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Stability and quality factor of a one-dimensional subwavelength cavity resonator
containing a left-handed material
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The characteristics of a one-dimensional subwavelength cavity resdS34ER formed by a left-handed
material layer and a right-handed material layer are studied. Some previously published conclusions for some
fundamental issues are discussed and rectified. Our analysis for the stability and the quality factor of the
SWCR shows that the two materials should be mismatched in the impedance in order to obtain a useful SWCR.
It is shown that the resonant frequency of the cavity is closely related to the total thickness of the cavity. The
total thickness can still be far less than the resonant wavelength if the thickness ratio of the two layers is chosen
appropriately. The compactness of the SWCR is restricted by its stability and quality factor.
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Materials that possess simultaneously negative permittiv- d, o
ity and negative permeability have attracted considerable at- d—2= - E 2

tention recently. These materials exhibit some unusual elec-
tromagnetic properties, such as the support of backwar&ngheta then concluded that the resonance of this cavity is
waves. negative refractiol;® amplification of evanescent determined by the thickness ratid(/d,) of the two layers
waves? and unusual photon tunnelifigetc. The electric and is independent of the total thickne{s=d,+d,).® We
field, the magnetic field, and the wave vector of an electroshow below that Engheta’s conclusion is questionable and
magnetic wave propagating in such a material obey the leftEq. (2) can not be treated as a resonating condition.

hand rule and thus it is called a left-handed matdti&lM). In fact, when Engheta’s conditicoh, /d,= |,/ 4| is ful-
Based on an intuitive thought of phase compensation befilled, Eq. (1) leads to tg(bkyny|mo|)/(bkony|us|)
tween a LHM layer and a usual dielectric medifire., right-  =tg(bkon,uq)/(bkonoi,), where b=d;/|u,|=dy/us.

handed materialRHM)] layer, Enghetaproposed an inter- - Sincetg(x)/x is a monotonously increasing function far
esting idea for a one—dlmensmr(qID) subwavelength cavity <[0,1), this equation has only a trivial solutitg=0 (i.e.,
resonato(SWCR), whose total thickness can be far less thanthe resonant frequency equals 2eexcept for the special

the resonant wavelengfm subwavelength cavity resonator case ofnyu,/n,my=1. This special case occurs when the
is of great interest in various microwave or photonic appli-

cations, and a LHM seems to be able to provide a novel and
effective way for its realization.

The SWCR Engheta considered is shown in Fig. 1, where - dz —
a RHM layer of thicknessl; and a LHM layer of thickness
d, are sandwiched between tvwelectrically perfectly con-

ducting planes. Their permittivity and permeability are de- e >0
noted bye; and u; (i=1,2), respectively, where;,u;>0 !
and e,,u,<0. This system has two independent polarized w,> 0

modes, which are degenerated. From Maxwell's equations
together with the boundary conditions for the field compo-
nents(including the continuity of the tangential fields at the
medium interfacg one can easily obtain the following char-

acteristic equatiotti.e., the resonating conditigh £ 0
M< 0
tg(nikody) __Mipo 0
tg(nykody) Nopty’ = d19
wheren;=+/e 1, Ny=—+esu,, andk, is the wave num-
ber in vacuum. For a SWCRykodi<1 (i=1,2). Thus, FIG. 1. Configuration of a 1D subwavelength cavity resonator
Engheta obtained the following simple resonating conditiorformed a RHM layer and a LHM layer between two electrically

as an approximation of Edl), perfectly conducting walls.
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impedances of the two media are matctiee., e,/ e g
=1). In this case, arbitrark, seems to satisfy Eql) as
long asd;/d,=]|u,/ |, however, the resonant frequency
fo (=cky/2ar, cis the light speed in vacuunis then deter-

mined by the frequency dependence of the permittivity and, s\wcRr. one has&,&g_ler,&

permeability of the LHM (note that a LHM must be
dispersivé). f, must satisfy simultaneously the following
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that the resonant wavelength is directly proportional to the
total thicknesdl of the cavity(unlike the conclusion Engheta
made in Ref. &

Sinces~1 (however, not as the resonating condilidor
and a®—s3~(a—s)(a?
+a+1). Then Eq.(4) is further reduced to

two equations: ex(fo)/uo(fo)=€1/m1 and uy(fp) a—s
= —uq1d,/d,. Therefore, this special case may occur only at N2=T2——, (5)
a certain particular frequency, and the resonant frequégcy s—1

is actually determined by the first equation rather than the - R
second one, because only the ratialpfd, has the possibil- Where I'=[27u/(1+u)]V(a”+a+1)/3 and N=2m/¢

ity to be chosen arbitrarily. What's worse, as we will show =X/n1d represent the compactness of taebwavelength
later, for this special case with matched impedance th&avity resonatofwe chooseN=10 in our numerical compu-

SWCR is very unstable and its quality factor is very low.

tation). Equation(5) can be rewritten in the following form,

In a general case when the LHM and RHM layers are not

matched in the impedance, nontrivial solution of Ef. re-
quires thatd, /d,# |u,/u4| and the solution should depend
on the total thicknesd of the cavity. In such a case, Enghe-

2

1+

(a—1). (6)

2+N?2

ta’s condition(2) cannot be used to describe the SWCR sinceUnlike Engheta’s resonating conditig®), our explicit reso-

the simple approximatiotg(n;kyd;) =n;kod; (i=1,2) is not
appropriate for use to simplify Eq1).

In this paper, by applying an improved approximation for
the tangent functions in Eq1l), we obtain an explicit alge-
braic resonating condition, which still contains all the impor-
tant information of the SWCR. Through this explicit resonat-
ing condition, the resonant frequency of the SWCR is show
to be closely related to the total thickness of the cavity, an
the stability and quality factor of the SWCR are analyzed.

First we introduce some normalized quantities for conve
nience: e=—e,/e,, m=—pmolpm, (Obviously e>0, u
>0), s=d;/d,, and¢p=nkod=2mn,d/\. Equation(1) is

then rewritten as
-+
&

wheren=+vep=—-n,/n;>0. For a SWCR,$p<1. Thus,
by applying Taylor’s series expansiog(x)~x+ x°/3 to Eq.
(3), we obtain

S

1+s

1+s 7))’ ®)

tg

2

_3(s—D(A+ps)?
TS

: 4)

wheres=s/p anda=3/e/. Note thats~1 corresponds to
Engheta’s “resonating condition(2) and @=1 corresponds

to the case when the impedance is matched. For the general

case ofa#1, from Eq.(4) one hasp=0 whens=1, indi-
cating that Engheta’s resonating conditi¢?) gives zero
resonating frequency. To obtain a nonzero resonating fr

guency, one should choose: 1. This agrees well with our
previous analysis before taking the algebraic approximatio

For given material parameteesand x, the nonzerog (re-
lated to the resonant frequendg only determined by (or
s=pus). Thus, from the expression=2sn,d/¢ one sees

??pproaches {.e., the impedances of the two media are al-

nating condition(5) or (6) still contains all the important
information of the SWCRas shown later The above equa-
tion shows than=g—1 is very sensitive toq¢—1), which
reflects the degree of the impedance mismatch of the two

materials. For example, whea(=3/s/1) decreases from
1.1 to 1.01,A drops by an order of magnitude. When

most matched A—0. Otherwise, whemv# 1, A decreases
asN increases. The dependencefofon N for the cases of

£=1.01, 1.1, 2, and 4 is shown in Fig(a? with x=1. The
results obtained from formulés) and Eq.(1) are shown by

the lines and marks, respectively, and they are in good agree-
ment.

The quantityg_is the relative ratio ofl; /d, andu, /w4 of
the SWCR. From Eq5) one sees that asis so closeto 1 a

small change is may cause a significant changeNn(and

consequently a significant change in the resonant frequency
The stability of the resonant frequency of a SWCR to any
parameter perturbation is very important for its design as
well as its fabrication. Assume that a small perturbation of

the quantityf;_(from its designed vaIuEO) results in a shift
of the resonant frequency froify to f. Denote the relative

shift of the resonant frequency s (f —f,)/f,. From Eq.
(5) one can easily obtain

df
de|— —

s=sp

FZ

|

1

::iii 1+

N @)

whereA=s,—1, N=c/n;f,d. Since['><N? in general, we

chave df/ds~ 1/(2A). Thus, the stability of the SWCR is

mainly determined by the quantity. Whena— 1, we have

A —0 [cf. Eq.(6)] and thendf/ds—c. In above derivation

we neglect the dispersion of the LHM. However, the ob-
tained result shows definitely the great difficulty for design-
ing a SWCR with its impedances matched at an expected
resonant frequency. Therefore, the stability of the SWCR re-
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FIG. 2. (a) Deviation of s
from 1 asN(=\/d) increases for
£=1.01, 1.1, 2, and 4. The solid
lines and the marks correspond to
the results obtained from formula
(6) and Eg.(1), respectively.(b)
Derivative df/ds as ¢ increases
for N=50. The solid lines and the
circles correspond to the results
obtained from formulas(7) and
(8), respectively,u=1 is used in
both (a) and (b).
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®) ¢
guires an impedance mismatch between the LHM layer and dt (1+p)+g(1l+e)
the RHM layer. Furthermore, sincedecreasegnd then the — = — ——, (8)
stability decreasésas N increases, the compactness of the ds s=sg (1+us)[(1=s)+g(e/p—s)]
SWCR is restricted by the stability requirement. One can
also derive the following exact expression for the derivative o o
df/ds from Eq. (1): whereg=tg?(2mus/(1+ us)N). Unlike Eq.(7), the above
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FIG. 3. (a) The quality factor
] (degraded by the permittivity logss
€=1.01 | of the SWCR asN increases for
VY PR FF G ¥ I?e{§}=1.01,1.1,2,and4.Here
w=1 and 8,=105. The marks
and the solid lines correspond to
10 20 30 40 50 60 70 80 90 100 the results obtained from Eql)
(@) N and formula(10), respectively(b)
The quality factor(degraded by
the permeability logs of the
SWCR as N increases fore
=1.01, 1.1, 2, and 4. Here
Re{ul=1 and §,=10° The
marks and the solid lines corre-
spond to the results obtained from
Eqg. (1) and formula(11), respec-
tively.

Quality Factor
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(b) N

expression cannot give explicitly a stability analysis similarthe quality factor of the SWCR.

to the one given between Eg&l) and (8). The values of In the above analysis, the LHM is assumed to be lossless.
df/ds calculated from Egs(7) and(8) ase varies(with ,& However, it is well known that an actual LHM is always
=1 andN=50) are shown in Fig.(®) by the solid line and lossy(i.e., e, or u, has an imaginary parf Thus, we need
the circles, respectively. Again, our explicit resonant condi-to study the quality facto® of the SWCR, which measures
tion gives a reliable result. Below we show how our explicit the lifetime of its eigenstate. For the LHM, its loss can come
resonating conditior{5) can be used conveniently to study from the imaginary part of its electric permittivityef) or
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magnetic permeability,). Due to the requirement that the The results are verified by calculating the quality factor di-
tangential electric field should be zero on the two walls ofrectly from Eq.(1) [however, in a quite complicated way; see
the cavity, one can expect that the influence of the loss fronthe marks in Fig. G)].

the permeability would have a different impact on the quality Now we consider the second case whenis real and
factor as compared to the influence of the loss from the perg,= w,, (1—i6,,). Here u,, and &, are real, and &5,
mittivity. Thus, we analyze the quality factor of the SWCR <1. Similar to the first case, wheay, — 1|< 5y, (here a;

separately in two case¢t) the case when onlg, has an _3 /g/ﬁr and i, = — uo [ u1), atiny loss of the LHM leads
imaginary part{ii) the case when only, has an imaginary g g large shift in the resonant frequency a@e-1. Thus,
part. In both cases we assume that the imaginary pa of  the impedances of the two media are required to be mis-
o is far less than the corresponding real part. matched enough in order to obtain a high For |a,—1|

Consider the first case, i.e., whem, is real ands, s 5, we can obtain the following expression for the quality
=¢&,,(1—16) [all the field components are assumed to haveactor

the time dependence of form ei®fft)]. Here ,, and &,
are real, and & §,<1. The solution of Eq(5) for the fre-

quency becomes complex, i.d.=f +if; (f, and f; are ~% (11)
rea). Then the quality factor of the SWCR is determined by Om

Q=f,/f;. Let f, denote the resonant frequency correspond-

ing to the ideal case of,=¢,, . From Eq.(5), we have This expression shows th& depends almost only on the

quantity A (when the lossé,, is fixed). Since A=(a,
y 2 = —1)T?/(T?+N?)~(a,—1)['?/N?, Q decreases adl in-
(i) :Fr(ar_g) 9) creases in this case. FiguréBshows the dependence Qf
fo FZ(a_g_) ' on N when 6,,=10° [the other parameters are the same as
used in Fig. 2a)]. The solid lines and the marks correspond
3~~~ N to the results obtained from formu(al) and Eq.(1), respec-
where  a;=Ve /u (e;==ex/e), Ie={2mul/(1 tively, and they are in good agreement. Apparently, this
+u)]V(a; +a,+1)/3. Note that the parametes  strong dependence 6 on N leads to another limitation on
(=|dyuz/dau4]) is determined by the desired resonant fre-the compactness of the SWCR.
quencyfg, i.e., s=A+1, whereA=(a,— 1)I'?/(I'?+N?) Comparing formula10) and(11), one sees that the qual-
andN=c/n,f,d. When the impedances of the two media areity factors in the two cases differ greatly whég~ 6, (the
so closely matched thdty, —1|< 8., we can obtainafter  quality factor for a nonzeré,, is much smaller than that for
some derivationf/fy~\3N(1+i)/2T',. Then we obtairQ a nonzerod,, particularly whenN is very large. The per-
=1 andf,=3N fo/2I',>f,. In such a case, a tiny loss of meability loss has much more influence on the quality factor
the LHM leads to a large change in the resonant frequencthan the permittivity loss. This “asymmetry” of the influence
and furthermore the resonator fails to select frequency withs due to the requirement that the tangential electric field
such a lowQ. Therefore, the impedances of the two materialsshould be zero on the two walls of the cavity. We have also
in the SWCR should be mismatched enough in order to obanalyzed the case when both and u, are complexi.e.,
tain a highQ. When the impedance mismatch is large, ag2=&2(1—i168¢) and u,= p(1—i6y,)] and found that the
wave propagating in the RHM layer is strongly reflected atquality factor is still determined mainly b§, (even whens,
the RHM-LHM interface and then a considerable amount ofis significantly larger thans,,) for a subwavelength cavity
the energy flow comes back to the lossless RHM layer. Thigesonator(i.e., whenN is large enough
effectively reduces the dissipative rate of the total energy in In conclusion, we have studied the characteristics of a 1D
the cavity since only the LHM layer is lossy. SWCR, which contains a RHM layer and a LHM layer. A
When the impedance mismatch is large enough so thaimple explicit resonating conditidme., Eq.(6)], which still
|a,—1|> 6., one can find from Eq(9) that the frequency contains all the important information of the SWCR, has
shift (from f to f,) is only of order ¢/A,)? and the quality ~been presented. The second term in the right-hand side of Eq.
factor has the following explicit expression, (6), which Engheta neglected in Ref. 6, is very important in
a characteristic analysis of the SWCR. The rectified explicit
1 ( r ) 1+ ! + !
2N?2 Ay arz

e =1

3
al’

Q=25;

(10

resonating condition has been used to analyvith an ex-
plicit expression and a physical insighthat influences the
stability of the SWCR and how the loss of the LHM de-
grades the quality factor of the SWCR. Our analysis for the
Otviousy.Q depeds very much on the mismach deqee of e 1% Tl o s Siewr et e impec
thilgwo materials I;’:\nd 'S almlost mr? erpﬁegi%rlt;b(f&nCﬁF to obtain a useful SWCR. We have also shown that the reso-
<N in general. For example, w SPe= » WE NAVE — pant frequency for such a resonator is closely related to the
Q~2x10°, 2x10% and 2x10° for &,/u=1.01, 1.1, and total thicknessl of the cavity andd can still be far less than
2, respectively. The quality factor calculated from formulathe resonant wavelength. Although the thickness ratio of
(10) for 5= 1015 is shown by the solid lines in Fig(® as  the two layers in the SWCR has a rough approximation
N increases foe,=1.01, 1.1, 2, and 4with fixed u=1).  d;/dy~|u,/pu,|, the deviationA=|djuqi/dou,/—1 is a
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key quantity(besides the total thicknes§ for designing a and thus the compactness of the SWCR is restricted by its
SWCR with a desired resonant frequency. It has been showstability and quality factor.
that the permeability loss has a much stronger influence on ¢ partial support of Natural Science Foundation of

the quality factor of a SWCR than the permittivity loss. Both china under a projectGrant No. 60277018and a key
the stability and the quality factor decrease\ad increases, project(Grant No. 90101024is gratefully acknowledged.
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