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Measurement of two-qubit states by a two-island single-electron transistor
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We solve the master equations of two charged qubits measured by a single-electron transistor~SET! con-
sisting of two islands. We show that in the sequential tunneling regime the SET current can be used for reading
out results of quantum calculations and providing evidences of two-qubit entanglement, especially when the
interaction between the two qubits is relatively weak compared to qubit-SET coupling.

DOI: 10.1103/PhysRevB.69.115301 PACS number~s!: 73.21.La, 03.67.Mn, 81.07.Ta, 85.35.Gv
uc

n
ss

de
n

om

b

E

n
o
it
lid
em
(
te
-
rg
o
c

a
to
c
u

ro
th
io
g

ify
o

te
n-
, a

he

and

f

ft

he
t
u-

d in

d to
ipu-
s.

T,
-

Quantum information processing in solid-state nanostr
tures has attracted widespread attention because of the
tential scalability of such devices. Within this context, qua
tum measurement in mesoscopic systems is a crucial i
and is being carefully analyzed both experimentally1–8 and
theoretically,9–18 so that proper measurements can be
signed to extract the maximal amount of information co
tained in a solid-state qubit~or qubits!. One prominent ex-
ample is a single-electron transistor~SET!, whose current is
particularly sensitive to the charge degrees of freed
through gate potential variations on its central island~s!.19–21

Indeed, with a radio-frequency SET, electrons can
counted at frequencies up to 100 MHz,4 so that if the states
of a qubit can be distinguished by charge locations, a S
can be used to measure the qubit states.

Recently, two-qubit coherent evolution and possibly e
tanglement have been observed in capacitively coupled C
per pair boxes.22 The realization and detection of two-qub
entanglement are crucial milestones for the study of so
state quantum computing. In this paper we study a sch
for the quantum measurement of two charge qubitsN
52), which can be extended to the detection of modera
larger number of qubits (N.2). Specifically, the target qu
bits being constantly measured are double dot cha
qubits,15 whose states are the different spatial distributions
the excess electron on the double dot. The quantum dete
is a two-island SET (N52), with each island coupled to
qubit capacitively, as illustrated in Fig. 1. Our objective is
demonstrate the capability of this two-island SET in dete
ing and differentiating two-qubit quantum states. In partic
lar, we develop a master-equation formalism from mic
scopic Hamiltonian to describe the readout current of
SET in its sequential tunneling regime. Under the condit
that the relaxation time of SET current is sufficiently lon
compared to the period of qubit oscillations, we clar
three major issues regarding the capability of the tw
island SET layout: whether the two-qubit eigensta
$u00&,u01&,u10&, andu11&% can be distinguished, whether e
tangled states and product states can be distinguished
whether Zeno effect can be seen in the two qubits.23

The Hamiltonian for the combined two qubits and t
two-island SET can be written as follows:
0163-1829/2004/69~11!/115301~6!/$22.50 69 1153
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H5Hqb1Hset1H int , ~1!

whereHqb, Hset, andH int are the Hamiltonians of the two
qubits, the SET, and the interaction between the qubits
the SET, respectively.Hqb describes the two interacting~left
and right, as illustrated in Fig. 1! qubits, each consisting o
two tunnel-coupled quantum dots~QD’s! and containing one
excess charge:15

Hqb5 (
a5L,R

~Vasax1Dasaz!1JsLzsRz, ~2!

where VL (VR) and DL(t)@DR(t)# are the inter-QD~but
intraqubit! tunnel coupling and energy difference in the le
~right! qubit. Here we use the spin notation such thatsax

[aa
†ba1ba

†aa andsaz[aa
†aa2ba

†ba (a5L,R), whereaa

and ba are the annihilation operators of an electron in t
upper and lower QD’s of each qubit.J is a coupling constan
between the two qubits, originating from capacitive co
plings in the QD system.15 u↑& and u↓& refer to the two
single-qubit states in which the excess charge is localize
the upper and lower dot, respectively.Da (a5L,R) are bias
gate voltages applied on the qubits, which can be use
tune the qubit energy splittings and are used for the man
lation of these charge qubits during quantum calculation15

The SET part of the HamiltonianHset is written as

FIG. 1. Qubits are capacitively coupled to a two-island SE
which acts as a charge detector.N(>2) qubits are arranged be
tween source and drain.
©2004 The American Physical Society01-1
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Hset5 (
a5L,R

F (
i a ,s

Ei a
ci as

† ci as1(
s

Edasdas
† das1Uana↑na↓G

1 (
a5L,R

(
i a ,s

Vas~ci as
† das1das

† ci as!

1(
s

VMs~dLs
† dRs1dRs

† dLs!. ~3!

Hereci Ls (ci Rs) is the annihilation operator of an electron

the i Lth (i Rth) level (i L( i R)51, . . . ,n), in the left ~right!
electrode,dLs (dRs) is the electron annihilation operator o
the left ~right! SET island,sP$↑,↓% is the electron spin, and
nas[das

† das is the number of electrons on each island. He
we assume only one energy level on each island.VLs (VRs)
andVMs are the tunneling strength of electrons between
~right! electrode and the left~right! island and that betwee
the two islands.UL(UR) is the on-site Coulomb energy o
double occupancy in the left~right! island. Finally, the inter-
action between the qubits and the SET, described byH int ,
are capacitive couplings between the qubits and the two S
islands:

H int5(
s

~Eint
L dLs

† dLssLz1Eint
R dRs

† dRssRz!. ~4!

Consequently, the energy level of a SET island is raised
Eint

a ;eCint
a CA

a/CS
a/(CA

aCint
a 1CB

a@CA
a1Cint

a #) if the charge in
the corresponding qubit is located in the lower QD.11 The
electronic states of the qubits also influence the tunne
ratesGa(E)52pra(E)uVa(E)u2 (ra are densities of state
of the electrodes!. If we define$uA&[u↓↓&, uB&[u↓↑&, uC&
[u↑↓&, uD&[u↑↑&%, the tunneling rates would then satis
the following relationships:GA

L5GB
L,GC

L 5GD
L andGA

R5GC
R

,GB
R5GD

R .
Now we can construct the equations of the qubits-S

density-matrix elements governed by the above-mentio
Hamiltonian atT50, following the procedure developed b
Gurvitz.9 The possible electronic states in the detector t
we consider are shown in Fig. 2. Our derivation procedur
valid as long as the energy levels of the islands are inside
chemical potentialsmL of the left electrode andmR of the
right electrode, and the tunneling rates are much smaller
11530
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the chemical potential differencemL2mR , i.e., mL2mR
@$GL,GR,VM%.24 We consider the following two transpor
processes separately. The first case is when the dou
occupied states are energetically betweenmL andmR and all
the electronic states in Fig. 2 take part in the tunneling~finite
U model!. The second case is when double occupancy
electrons@~e!–~i! in Fig. 2# is prohibited through sequentia
tunneling~infinite U model!. Experimentally, these two case
are interchangeable by tuning the applied island g
voltages.25

The wave functionuC(t)& of the qubits-SET system ca
be expanded over the two-electron states of the qubits,
island states of the SET shown in Fig. 2, and all possi
electrode states. More specifically, we chooseu0& to refer to
the initial ground state of the whole SET system where
two electrodes are filled with electrons up tomL and mR,
respectively, and the two islands are empty of excess e
trons. The basis states for the SET can then be constru
from u0& by moving electrons from the left electrode~with
higher chemical potential! to the two islands and the righ
electrode. For convenience, we categorize the states by
number of electrons that have been transferred from the
to the right electrode:

uC~ t !&5uC0~ t !&1uC1~ t !&, ~5!

where uC0(t)& is the part of the wave function where n
electron reaches the right electrode anduC1(t)& represents
the part of the wave function where more than one electro
transferred to the right electrode.uC0(t)& can be expressed
as

FIG. 2. Electronic states in the detector.
ber of

the
s

uC0~ t !&5 (
z5A,B,C,D

H b(0)a,z~ t !1(
ls

@bls
(0)b,z~ t !dLs

† cls1bls
(0)c,z~ t !dRs

† cls#1 (
l 1l 2s1s2

bl 1l 2s1s2

(0)d,z ~ t !dLs1

† dRs2
† cl 1s1

cl 2s2

1(
l 1l 2

@bl 1l 2
(0)e,z~ t !dL↑

† dL↓
† cl 1↑cl 2↓1bl 1l 2

(0) f ,z~ t !dR↑
† dR↓

† cl 1↑cl 2↓#1 (
l 1l 2l 3 ,s

@bl 1l 2l 3s
(0)g,z ~ t !dL↑

† dL↓
† dRs

† cl 1↑cl 2↓cl 3s
†

1bl 1l 2l 3s
(0)h,z ~ t !dR↑

† dR↓
† dLs

† cl 1↑cl 2↓cl 3s
† #1 (

l 1l 2l 3l 4
bl 1l 2l 3l 4

(0)i ,z ~ t !dL↑
† dL↓

† dR↑
† dR↓

† cl 1↑cl 2↓cl 3↑cl 4↓J u0&uz&, ~6!

whereb(0)a,z(t), bls
(0)b,z(t), . . . , bl 1l 2l 3l 4

(0)i ,z (t) are coefficients for the respective states. The superscripts refer to the num

electrons transferred, the SET island states~as illustrated in Fig. 2!, and the four-qubit basis states. The subscripts refer to
left electrode states from which electrons tunnel into the islands. Thus each of the terms inuC0(t)& indicates a state with a
1-2
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little as zero but up to four electrons jumping from the left electrode to the two SET islands.uC1(t)& can be expressed as

uC1~ t !&5 (
n51

`

(
z5A, . . . ,D

b1•••bn

H bb1•••bn

(n)a,z ~ t !1(
ls

@blsb1 . . . bn

(n)b,z ~ t !dLs
† cls1blsb1•••bn

(n)c,z ~ t !dRs
† cls#

1 (
l 1l 2s1s2

bl 1l 2s1s2b1•••bn

(n)d,z ~ t !dLs1

† dRs2
† cl 1s1

cl 2s2
1(

l 1l 2
@bl 1l 2b1•••bn

(n)e,z ~ t !dL↑
† dL↓

† cl 1↑cl 2↓1bl 1l 2b1•••bn

(n) f ,z

3~ t !dR↑
† dR↓

† cl 1↑cl 2↓#1 (
l 1l 2l 3s

@bl 1l 2l 3sb1•••bn

(n)g,z ~ t !dL↑
† dL↓

† dRs
† cl 1↑cl 2↓cl 3s

† 1bl 1l 2l 3sb1•••bn

(n)h,z ~ t !dR↑
† dR↓

† dLs
† cl 1↑cl 2↓cl 3s

† #

1 (
l 1l 2l 3l 4

bl 1l 2l 3l 4b1•••bn

(n) i ,z ~ t !dL↑
† dL↓

† dR↑
† dR↓

† cl 1↑cl 2↓cl 3↑cl 4↓J ^ )
i 51

n

~cl
i8s

i8
†

cr
i8s

i8
!u0&uz&, ~7!
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whereb i[( l i8 ,r i8 ,si8) represent the electrode states involv
in the electron transfers. Similar to the expression
the coefficients for uC0(t)&, here bb1•••bn

(n)a,z (t), . . . ,

bl 1l 2l 3l 4b1•••bn

(n) i ,z (t) are coefficients for the states withn elec-

trons transferred to the right electrode, and another 0–4 e
trons jumped from the left electrode to the SET islands. T
superscripts again refer to the number of transferred e
trons, the SET island states, and the qubit basis states.
subscriptsl i and si refer to the left electrode states fro
which electrons tunnel into the islands, while the rest of
subscriptsb1•••bn indicate the electrode states of the ele
trons transferred from the left to the right electrode.

Substituting this wave function into the Schro¨dinger equa-
tion for the whole qubit-SET system,i uĊ(t)&5HuC(t)&, we
obtain a set of algebraic equations for the coefficientsbb

u,z(t)
@as we have mentioned above,b indicates the electrode
states for the electrons,u is the quantum state of the SE
islands~Fig. 2!, andz5A,B,C,D refers to the state of the
qubits#. We assume that there is no magnetic field and e
tron tunneling is independent of spin. The density-matrix
ements can then be defined as

ru1u2

z1z2 ~ t ![(
b

E dEdE8

4p2
b̃b

u1 ,z1~E!b̃b

u2 ,z2* ~E!ei (E2E8)t,

~8!

where b̃b
u1 ,z1(E) is a Laplace-transformed element

bb
u1 ,z1(t). After a lengthy calculation, we obtain 352 equ

tions for density-matrix elementsru1u2

z1z2 (t) ~see the Appen-

dix!:

ṙaa
AA522GLraa

AA2 iVR~raa
BA2raa

AB!2 iVL~raa
CA2raa

AC!

1GR~rcc↑
AA 1rcc↓

AA !,

ṙaa
AB5@ i ~2JA1JB!22GL#raa

AB2 iVR~raa
BB2raa

AA!

2 iVL~raa
CB2raa

AD!1GR~rcc↑
AB 1rcc↓

AB !,

A

11530
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ṙ i i
CD52@ i ~2EdL

C 2EdR

C 1EdL

D 1EdR

D 2JC1JD!2GR8#r i i
CD

2 iVR~r i i
DD2r i i

CC!2 iVL~r i i
AD2r i i

CB!

1GL8~rhh↑
CD 1rhh↓

CD !, ~9!

where JA5DL1DR1J, JB5DL2DR2J, JC52DL1DR

2J, JD52DL2DR1J, EdL

A 5EdL

B 5EdL
1Eint

L , EdL

C 5EdL

D

5EdL
2Eint

L , EdR

A 5EdR

C 5EdR
1Eint

R , and EdR

B 5EdR

D 5EdR

2Eint
R . Ga850 in infinite U model andGa85Ga in finite U

model. For simplicity we consider two identical qubits, wi
EdL

5EdR
and Eint[Eint

L 5Eint
R . The readout currentI (t)

5eṄR(t) is9

I ~ t !5 (
z5A,B,C,D

e$GR@rcc↑
zz 1rcc↓

zz 1rd↑↑d↑↑
zz 1rd↓↑d↓↑

zz 1rd↑↓d↑↓
zz

1rd↓↓d↓↓
zz 12r f f

zz1rgg↑
zz 1rgg↓

zz 12~rhh↑
zz 1rhh↓

zz !#

12GR8r i i
zz%. ~10!

We monitor the onset of the readout current to extr
information of the qubit states. The initial state of the SET
such that there is no excess electron in the SET islan
which corresponds to state~a! in Fig. 2 and there is no cur
rent through the SET@see Eq.~10!#. The current begins to
flow at t50 and after a transient region saturates to a stea
state value. In the absence of the two-island SET, the qu
oscillate with frequenciesAVa

21Da
2. Their interaction with

the dissipative current through the SET degrades the q
coherent oscillations and drives the charge distribution
wards uniformity in the qubits att→`. Conversely, in the
absence of the qubits, the SET current saturates aftt
;G21, whereG[GLGR/(GL1GR). The presence of the qu
bits and their charge oscillations modify the SET curre
through an effective gate potential on the islands. Figur
shows the time-dependent current characteristics of the
nite U model neart;0. To calculate the current when th
qubit initial state isuA&, for example, we setb(0)a,A(0)51
and the other coefficients zero in the total wave funct
1-3
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@Eqs. ~6! and ~7!#, which means thatraa
AA(0)51 and other

density-matrix elements are zero att50. At small time t
qubit stateuA& suppresses the current the most while st
uD& the least. The measurement timetm that is required to
resolve the states of qubits is estimated to betm

21

;min$Eint ,GA
L2GD

L % (;0.521G in Fig. 3!. The relative mag-
nitude of the current changes with the coherent oscillati
of qubits (t.1/Va). Thus the SET current can be used
distinguish the four product states duringtm,t,1/Va . If
the coherent oscillation of the qubits remains aftert.G21,
as in the present model,26 we can discuss the quantum stat
of qubits using the steady current formula (t→`) through
the SET without the qubits:9

I set5
eGVM

2

ed
2G/~GL1GR!1VM

2 1GLGR/4
, ~11!

whereed[EdL
2EdR

is the energy difference of the two is

lands. If VM@G,ed ,Va , the coupling between the two is
lands is strong and the current mainly reflects the bond
antibonding state in the detector, which is not suitable
qubit measurements. We thus focus on the regime ofVM

,Va ,G. Since EdL

A 2EdR

A 5EdL

D 2EdR

D 50 and EdL

B 2EdR

B

5EdR

C 2EdL

C 52Eint , the different effects betweenuA& and

uD& and that betweenuB& anduC& come from the differences
in the tunneling rates. Moreover, the difference ofuA& and
uD& from uB& and uC& becomes obvious in theEint.VM
region. Thus we callEint.VM strong measurement regim
where the four product states can be distinguished, in c
trast to the weak measurement regime ofEint,VM .

We can distinguish the current of pure entangled sta
and that of pure product states by changing bias volta
Vg

a5Da in the regime ofJ/G!1, where the current depend
on the change of qubit oscillation frequenc
(;AVa

21Da
2). Figure 4~a! shows the current correspondin

to the qubituB& state in the weak measurement regime of
infinite U model. We also obtained similar results for th
other product statesuA&, uC&, anduD&. In contrast, the read
out current for a two-qubit entangled state is more unifo
compared with the product states as entangled states g
ally have less distinct charge distributions. For example,

FIG. 3. Time-dependent readout current characteristics of
infinite U model for uA&5u↓↓&, uB&5u↓↑&, uC&5u↑↓&, uD&
5u↑↑& as initial states (t50), where VL5VR50.75G, VM

50.5G, Eint
L 5Eint

R 50.2G, GA
L5GB

L5GA
R5GC

R50.8G, GC
L 5GD

L 5GB
R

5GD
R51.2G. ~a! J50.1G, ~b! J5G.
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density-matrix elements for a singlet state (u↑↓&2u↓↑&)/A2
5(uC&2uB&)/A2 of two free qubits (H int50) satisfy ṙBB

1 ṙCC2 ṙBC2 ṙCB50 (DL5DR), which suggests that en
tangled states such as the singlet state are less effectiv
influencing the readout current. We believe this ineffectiv
ness is related to the fact that logical states encoded in
tangled states are less susceptible to environme
decoherence.27 Indeed, the readout current of this entangl
state is found to be uniform as shown in Fig. 4~b!. We ob-
tained similar results for the other Bell states, and there is
significant difference between the infiniteU model and the
finite U model in the weak measurement regime.

In the strong measurement regime (Eint.VM), the current
is more sensitive to the charge distributions in the qubits,
there are differences between the infiniteU model and finite
U model. We can distinguish the four products more eas
through the SET current, as shown in Figs. 5~a!–5~d!. How-
ever, currents for the entangled states in the infiniteU model
show several similar peaks that reflect the qubit oscillatio
and cannot be easily distinguished from the product sta
On the other hand, the finiteU model shows distinct uniform
structure compared with the current of the product sta
@Figs. 5~e! and 5~f!#. This shows that, in the finiteU model,
redistribution of the electrons through the two islands of
detector is energetically favorable under the rather unifo
electric field generated by the entangled qubits. Figure 6~a!
shows that the concurrence~a measure of entanglement28

derived from reduced density matrix of two qubits after tra
ing over the detector components! of the two qubits disap-
pears quickly in the cases of strong measurement. While
coherence quickly degrades, we can see the emergence o
Zeno effect, in which a continuous measurement slows do
transitions between quantum states due to the collapse o
wave functions into observed states.9,14 For instance, Fig.
6~b! shows that, asEint increases, the oscillations of densit
matrix elements of the qubits~e.g.,rDD) are delayed, which
is a clear evidence of the slowdown described by the Z
effect in the two qubits.

Our numerical results above are applicable to a w
range of pure product and entangled states. For exampl
the entangled states cosuu↓↑&1eiwsinuu↑↓&, we found that the
uniformity of the readout current holds approximately up
uu6p/4u,uwu,p/12. The pure entangled states are more

e

FIG. 4. ~Color! Time-dependent readout current characterist
starting from~a! uB&, ~b! singlet state in the infiniteU model for
weak measurement case (Eint50.2G,VM50.5G) as a function of
Vg5Vg

L5Vg
R . Parameters are the same as those in Fig. 3.
1-4
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MEASUREMENT OF TWO-QUBIT STATES BY A TWO- . . . PHYSICAL REVIEW B 69, 115301 ~2004!
bust beyond the spatial distribution of the wave functio
Although the product states)a5L,R@cos(ua/2)e2 iwa/2u↑&a
1sin(ua/2)eiwa/2u↓&a] seem to have similarly uniform wav
functions whenuL56uR andwL56wR50,p ~compared to
the entangled states mentioned above!, the corresponding
currents reflect the coherent oscillations of the qubits w
the gate bias changes betweenVg

L5Vg
R andVg

L52Vg
R .

The initial state of each qubit is controlled by the ga
biasesDL andDR . The entangled states of the two qubits c
be generated by tuning qubit gate biases and performing
qubit operation~by controlling J) such as Controlled-NOT
~C-NOT!, as was theoretically demonstrated before.15 In or-
der to compare the experimental and theoretical results s
as those presented in Figs. 3–5, it is necessary to measur
time-dependent currents at fixed gate biasesDa (a5L,R),

FIG. 5. ~Color! Time-dependent readout current characteris
in the finite U model (U52G) for strong measurement cas
(Eint50.8G.VM50.5G) as a function ofVg5Vg

L5Vg
R . The initial

states are~a! uA&, ~b! uB&, ~c! uC&, ~d! uD&, ~e! triplet state, and
~f! singlet state. Parameters other thanEint are the same as thos
in Fig. 3.

FIG. 6. ~Color! ~a! The concurrence of the singlet state.~b!
Example of Zeno effect: oscillation ofrDD(t) is delayed, where the
initial state isuD& state@rDD(0)51#. Similar effects can be seen i
other initial states. Parameters are the same as those in Fig. 5
11530
.

n
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the

then repeat such measurements for a wide range of gat
ases. Since the detection scheme discussed here is bas
measuring small current differences in the transient regi
it is important to analyze whether the present-day technol
can achieve
the necessary sensitivity. The state of the art technol
allows the measurement of 1 pA current with dynamics
the GHz frequency range with repeated measurem
techniques.1,2,8,29,30According to our Figs. 3–5, our schem
requires measuring a 0.1 pA current that changes in the n
second time scale~assuming aG in the order of 100 MHz, a
reasonable figure becauseEint would be in the order of 100
MHz if all capacitances are 100 aF!, which is at the edge of
the current measurement technology. Thus, with a sim
design of repeated measurement,1,2,8,29,30 our detection
scheme should be experimentally feasible in the near fut

In conclusion, we have solved master equations and
scribed various time-dependent measurement processe
two charge qubits. The current through the two-island SET
shown to be an effective means to measure results of q
tum calculations and entangled states.

We acknowledge discussions with N. Fukushima,
Fujita, M. Ueda, T. Fujisawa, and S. Ishizaka, X.H. also a
knowledges support from U.S. ARO and ARDA.

APPENDIX

The density-matrix elements we included in our dynam
cal study correspond to SET island states (u1 ,u2)5$(a,a),
(b,b), (c,c), (b,c), (d1 ,d1), (d2 ,d2), (d1 ,d2), (e,e),
( f , f ), (e,d2), (f ,d2), (e, f ), (g,g), (h,h), (g,h), (i ,i )%.
Each element has a real and an imaginary part. The equa
for these density-matrix elements are constructed follow
the method first adopted by Gurvitz~Ref. 9!, from the time-
dependent Schro¨dinger equations of the state coefficien
@Eq. ~8!#. The six off-diagonal elements mentioned above
included because they are connected to the diagonal
ments by transferring one electron between the two isla
or from one of the electrodes to one of the islands. In
equations for the density-matrix elements@Eq. ~9!#, a factor
VM corresponds to the case when an electron is transfe
between the two islands, while aGL or GR factor indicates
that an electron is transferred between an island and an e
trode. The direction of tunneling from the electrodes is
stricted to be from left to right in the equations for the de
sity matrix. In other words, the bias between the left a
right electrodes is set to be sufficiently large to suppr
tunneling in the reversed direction.

The number of equations for the density matrix is arriv
as follows. There are 16 diagonal elements for each isl
state in Fig. 2. For example, the diagonal matrix elements
state~a! includeraa

AA , raa
BB , raa

CC , raa
DD ~all real!, raa

AB , raa
AC ,

raa
AD , raa

BC , raa
BD , andraa

CD ~all complex!. In addition, there
are 32 elements corresponding to each off-diagonal isl
state pair. For example, the off-diagonal matrix elements
the ~b!-~c! state hasrbc

AA , rbc
AB , rbc

AC , rbc
AD , rbc

BB , rbc
BC , rbc

BD ,
rbc

CC , rbc
CD , rbc

DD , rcb
AB , rcb

AC , rcb
AD , rcb

BC , rcb
BD , andrcb

CD ~all
complex!. Thus, in total we have 16310132365352 equa-
tions.
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