f,z T 4t (0)g,z T 4T
+|1|2[ A (d{ df i ¢, +Df A (t)dRTdRicllTCIZL]"'IlIZEIEHS [ Hrs(Ddyd (AR TCIZLCI
(S t T b© t gt
+b{ () dR,d dLscllTCIZLCI3s]+| El bO%% (vdl dl dkdE e e e, 110)]2), (6)
1'2'3'4
whereb®*2(t), bI®%(t), ..., b9 (t) are coefficients for the respective states. The superscripts refer to the number of

electrons transferred, the SET island stdsssillustrated in Fig. § and the four-qubit basis states. The subscripts refer to the
left electrode states from which electrons tunnel into the islands. Thus each of the tgrngt)) indicates a state with as
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little as zero but up to four electrons jumping from the left electrode to the two SET islabgé)) can be expressed as

(Wa)=2 X bR 0+ [0 5 (Ddlciet b g (1]
PR

(n)d,z T T (n)e,z T 4t (n)f,z
+|1|225152 b'1|2515251"'IBn(t)(:I'-SldRSzCHSlC'252+E2 [b|1'251"'Bn(t)dLTdLlcllTC'2l+b|1|251'"ﬁn

T 4t (n)g,z T gt 4T T (n)h,z T qf 4T T
><(t)dRTdec|ch|2¢]+|1§35 (b8 %, .5 (DA d] dEe jer el s+ DA, (DdE AR dler e, el ]

n

i t gt gt gt t
* ;l b5, 6, (DAL Ry 01 i, €0, ®i_H1 (e rgcrs)10)[2), (7)
1'2'3'4 =

whereg;=(l{ r{ ,s) represent the electrode states involved ,Cb_prj(_gC _EC 4 ED +ED — . +J,)—TR']pSP
. . . ii d~ Edg T Ed T Edg” YcTYD Pii
in the electron transfers. Similar to the expression of

the. coefficients for |Wy(t)), here bfgnl)_aj,zﬁn(t), cey —iQR(PRP—pEC) —iQ (phP—pSB)
b{"2iZ 6,5, (1) are coefficients for the states withelec-

L', CD CD

trons transferred to the right electrode, and another 0—4 elec- I (P Priny ) ©)

trons Jumped from the left electrode to the SET islands. Th‘?/vhere Ja=A +Ar+J, Jg=A —Ag—J, Je=—A, +Aq

superscripts again refer to the number of transferred elec- A _ A _ B _ C C _pgD

. . . v Jo=—A —AgtJ, Ey =E4 =Eqg +Ejy, Eq=Eq

trons, the SET island states, and the qubit basis states. The L A €. " Rt UE g D "

subscriptsl; and s; refer to the left electrode states from _EdL_Eint’ EdR_ EdR_EdRJ“Eint’ and EdR_ EdR— EdR

which electrons tunnel into the islands, while the rest of the— ER.. I'*'=0 in infinite U model andl'® =T'¢ in finite U
subscriptsB, - - - B, indicate the electrode states of the elec-model. For simplicity we consider two identical qubits, with

trons trapsf_erred _from the left _to the right ellle(_:trode. Eq, =Ea, and Ej,= E:Btz Eian_ The readout current(t)
Substituting this wave function into the ScHinger equa-

. . L =eNg(t) is®

tion for the whole qubit-SET systeri| W (t))=H|W¥ (t)), we

obtain a set of algebraic equations for the Coefficid!f}tat)

[as we have mentioned abovg, indicates the electrode I(t)= > e{l"R[pgéTerégpLpé;dﬁﬂLpédelﬁPéidw
states for the electronsi is the quantum state of the SET 2=AB.C.D

islands(Fig. 2), andz=A,B,C,D refers to the state of the
qubits]. We assume that there is no magnetic field and elec-
tron tunneling is independent of spin. The density-matrix el-

2z 2z, 7z 2z 22 77
thd T 2pfi+ Pggr + PggL t2(Phhy t Pihy) ]

. +2TR p73, 10
ements can then be defined as Pi} (10
dEJE . We monitor the onset of the readout current to extract
a7 (= bU1AE)bY2 %2 (E)el (E-ENt information of the qubit states. The initial state of the SET is
PiE(t) 5 D (E)D 2 (E)el B E, : | :
12 B 4 such that there is no excess electron in the SET islands,

(8)  which corresponds to stafe) in Fig. 2 and there is no cur-
~u;.7 . ) rent through the SETsee Eq.(10)]. The current begins to
wuhezre by "(E) is a Laplace t.ransformed .element Of flow att=0 and after a transient region saturates to a steady-
b;*(t). After a lengthy calculation, we obtain 352 equa- state value. In the absence of the two-island SET, the qubits
tions for density-matrix element,sﬁllizz(t) (see the Appen- oscillgte_ wit_h frequencies/Qa2+A2a. Their interaction with _
dix): the dissipative current through the SET degrades the qubit
coherent oscillations and drives the charge distribution to-
CAA_ oL AA_ BA_ AB\_: CA_ AC wards uniformity in the qubits at—oc. Conversely, in the
=-2r i Qg( ) =i ( ) y e q Y,
Paa Paa RiPaa ™ Paa LiPaa ™ Paa absence of the qubits, the SET current saturates after
+TR(pbodi +pod)), ~T' 71, where'=T'TR/(I'*+T'R). The presence of the qu-
bits and their charge oscillations modify the SET current
PAB=[i(—Ja+3g) — 2T A5~ i QR(pEE— piN) through an .effectlve gate potential on the |s.lar.1ds. Figure 3
shows the time-dependent current characteristics of the infi-
—iQ(pSE—pae) +TR(pEE+ o), nite U model neart~0. To calculate the current when the
qubit initial state is|A), for example, we se(®34(0)=1
and the other coefficients zero in the total wave function
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FIG. 3. Time-dependent readout current characteristics of the Vg/r It
infinite U model for [A)=[11), [B)=[L1), [C)=]1l), |D) FIG. 4. (Color Time-dependent readout current characteristics

=[17) as initLaI states tL(ZO)L' wEereé)L=QR=(L).7H‘L, Vhlg starting from(a) |B), (b) singlet state in the infinité) model for
:0~R5F' Ein=En=0.2', I'x=Tg=I'a=I'c=0.8 I'e=I'0=I's  weak measurement casE;(=0.2'<V,=0.5I") as a function of
=Ip=12". (8 J=0.1I', (b) J=T". Vy=V;=VE. Parameters are the same as those in Fig. 3.

[Egs. (6) and (7)], which means thap44(0)=1 and other ~density-matrix elements for a singlet stat¢ [0 —[ 1))/ V2
density-matrix elements are zero 0. At small timet  =(|C)—|B))/\2 of two free qubits H;=0) satisfy p&&
qubit state|A) suppresses the current the most while statey ,CC— ,BC— ,CB=0 (A =ApR), which suggests that en-
ID) the least. The measurement timg that is required to  tangled states such as the singlet state are less effective in
resolve the states of qubits is estimated to §g¢' influencing the readout current. We believe this ineffective-
~min{E,Ta—T'5} (~0.5 T in Fig. 3. The relative mag- ness is related to the fact that logical states encoded in en-
nitude of the current changes with the coherent oscillationsangled states are less susceptible to environmental
of qubits ¢>1/Q,). Thus the SET current can be used todecoherencé’ Indeed, the readout current of this entangled
distinguish the four product states durihg<t<1/Q,. If  state is found to be uniform as shown in Figb¥ We ob-

the coherent oscillation of the qubits remains afted” 1, tained similar results for the other Bell states, and there is no
as in the present mod& we can discuss the quantum statessignificant difference between the infinité model and the

of qubits using the steady current formula—<{«) through finite U model in the weak measurement regime.

the SET without the qubit3: In the strong measurement reginte {>Vy), the current
is more sensitive to the charge distributions in the qubits, and
el'V2 there are differences between the infiritenodel and finite
lse=— M 5 , (1) U model. We can distinguish the four products more easily
gl /(T +TR) +Vy +THTR/4 through the SET current, as shown in Fig&)55(d). How-

ever, currents for the entangled states in the infiditemodel
wherees=Eqy —Eq_ is the energy difference of the two is- show several similar peaks that reflect the qubit oscillations
lands. IfVy>T,e4,Q,, the coupling between the two is- and cannot be easily distinguished from the product states.
lands is strong and the current mainly reflects the bondingOn the other hand, the finité model shows distinct uniform
antibonding state in the detector, which is not suitable forstructure compared with the current of the product states
qubit measurements. We thus focus on the regim&/gf [Figs. 5e) and 5f)]. This shows that, in the finite) model,
<Q,,I'. Since EQL— EQR: E(?L— Eg’Rzo and EEL— ESR redistribution of the electrons through the two islands of the
—ES —ES =2E,,, the different effects betweefA) and detecFor_ls energetically favorable under the _rathe_r uniform
R L , electric field generated by the entangled qubits. Figye: 6

D) and that betweefB) and|C) come from the differences ghows that the concurrende measure of entanglem&ht
in the tunneling rates. Moreover, the difference|dj and  gerived from reduced density matrix of two qubits after trac-
ID) from |B) and [C) becomes obvious in th&w>Vu  ing over the detector componenisf the two qubits disap-
region. Thus we calEj,>Vy strong measurement regime, pears quickly in the cases of strong measurement. While the
where the four product states can .be distinguished, in corkpherence quickly degrades, we can see the emergence of the
trast to the weak measurement regimeEgf<Vy . Zeno effect, in which a continuous measurement slows down

We can distinguish the current of pure entangled stategansitions between quantum states due to the collapse of the
and that of pure product states by changing bias voltagegave functions into observed stafe. For instance, Fig.
Vg=4, in the regime ofl/T'<1, where the current depends 6(p) shows that, a&,, increases, the oscillations of density-
on the change of qubit oscillation frequency matrix elements of the qubit®.g.,p°P) are delayed, which
(~ \/Qza+ Aza). Figure 4a) shows the current corresponding is a clear evidence of the slowdown described by the Zeno
to the qubit| B) state in the weak measurement regime of theeffect in the two qubits.
infinite U model. We also obtained similar results for the  Our numerical results above are applicable to a wide
other product statg#\), |C), and|D). In contrast, the read- range of pure product and entangled states. For example, in
out current for a two-qubit entangled state is more uniformthe entangled states cds1)+€¢sin 6|1 ), we found that the
compared with the product states as entangled states genemniformity of the readout current holds approximately up to
ally have less distinct charge distributions. For example, thég=+ /4],| | <m/12. The pure entangled states are more ro-
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6.0

then repeat such measurements for a wide range of gate bi-
ases. Since the detection scheme discussed here is based on
40 measuring small current differences in the transient regime,
Tt 035 it is important to analyze whether the present-day technology
20 na can achieve
030 the necessary sensitivity. The state of the art technology
0D o allows the measurement of 1 pA current with dynamics in
80 024 the GHz frequency range with repeated measurement
023 techniques:>®2°3According to our Figs. 3—-5, our scheme
I 40 81219 requires measuring a 0.1 pA current that changes in the nano-
tm g]; second time scal@assuming d" in the order of 100 MHz, a
' 014 reasonable figure becaukg,; would be in the order of 100
012 MHz if all capacitances are 100 ghwhich is at the edge of
0o 010 . .
60 a0 the current measurement technology. Thus, with a similar
007 design of repeated measurem&hf:?®3° our detection
40 - - ggg scheme should be experimentally feasible in the near future.
It 002 In conclusion, we have solved master equations and de-
20 § o scribed various time-dependent measurement processes of
two charge qubits. The current through the two-island SET is
0o shown to be an effective means to measure results of quan-
-10-06-02 02 06 10-10-06-02 02 06 10 tum calculations and entangled states.

Vo/T' Vo/T' _ , _ .
We acknowledge discussions with N. Fukushima, S.
FIG. 5. (Color Time-dependent readout current characteristicsFujita, M. Ueda, T. Fujisawa, and S. Ishizaka, X.H. also ac-
in the finite U model U=2I") for strong measurement case knowledges support from U.S. ARO and ARDA.
(Ein=0.8">V =0.5I") as a function oW,=Vg=Vg . The initial
states arga) |A), (b) |B), (c) |C), (d) |D), (e) triplet state, and APPENDIX
(f) singlet state. Parameters other tHap are the same as those

in Fig. 3 The density-matrix elements we included in our dynami-

cal study correspond to SET island states,(l,)={(a,a),

bust beyond the spatial distribution of the wave functions.g?,’?))" (((acd% ’ ((?3)2)(?égl)(g(g§d(ﬂh)(d?gdﬁ)) ((|e|§%

Although the product state$l,_, g[cos@/2)e '¢<?1),
+sin(g,/2)e'¢<?|| )] seem to have similarly uniform wave
functions wherd, = = 6 and ¢, = = ¢g=0,7 (compared to
the entangled states mentioned abowbe corresponding

Each element has a real and an imaginary part. The equations
for these density-matrix elements are constructed following
the method first adopted by Gurvi(Ref. 9, from the time-
L . dependent Schdinger equations of the state coefficients
currents reflect the coherent oscﬂl:;tlons oLf the qéjbns WheTEq. (8)]. The six off-diagonal elements mentioned above are
the gate bias changes bet""éég':, Vg andVg=—Vg. included because they are connected to the diagonal ele-
_ The initial state of each qubit is controlled by the gatements by transferring one electron between the two islands
biasesA andAg. The entangled states of the two qubits cang; from one of the electrodes to one of the islands. In the
be generated by tuning qubit gate biases and performing tWQe'quations for the density-matrix elemefiE. (9)], a factor
qubit operation(by controllingJ) such as Controlled-NOT \;  corresponds to the case when an electron is transferred
(C-NOT), as was theoretically demonstrated peﬂérm O petween the two islands, whileld or I'k factor indicates
der to compare the experimental and theoretical results SUGRat an electron is transferred between an island and an elec-
as those presented in Figs. 3—5, it is necessary to measure f§§qe The direction of tunneling from the electrodes is re-
time-dependent currents at fixed gate biasgs(a=L,R),  gyricted to be from left to right in the equations for the den-
sity matrix. In other words, the bias between the left and

1 T T F 02T right electrodes is set to be sufficiently large to suppress
08f = - =Epn=0.5T4 tunneling in the reversed direction.

a odl oo =081 The number of equations for the density matrix is arrived
054 ™ as follows. There are 16 diagonal elements for each island
04r Slowdown’] state in Fig. 2. For example, the diagonal matrix elements for

2f () NI state(a) include pgy', pags Pas s Paa (@l real, paz, pas,

-10-06-02 02 08 10 S Paa+ Paa: Paa» andpg, (all complex. In addition, there

VT L W 1 W 2 are 32 elements corresponding to each off-diagonal island
It state pair. For example, the off-diagonal matrix elements for

AA AB AC _AD BB BC B
FIG. 6. (Colo) (a) The concurrence of the singlet staté) thCeC(b)-((:CD) St%tg haiPBbc ' Poc+ Pbc’s Phe v Pocs Phe s Pe o
Example of Zeno effect: oscillation @PP(t) is delayed, where the  Ppc s Ppc » Poc + Peb + Peb » Peb » Peb + Peb » andpg, (all
initial state is|D) state[ p°P(0)=1]. Similar effects can be seenin complex. Thus, in total we have 2610+ 32X 6= 352 equa-

other initial states. Parameters are the same as those in Fig. 5. tions.
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