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Understanding the phonon spectrum of plutonium

Walter A. Harrison
Los Alamos National Laboratory and Department of Applied Physics, Stanford University, Stanford, California 94305, USA

~Received 29 September 2003; published 30 March 2004!

The recently observed vibration spectrum of face-centered-cubic plutonium is interpreted in terms of a
simple inclusion of electron correlations in a Friedel Model of the density off-electron states, and an empty-
core pseudopotential treatment of the three free electrons per atom. This model has given reasonable accounts
of the volume-dependence of the total energy and of the experimental density of electronic states. It yields a
volume-dependent energy, plus a two-body central-force interactionV(d) between atoms, which enters the
vibration spectrum only through the two parameters,V(1)5d]V/]d and V(2)5d2]2V/]d2, evaluated at the
nearest-neighbor distance. Using existing parameters yields the three elastic constants in crude accord with
experiment but peak vibrational frequencies too low and an instability against shear modes in the@111# and
@110# directions. Moderate scaling of the two parameters brings the vibration spectrum into reasonable accord.
It also produces the strong fluctuation in the@110# T1 mode, suggesting it is not from Kohn anomalies, which
are absent from the model.
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I. INTRODUCTION

Wong, Krisch, Farber, Occelli, Schwartz, Chiang, Wa
Boro, and Xu1 have recently given the remarkable first e
perimental vibration spectra ofd-plutonium, shown in Fig. 1.
It was in quite good accord with a spectrum calculated
Dai, Savrasov, Kotliar, Migliori, Ledbetter, and Abraham2

using Dynamical Mean Field Theory~DMFT!, as also seen
in Fig. 1. Soon after, a spectrum was deduced from a pho
density of states from inelastic neutron scattering by M
Queeney, Lawson, Migliori, Kelley, Fultz, Ramos, Martine
Lashley, and Vogel.3 The calculation by Daiet al., also re-
produced the strong experimental elastic anisotropy of p
tonium. An important feature of DMFT is that it reduces t
effect of the interatomic interactions between neighbor
f-states in comparison to Local Density Theory. We ha
proposed4 a very much simpler and more direct way of i
corporating the effects of strong electron correlations, a
used it to calculate the volume-dependent total energy of
actinides4 and their electronic properties.5 We use it here to
shed light on the remarkable elastic and vibrational prop
ties of plutonium.

The basis of the method is simplifying the local-densi
approximation~LDA ! aspects of thef-shell problem to a
single parameter, the widthWf of the f-band, so that an exac
solution of a correlated two-electron problem can be gen
alized to the metal. This misses some consequences o
full band structure, such as Kohn anomalies, but become
simple that it is much easier to see the origin of interest
effects.

II. METHOD

Already in 1982 Harrison and Wills6 had seen that simple
metals could be described in terms of two-body central-fo
interactions between ions, obtained with an empty-c
pseudopotentials~of core radiusr c) using Fermi-Thomas
screening@parameterk5(4e2kFm/p\2)1/2]. For ions of va-
lenceZ, separated by distanced, it was given by~e.g., Ref. 4,
p. 490!.
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There was an additional volume-dependent energy@Eq. ~1! is
a purely repulsive interaction#, which did not enter when
Harrison and Wills used this form to calculate the vibrati
spectrum~at constant volume! of the simple metals and
from the spectrum, the elastic constants.

In the actinides there areZ53 electrons per ion which
may be regarded as free,4 and Eq.~1! used to evaluate thei
contribution to the energy change as ions are displaced
addition, there is a partly-filledf-band, which in LDA would
have some band widthWf , which we describe in a Friede
Model as a constant density of states 14/Wf over a range
Wf . Then if there is an on-site Coulomb repulsionU f be-
tween f-electrons~relative to the interaction when one is i
an s-state!, the contribution toV(d) due to the coupling be-
tween f-states obtained by dividing the totalf-shell energy
~given in Ref. 4, p. 620, but written in terms of the fc
spacingd rather than the atomic-sphere radiusr, 4pr 3/3
5d3/A2, as suggested on p. 624 of Ref. 4! by six, the number
of nearest-neighbor interactions per ion. It is

Vf~d!52
Zf~12Zf /14!

12 SAS \2~6.49r f !
5

md7 D 2

1U f
22U f D

1Zf

\2~3.98r f !
10

6md12 . ~2!

For plutonium, Zf55, U f54.61 eV, and r f50.58 Å
~from Ref. 4, p. 605!. This contribution to the interatomic
interaction is shown as ‘‘f-shell’’ in Fig. 2. The interaction
from the three free-electrons per atom was obtained from
~1!, with the core radiusr c50.69 Å ~also Ref. 4, p. 605!
adjusted such that the total energy, including volum
dependent-terms from the free-electron energy, was m
mum at thea-plutonium spacing!. The resulting interatomic
interaction, shown as ‘‘Total’’ in Fig. 2, can be used to ca
©2004 The American Physical Society06-1
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culate changes in energy as the atoms are rearranged a
constant volume ofd-plutonium, as done for simple meta
by Harrison and Wills.6

We include only nearest-neighbor interactions since ther c
was fit including only nearest neighbors, and thef-shell con-
tribution is clearly negligible at the second-neighbor distan
of 4.6 Å. The vibration spectrum in fact depends only up
the first and second derivatives ofV(d) at the nearest-
neighbor distance ofd53.275 Å in plutonium. These deriva
tives are obtained adding Eqs.~1! and ~2! and are conve-
niently written as V(1)5d]V/]d521.61 eV and V(2)

5d2]2V]d257.66 eV.
In an analysis7 following that in Ref. 4 we adjusted th

parameters in an effort to understand the structural trans
mations in plutonium. We choose not to make those sh
here and proceed with the initial parameters.

III. SPECTRUM

In the face-centered-cubic structure, with one ion p
primitive cell, the displacement of the ion initially atr j can
be written uj5u0 cos(q•r j2vt) in terms of the amplitude
vectoru0 for a mode of wave numberq. The calculation of
change in force on the central ion due to relative motion o
neighbor is a little tricky, but was carried out by Straub,8 and
the result is clear and understandable. Att50 the force on an
atom initially at r j50 due to interaction with an atom atd
has a component alongu0 of

F5@~1/d!]V/]d sin2 u1]2V/]d2 cos2 u#

3u0@cos~q•d!21# ~3!

if the angle betweenu0 and d is u. The component of dis-
placements alongd has a cos2 u and ]2V/]d2 as expected,

FIG. 1. The phonon dispersion along high symmetry directio
in d-plutonium, obtained by inelastic x-ray scattering by Wo
et al. ~Ref. 1!, shown as circles, and fit~solid curves! with a fourth-
nearest-neighbor Born-von Ka´rmán model. Also shown are the the
oretical results~dashed lines! obtained by Daiet al. ~Ref. 2! using
DMFT. Reproduced from Ref. 1. Reprinted~abstracted/excerpted!
with permission from Joe Wonget al., Science301, 1078 ~2003!.
Copyright 2003 AAAS. URL: http://www.sciencemag.org
11310
the

e

r-
ts

r

a

with u0@cos(q•d)21# giving the difference in displacemen
of the two atoms. This is in addition to the force2]V/]d
without displacement, which cancels when summed over
neighbors in the undistorted lattice. However, for displa
ments transverse tod the rotated force has a component pa
allel to u0 proportional to sin2 u, the first term in Eq.~3!.
These last forces arise because there are additional volu
dependent terms in the energy, as for simple metals,6 and the
Cauchy relations between the elastic constants will not
satisfied. The forces from Eq.~3! are to be added for al
twelve neighbors, and the result equated to the atomic m
M times the acceleration,]2u0 /]t252v2u0 . Using also
cos 2x21522 sin2 x we may obtain for the phonon energ
along the symmetry lines,

\vL@100#5A\2/Md2@8V~1!18V~2!#1/2sin~qd/A8!,

\vT@100#5A\2/Md2@12V~1!14V~2!#1/2sin~qd/A8!,

\vL@110#5A\2/Md2@~12V~1!14V~2!!sin2~qd/4!

14V~2! sin2~qd/2!#1/2,

\vT1@110#5A\2/Md2@~12V~1!14V~2!!sin2~qd/4!

14V~1! sin2~qd/2!#1/2,

\vT2@110#5A\2/Md2@~8V~1!18V~2!!sin2~qd/4!

14V~1! sin2~qd/2!#1/2,

\vL@111#5A\2/Md2@4V~1!18V~2!#1/2sin~qd/A6!,

\vT@111#5A\2/Md2@10V~1!12V~2!#1/2sin~qd/A6!. ~4!

The factor\2/Md251.62331026 eV for Pu238.
Note thatV(1) is negative and if its magnitude is great

thanV(2)/5 the frequencies of the transverse@111# modes are

s

FIG. 2. The interatomic interaction between plutonium ato
arising from thef-shells, and obtained from Eq.~2!, and the total
obtained by adding the free-electron part from Eq.~1!, all with
parameters given earlier. The only numbers which enter the ca
lation of phonon spectra, based upon nearest neighbor interact
are the slope and second derivatives of the curves at the obse
spacing, indicated by the circle.
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FIG. 3. The vibration spectrum from Eq.~4!,
with V(2) adjusted from 7.66 to 15 eV. In~a! V(1)

is taken to vanish, but in~b! it is adjusted from
our predicted21.61 to22 eV, still small enough
to stabilize the lattice.
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imaginary; the crystal is unstable against that entire bran
For theV(1)521.61 eV andV(2)57.66 eV given above, the
system is just barely unstable against this mode. By tak
the small-q limit we further see that if the magnitude ofV(1)

is greater thanV(2)/7, the low-frequencyT1 modes in the
@110# direction become unstable. We may also immediat
evaluate the peak frequencies to see that they correspo
8.9 and 9.1 meV for the@100# and @111# directions, respec-
tively, rather than the 12 and 13 meV seen in Fig. 1. O
initial parameters are clearly not successful.

However, we may scale upV(2) by a factor of 2 to 15 eV,
keeping2V(1) less than one-seventh of that value to obtai
reasonable spectrum. In Fig. 3~a! we have done that, taking
V(1)50. This gives the universal form for a fcc lattice for
radial, nearest-neighbor spring constant. In Fig. 3~b! we have
included aV(1) of 22 eV, of larger magnitude than our pre
diction but smaller magnitude than2V(2)/7522.14 eV,
making all modes stable. We could have interpreted this
justment as changes in the two parameters of the theorr c

and r f @e.g., r c50.67 Å, r f50.40 Å yields Vc
(1)522 eV,

Vc
(2)515 eV] but we found those parameters very sensit

to theV(1) andV(2) and we postpone such adjustment un
we consider a more extensive set of properties.

This of course lowers the@111# transverse mode, but can
not produce the dropping of the frequencies nearL which is
seen in Fig. 1 without more distant neighbors included. T
drop presumably arises from a Kohn anomaly. It is qu
interesting that it also introduces a droop in the@110# T1
mode which is quite reminiscent of that observed in the
periment, suggesting that the droop doesnot arise from such
a Kohn anomaly. Our peak frequencies, 12.9 meV at X a
13.4 meV at L are only slightly higher than the experimen
peaks. Figure 3~b! provides a qualitative agreement to th
experimental curves with two parameters, not so far from
predicted values. At the same time two parameters can
provide a good quantitative fit. Note that the experimen
slopes of the two@100# spectra atG are almost the same, bu
the values atX differ by almost a factor of 2, which are no
consistent with both branches being proportional
sin(qd/A8) according to Eq.~4!.

The predicted instabilities which occur whenV(1) be-
comes too large are peculiar ones. A way of visualizing t
of the @111# transverse mode, is to imagine aV(d)5A/dn,
rather than that from Eqs.~1! and ~2!. It yields V(1)/V(2)

521/(n11) and says that this transverse mode will beco
unstable~with only nearest-neighbors included! whenn,4.
It is true that with such a softV(d) the energy from the three
neighbors in the next plane is a maximum at the center
therefore unstable, while not ifn.4. Of course, with such a
11310
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soft potential one can not neglect more distant neighbors,
with our potential we perhaps can. The instability has aris
because thef-shell contribution reduces the curvature b
35% while only lowering the magnitude of the slope by 15
It has a large effect also for theT1 mode in the@110# direc-
tion.

IV. ELASTIC CONSTANTS

We may also obtain the elastic constants from the spe
of sound for the various modes. The squared speed of so
of the longitudinal mode in the@100#-direction is vs

2

5c11/r, with r5MA2/d3 the density. For the transvers
mode in the@100# direction it is vs

25c44/r, and for theT1

mode in the@110# direction it isvs
25(c112c12)/2r, Equating

these to the speeds obtained from Eq.~4! yields

c115~A2/d3!~V~1!1V~2!!50.8431012 ergs/cm3,

c125~A2/d3!~2 5
2 V~1!1 1

2 V~2!!50.8131012 ergs/cm3, ~5!

c445~A2/d3!~ 3
2 V~1!1 1

2 V~2!!50.2931012 ergs/cm3,

with the numerical values~note 1012 ergs/cm351 Mbar
5100 GPa) obtained with the parametersV(1)522 eV,
V(2)515 eV used for Fig. 3~b!. This is in quite poor agree
ment with the experimental values9 of 0.36, 0.27, and 0.34
all times 1012 ergs/cm3. Our initial predictions of V(1)

521.61 eV,V(2)57.66 eV may do better at 0.39, 0.51, an
0.09 but they led to a negative shear constant (c112c12)/2
and thus an instability. Also we could never with Eq.~5!
obtain ac44 comparable toc11 as observed, and seen in th
@100# spectrum.

Without the terms inV(1) we would have obtainedc44
5c12, the Cauchy relation, with both half ofc11. Fitting
V(1) andV(2) to c11 andc12 would also yield ac44 a factor of
2 too small. The predicted constants do show the strong
isotropy of the two shear constants, (c112c12)/2 and c44,
giving a ratio of 1 to 19, compared to the experimental ra
of 1 to 8.

An important feature of this fit to the spectrum, in contra
to the Born-von Ka´rmán fit of Fig. 1, is that if we write it in
terms of r c and r f values we can immediately obtain th
dependence of the parameters upon volume, needing on
add aV(3)5d3 ]3V/]d3 obtainable from the theory. The
the Grüneisen constants for each mode can be obtained
the various thermal properties calculated, and the the
even extended to alloys. Such an effort is currently un
way.
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