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Vortex pinning in a superconducting film due to in-plane magnetized ferromagnets
of different shapes: The London approximation

M. V. Milošević and F. M. Peeters*
Departement Natuurkunde, Universiteit Antwerpen (Campus Drie Eiken), Universiteitsplein 1, B-2610 Antwerpen, Belgium

~Received 15 October 2003; published 24 March 2004!

The London approach is used to study the interaction between a superconducting vortex in a type-II super-
conducting film~SC! and a ferromagnet~FM! with in-plane magnetization. We calculated numerically the
dependence of the pinning behavior on the FM-vortex distance, SC film thickness, and geometry of the
magnetic structure and its magnetization. Dual behavior of the interaction energy in terms of the field-polarity-
dependent pinning was found. For weak magnetization such that no vortex-antivortex pair is induced by the
FM an external vortex will be pinned near the negative pole of the FM. In the presence of a vortex-antivortex
pair the external vortex is pinned on the positive~negative! pole of the FM if the magnetization of the FM is
below~above! some critical value. Further, we investigated the interaction of a vortex and an in-plane magnetic
stripe~‘‘wall’’ !. Such SC-FM heterostructure is found to be useful in applications where vortex-free supercon-
ducting areas are needed. For a more complicated geometry of the FM, i.e., magnets with edge defects, we
discuss the breaking of the vortex-FM interaction symmetry which results in different local minima for the
energetically favorable vortex position.

DOI: 10.1103/PhysRevB.69.104522 PACS number~s!: 74.78.2w, 74.25.Qt, 74.25.Ha
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I. INTRODUCTION

Arrays of submicron size ferromagnetic particles are
tential devices for prospective applications in which hi
current densities or high magnetic fields are involved. T
possibility of enhancing the critical currents by magne
nanostructuring has drawn a lot of attention over the
decade, especially after significant progress in modern na
lithography techniques. The rich diversity of the mixed st
in the superconducting films shows that vortex pinning a
dynamics are also highly interesting from a fundamen
point of view.

To study the effects due to the interplay of the superc
ducting order parameter and the nonhomogeneous mag
field resulting from the ferromagnet, several experimen
groups fabricated periodic arrays of magnetic dots over
under the superconducting film.1–3 Such ferromagnetic dot
act as very effective trapping centers for the vortices, wh
prevent energy dissipation and lead to an enhancement o
critical current. Bulaevskiiet al.4 suggested that the pinnin
of vortices in superconductor~SC!/ferromagnetic~FM! mul-
tilayers can be many times larger than the pinning by colu
nar defects. Although numerous experiments have explo
its macroscopic nature, the pinning mechanism of the vo
ces by the magnetic dots is still not completely understo
Other theoretical studies involving finite-size ferromagn
were mainly restricted to the problem of a magnetic dot w
out-of-plane magnetization embedded in a superconduc
film.5,6

In the last few years, models for the interaction betwee
superconducting film and a ferromagnet placed on top o
appeared.7–9 In these models, due to the fact that the sizes
all structures are much larger than the coherence lengtj,
the London theory was used. The magnetic texture inter
with the SC current, which subsequently changes the m
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netic field. The thickness of the SC film and of the FM w
assumed to be extremely small~i.e., d!j,l). Elementary
solutions for the interaction between the out-of-plane m
netized circular magnetic dot~bubble! and annulus~ring!
with a vortex were found. If extended, these models can
used for arbitrary direction of the magnetization, but even
the thin SC film approximation, complicated mathematic
formalism cannot be avoided.

Most recently, the pinning of vortices by small magne
particles was studied experimentally.10–12 In Ref. 13 we ap-
proximated the magnetic-field profile of a ferromagnet by
magnetic dipole and found analytical expressions for all r
evant quantities within the London approach. In the pres
paper, we generalize those results to include therealistic
magnetic-field profileof a FM of arbitrary shape when mag
netized in the direction parallel to the SC. The supercondu
ing film lies in thexy plane while the FM is positioned a
distancel above the SC, and is magnetized in the positivx
direction ~in plane!. To avoid the proximity effect and the
exchange of electrons between the FM and the SC we
sume a thin layer of insulating oxide between them, as
usually the case in the experiment. A similar study for t
less complicated case of perpendicular magnetization
presented in Ref. 14.

The paper is organized as follows. In the following se
tion we present the general formalism. In Sec. III, we disc
the pinning potential of the magnetic stripe, a plane of
plane magnetized dipoles, perpendicular to the SC pla
Further, in Sec. IV we investigate the field-polarit
dependent pinning in the case of an in-plane magnetized
on top of a superconductor and compare our results with
experimental ones. The influence of the geometry of
magnet on the pinning of external flux lines is analyzed
Sec. V. The effect of the presence of symmetric defects in
magnet geometry is then discussed, and our conclusions
given in Sec. VI.
©2004 The American Physical Society22-1
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II. THEORETICAL FORMALISM

We consider a ferromagnet of arbitrary shape with hom
geneous in-plane magnetizationMW , placed outside a type-I
SC film interacting with a single vortex in the SC. The com
plete description of our approach, based on solving the L
don equation on conjoined half spaces, can be found in
earlier works.13,14 The direct interaction energy between t
vortex and the FM in a stationary magnet-supercondu
system is given by14

Umv5
1

2cE dV( i )@ jWm•FW v#2
1

2E dV( f m)hW v•MW , ~1!

where FW v5(Fr ,Fw ,Fz)5„0,F0 /(2pr),0… denotes the
vortex magnetic flux vector (F0 is the flux quantum!. The
first integration is performed over the volume inside,V( i ),
the superconductor, whileV( f m) in the second integral de
notes the volume of the ferromagnet. Indexesv andm refer
to the vortex and the magnet, respectively,jW denotes the
current, andhW the magnetic field. In expression~1!, the inte-
gral over the remote surface14 is omitted since the magnet
zation is confined in a limited volume, and the field, vec
potential, and current decrease sufficiently fast at infinity

As described elsewhere,13,14 the interaction energy in this
system consists of two parts:~i! the interaction between th
Meissner currents generated in the SC (jWm) by the FM and
the vortex and~ii ! the interaction between the vortex ma
netic field and the FM. From the analytic expressions giv
in Ref. 13 it can be shown that in the case of a point m
netic dipole~MD! these two contributions are equal for bo
in- and out-of-plane magnetization. Due to the superposi
principle, the finite FM’s with homogeneous magnetizati
can be represented as an infinite number of dipoles. Co
quently, in the present case the vortex-magnet interac
energy equals

Umv52E dV( f m)hW v•MW . ~2!

In order to obtain the current induced in the superc
ductor by the ferromagnet, one should solve first the eq
tion for the vector potential

rot~rotAW m!1
1

l2
Q~d/22uzu!AW m54protMW . ~3!

This equation is rather complicated to be handled for a fin
size FM. However, we need only the analytic expression
the induced SC current in an infinite superconducting fi
with thicknessd (2d/2,z,d/2) in the in-plane MD case
~with magnetic momentm) which was obtained earlier13 as

j x
md~x,y,z!52

cmF0

2pl3

ym8 xm8

Rm
2 E

0

`

dq expH 2qS uzmu2
d

2D J
3q2S 2J1~qRm!

qRm
2J0~qRm! DC~q,z!, ~4a!
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j y
md~x,y,z!5

cmF0

2pl3

1

Rm
2 E0

`

dq expH 2qS uzmu2
d

2D J q2

3S ~xm8
22ym8

2!
J1~qRm!

qRm

2xm8
2J0~qRm! DC~q,z! ~4b!

with

C~q,z!5

k coshFkS d

2
1zD G1q sinhF S d

2
1zD G

~k21q2!sinh~kd!12kq cosh~kd!
, ~5!

where k5A11q2, xm8 5x2xm , ym8 5y2ym , Rm

5A(x2xm)21(y2ym)2 is the distance between the dipo
and the point of interest, andJv(a) is the Bessel function.
The coordinates (xm ,ym ,zm) denote the position of the di
pole. The magnetic moment of the magnet is measured
units ofm05F0l, and all distances are scaled in units ofl.
These units will be used in the rest of the paper.

To find the supercurrent induced by a finite-size FM si
ated above the superconductor, we make use of the supe
sition principle and consequently the above expressions~4!
and ~5! have to be integrated over the volume of the fer
magnet. Thus, the value of the current is given bya
5x,y)

j a~x,y,z!5E j a
md~x,y,z!dV( f m). ~6!

III. MAGNETIC STRIPE-VORTEX INTERACTION

In this section, we investigate the interaction betwee
vortex in an infinite type-II superconducting film with thick
ness d (2d/2,z,d/2) and a thin magnetic stripe with
height D with in-plane magnetization, i.e., MW 5d(x)Q(z1

2z)Q(z2z0)MeW x located at distancel above the SC (z0
5 l 1d/2, z15z01D). M denotes the magnetic moment p
unit of surface. The magnetic stripe actually represent
finite single plane of in-plane dipoles arranged perpendicu
to the SC~see Fig. 1!.

Inserting the well-known expression for the magne
field of a vortex outside the SC~Refs. 14 and 15! into Eq.~2!

FIG. 1. ~Color online! Schematic view of the system: The su
perconducting film underneath an in-plane magnetized stripe in
acting with an external flux line.
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we find the expression for the magnetic stripe-vortex int
action,

Fmv5
MLvF0

2

pl
Umv~xv!, ~7a!

wherex5xv denotes the position of the vortex with vorticit
Lv with respect to the infinitely thin magnetic stripe and

Umv~xv!5E
0

` dq

qQ
sin~qxv!exp~2ql !@12exp~2qD!#,

~7b!

with Q5k@k1q coth(kd/2)#. In the case of a thin supercon
ductor (d,l), Eq. ~7b! can be rewritten as

Umv~xv!5 f 2~ l !2 f 1~ l !2 f 2~ l 1D !1 f 1~ l 1D !, ~8a!

where

f 6~x!5
i

2
$ ln~x6 ixv!1G@0,~x6 ixv!d/2#

3exp@~x6 ixv!d/2#%, ~8b!

i is the imaginary unit andG(a,x) denotes the incomplet
Gamma function. Although complex, the latter expression
easier to handle in numerical calculations@one can easily
show that Eq.~8a! is a real quantity#.

For an extremely thin SC (d!l), we obtained

f 2~x!2 f 1~x!52
d

2 S x arctan
xv

x
1

xv

2
ln~x21xv

2! D . ~9!

It is well known13 that an in-plane magnetized dipole pin
the vortex at its negative pole, where the magnetic field
the vortex is parallel to the one of the dipole. Due to the d
behavior of the interaction, an antivortex present in the s
tem would be pinned on the opposite pole. In our case o
in-plane magnetized stripe, a similar qualitative behavio
found. However, in this case, due to the fact that the str
stretches entirely over the SC, the interaction energy depe
only on the distance from the stripe, and eventually the eq
librium position of the vortex becomes an ‘‘equilibrium
channel’’ parallel to the stripe at distancexv* . The amplitude
of the interaction energy as well as the position of its e
tremes strongly depends on the parameters. In Fig. 2
show the influence of the thickness of the SC film on
vortex-FM interaction~the results forxv.0 are given, for
xv,0 the function is antisymmetric!. The vortex is repelled
by the positive pole of the magnet (xv.0) and attracted on
the opposite side. One should notice that for thicker fil
~and fixedl ), the stripe-vortex interaction is stronger and t
equilibrium channel moves closer to the stripe due to
enhanced pinning.

A different interaction behavior is observed if the ma
netic stripe is displaced further above the supercondu
~i.e., increasingl ). As one can see in Fig. 3, as the magne
positioned higher above the SC, the interaction weakens
the equilibrium moves further away from the stripe. T
physical mechanism in this case is different, and the e
getically favorable position of the vortex is now determin
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by the maximum of the FM magnetic field in the SC plane
the magnet is placed higher above the SC, the position
that maximum moves further from the stripe, and theref
the equilibrium position for the vortex shifts as well. On
more parameter that influences the interaction is the heigh
the stripe~‘‘wall’’ !. Since in our calculation the magnetiza
tion is fixed (M5M0, the energy rescales withM ) as is
usually the case in the experiment, changingD in our calcu-
lation increases the total magnetic moment of our magn
structure. From this point of view it is clear that the magn
vortex interaction energy increases if the stripe is ma
higher ~see Fig. 4!. Similar to the case in Fig. 3, the prefe
able position of the vortex is located further away from t
wall due to the shift of the maximum applied field along t
x direction. However, from different curves in Fig. 4 on
should notice that the position of the equilibrium channelxv*
depends almost linearly on the height of the wallD. The
results of the numerical calculation of the equilibrium po
tion of the vortex with respect to the magnetic wall are giv
in Fig. 5. Independent of the thickness of the SC film,xv* (D)
becomes linear in the limit of largeD ~i.e., for higher mag-
netic walls!. Another interesting fact following from Fig. 5 is
that for smaller heights of the wall, a crossing of the curv
obtained for different SC thickness, can be seen. This a

FIG. 2. The magnetic stripe-vortex interaction for different va
ues of the thickness of the superconductor (l 50.1l, D50.5l).

FIG. 3. The magnetic stripe-vortex interaction for different va
ues of the distancel between the stripe and the superconductord
50.5l, D50.5l).
2-3
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ally means that for smallerD the pinning site goes furthe
away from the magnet as the thickness of the supercondu
is increased, which is opposite to our analysis of Fig. 2. T
reason is that with decreasedD the total magnetic momen
~and field! decreases as well and the superconductor is
to ‘‘push’’ the magnetic field further from the source. As on
notices in Fig. 2, and which is made more clear in the in
of Fig. 5, if the thickness of the SC increases, the vortex
attracted closer to the wall as long as the SC thicknes
smaller thanl. When the thickness of the SC film excee
the penetration depth, it becomes harder for the magn
field to penetrate the superconductor which shifts the pinn
site further away from the magnetic wall. However, afte
certain SC film thicknessd, for fixed D, a saturation is
reached and the equilibrium vortex position remains
same, independent of the thickness of the superconduc
film.

To conclude, a magnetic stripe placed on top of a sup
conducting film clearly separates the superconductor
two regions:~i! xv.0 ~for the orientation of the magnetiza
tion from Fig. 1! where external antivortices are attracted a

FIG. 4. The magnetic stripe-~‘‘wall-’’ ! vortex interaction: de-
pendence of the interaction energy on the height of the magn
stripeD (d50.1l, l 50.1l).

FIG. 5. The equilibrium position of the vortex when interactin
with a magnetic ‘‘wall’’ as a function of the height of the wall fo
different values of the thickness of the superconductor (l 50.1l).
The inset shows the equilibrium vortex position as a function of
thickness of the SC.
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~ii ! xv,0, where additional vortex flux lines are pinne
Therefore, for the case of a superconductor in an exte
magnetic field, the use of a magnetic stripe~wall! is a pow-
erful tool to preserve a vortex-free superconducting area@~i!
or ~ii !, depending on the polarity of the applied field# in the
neighborhood of the FM. Although our calculations we
done for the case of an infinite SC, the same conclusions
apply to finite-size superconductors. Moreover, depending
the parameters~as we have shown in Figs. 2–5!, the position
of the pinning site can actually be quite far from the strip
and the~anti!vortices can actually be expelled complete
from the superconductor. Knowing that moving free vort
lines are responsible for the energy dissipation and lowe
of the critical parameters in superconducting systems,
results could play a significant role in applied supercond
tivity.

So far, our calculations were done independently of
temperature, since all quantities in our analysis were sca
by units in which all the temperature-dependent parame
were incorporated. Therefore, in this section, we include
temperature indirectly, throughl, whose temperature depen
dence is given by

l~T!5
l~0!

Au12T/Tc0u
, ~10!

wherel(0) denotes the penetration depth at zero tempe
ture andTc0 is the critical temperature at zero magnetic fie

We repeat the calculations of the magnetic stripe-vor
interaction energy@Eq. ~7b!#, with a difference that now all
the distances are expressed in units ofl(0) instead ofl and
the unit of magnetization becomesM05F0 /l(0)2. Equa-
tion ~7b! now becomes

Fmv5
MLvF0

2

pl~0!
Umv~xv!, ~11a!

Umv~xv!5E
0

` dqTf

qk@k1q coth~kdTf /2!#
sin~qxvTf !

3exp~2qlTf !@12exp~2qDTf !#, ~11b!

whereTf5Au12T/Tc0u. The results of this calculation ar
given in Fig. 6 for three different temperaturesT/Tc
50.1, 0.5, and 0.8. Obviously, as we approach the criti
temperature, the interaction between the vortex and the m
netic stripe becomes weaker@see Fig. 6~a!#. Analogously, the
pinning weakens, and the equilibrium position of the vort
in this case moves further from the magnet@open dots in Fig.
6~a!#. In Fig. 6~b! we show the dependence of the energe
cally favorable position of the vortex as a function of th
temperature. One should notice the abrupt increase of
magnet-vortex equilibrium distance when we approach
critical temperature. Therefore, at temperatures close to
superconducting/normal state transition the magnetic st
can effectively protect the neighboring superconductor fr
vortices since they are pinned far from the stripe.

tic

e
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IV. FIELD POLARITY DEPENDENT VORTEX PINNING
BY AN IN-PLANE MAGNETIZED BAR

In this section, we analyze the pinning properties o
magnetic bar, magnetized along its longer side~see Fig. 7 for
definition of the variables!. Using Eq. ~2! and the well-
known expressions for the magnetic field of the vortex,
obtain the pinning potential as

Fmv5
MLvF0

2

2pl
Umv , ~12a!

FIG. 6. ~a! The magnetic stripe-vortex interaction energy~open
dots denote the extremes in the energy! and ~b! the equilibrium
position of the vortex, as a function of the temperature of the s
tem.

FIG. 7. ~Color online! The superconducting film with in-plan
magnetized bar on top of it~separated by an oxide layer! interacting
with a~n! ~anti!vortex: an oblique view of the system.
10452
a

e

Umv5E
0

` dq

qQE2wy/2

wy/2

dy@J0~qR1!2J0~qR2!#exp~2ql !

3@exp~2qD!21#, ~12b!

whereM denotes the magnetization of the bar,D its thick-
ness, andR65A(y2yv)21(wx/26xv)2. (xv ,yv) gives the
position of the vortex with vorticityLv where the coordinate
center is located under the center of the magnet.

As one can see in Fig. 8, where the contour plot of
interaction energy is shown, the vortex is attracted to
negativepole of the magnetic bar where the magnetic field
parallel to the field of the vortex~and repelled in the opposit
case!, which is similar to the case of the out-of-plane ma
netized dipole~magnetic moment parallel to the external flu
lines attracts the vortex, and vice versa!. This conclusion also
follows from the observation of the interaction between t
induced currents and the vortex. The vector plot of t
Meissner current, calculated using Eq.~6!, shows@see Fig.
8~b!# that the current has an antivortexlike direction at t
position where the magnetic field of a magnetic bar is pa
lel to the vortex magnetic field~negative pole! and a vortex-
like direction on the positive pole. Note that these are
Meissner currents whichopposeto the field of the magnetic
bar and do not correspond to the vortex-antivortex pair.

Obviously, in the case of in-plane magnetization, the v
tex will be repelled at the pole of the magnetic bar to whi
the magnetic moment points and pinned on the opposite
~and vice versa for the antivortex!. Thus, there is a field-
polarity-dependent vortex pinning. However, the pinning p
sition of the~anti!vortex depends not only on the direction

-

FIG. 8. ~Color online! ~a! The contour plot of the magnetic
bar-vortex interaction energy@white ~dark! color—low ~high! en-
ergy# and~b! the vector plot of the Meissner current induced in t
SC due to the presence of the magnetic bar. The dashed line
cates the edges of the magnet. The parameters used arewx55.4l,
wy53.6l, d50.5l, D50.35l, and thickness of the oxidel
50.2l.
2-5
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M. V. MILOŠEVIĆ AND F. M. PEETERS PHYSICAL REVIEW B69, 104522 ~2004!
the external flux lines but also on the value of the magn
zation of the bar as well; namely, if the magnetization of t
bar is strong enough to create a vortex-antivortex pair its
the pinning properties of the system change. Such a case
recently experimentally investigated by Van Baelet al.,11

where it was found that the stray field of the in-plane ma
netic dipole induces a vortex-antivortex pair at the poles
positions predicted by our analysis~vortex towards negative
pole, antivortex towards positive pole!. Therefore, this asym
metric pinning potential provides stability forvortex-
antivortex configurations. In order to compare our resu
with the experimental ones, we performed our analysis w
the value of the parameters given in Ref. 11~renormalized to
our units!: wx55.4l, wy53.6l, d50.5l, D50.35l, l
50.2l, andk'1.

First, we determine the criterion for the nucleation of
vortex-antivortex pair. In order to obtain a threshold value
magnetization for which a state with a vortex-antivortex p
is more energetically favorable than the Meissner state,
compared the total energy of the system in these two ca
The contribution to the energy of the system due to the
pearance of such a pair equals

DF5Fmv1Fmav1Fvav1Fsv1Fsav , ~13!

whereFvav andFsv denote the vortex-antivortex interactio
energy and the self-energy of the vortex, respectively. Th
energies are obtained from15

Fvav52
LvLavF0

2

8p2l
Uvav , ~14a!

Uvav5dK0~R!12E
0

`

dq
J0~qR!

k2Q
, ~14b!

whereR5A(xv2xav)21(yv2yav)2 is the distance betwee
the vortex and the antivortex,K0(x) is the MacDonald func-
tion, andLv , Lav are the vorticity of the vortex and antivor
tex, respectively, and

Fsv5
Lv

2F0
2

16p2l
Usv , ~15a!

Usv5d lnk12 tanhS d

2D lnS 11coth
d

2D . ~15b!

From the conditionDF50 the value of the FM magnetiza
tion necessary for the appearance of the vortex-antivo
pair can be estimated as

M* 5
1

8p

Usv2Uvav

Umv
. ~16!

In the more general case, the transition fromLv5Lav5L to
the Lv5Lav5L11 state is determined by the FM magne
zation

ML→L11* 5
~2L11!

8p

Usv2Uvav

Umv
. ~17!
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In order to use Eqs.~16! and~17!, one should first determine
the positions of the vortex and the antivortex. This can ea
be done if the total interaction energy in the system is cal
lated@Eq. ~13!, without the self-energy terms# with the posi-
tion of the vortexxv as a free parameter (xav52xv ,yv
5yav50). The minimal interaction energy then determin
the exact equilibrium position of the vortex-antivortex pai

Using Eq.~16! for the parameters taken from the expe
ment of Van Baelet al.11 we obtainM* '0.08M0. Unit M0
in the SI system equalsM054pF0l/m0'2.073106 A/m
(l'100 nm). Knowing that the typical magnetization
Co/Pt dots used in the experiments equals'2.53105 A/m,
one can see that theM /M0 ratio equals 0.12 and our analys
shows that such a magnetic bar can create exactly
vortex-antivortex pair, which corresponds to the experim
tal findings of Ref. 11. It is important to emphasize that t
critical magnetization of the bar to induce a vorte
antivortex pair depends strongly on the geometrical para
eters of the bar. To investigate this, we repeated our ana
as a function of the ratio between the sides of the bar,
keeping the volume of the magnet (Vf m5SxyD) and other
parameters the same~magnetization is directed along thex
axis!. The results shown in Fig. 9 suggest that the magn
bar is more magnetically effective for pinning at its poles if
is magnetized along its longer side. However, the thresh
magnetization for the nucleation of vortices decreases
notonously as the ‘‘magnetization side’’ of the magnetic b

FIG. 9. ~Color online! The threshold magnetization of the ma
netic bar necessary for the nucleation of the first and second vo
antivortex pair~solid lines! as a function of the geometrical rati
~between the sides! of the bar ~for fixed volume of the magnet
where Sxy5wxwy , with parameters taken from Ref. 11!. The
dashed lines denote the changing of the vortex pinning propertie
the bar: in the shaded~white! regions, an external flux line is pinne
at the positive~negative! pole of the FM.
2-6
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VORTEX PINNING IN A SUPERCONDUCTING FILM . . . PHYSICAL REVIEW B69, 104522 ~2004!
is made shorter~see Fig. 9!. However, the flux penetrating
the superconductor approximately remains the same a
the solid lines in Fig. 9. Using the magnetostatic calculati
we obtained the critical condition for the nucleation of t
vortex-antivortex pairs asF1/F05n(Lv11/2), whereF1

denotes the flux through the region of the positive stray fi
of the magnet at the SC surface, andn51.073, 1.064, 1.054
for wy /wx51,2,3. Using the values of the parameters fro
Ref. 11 (wy /wx50.667), we obtainn51.094. Therefore, for
the first stable vortex-antivortex pair a lower value of flux
needed, namely,F1/F050.547, while the appearance o
additional pairs is quantized inDF1/F051.094. The
smaller value of the threshold flux in the first case can
explained by the contribution of the local currents whi
effectively add an amount of flux to create a fluxoid of e
actly LvF0 at the pole if the stray field of both poles of th
magnetic bar creates a~positive or negative! flux between
(Lv21/2)F0 andLvF0. Note that this is similar to the su
perconducting ring case16 where theL→L11 ground vortex
state transitions take place forF'(L11/2)F0 where the
approximate sign becomes equality for large radius t
rings.

As we have shown before~see Fig. 8!, if no vortex-
antivortex pair is induced in the SC by the magnetic bar,
additional positive flux line~vortex! will be pinned on the
negative pole of the bar~i.e., xv,0). Now, we assume tha
the value of the magnetization of the bar is such that
vortex-antivortex pair appears on the poles of the bar~vortex
at the negative pole and antivortex at the positive pole,
0.08,M /M0,0.24, forwy /wx50.667) and we add an extr
vortex in the system. The total force acting on this vort
consists of the vortex-magnetic bar, and vortex-vortex a
vortex-antivortex interactions. To investigate the interact
of a magnetic bar and its vortex-antivortex pair with an a
ditional external flux line, we put the vortex in different po
sitions ~open dot in Fig. 10! and follow its trajectory using
MD simulations. In our quasistatic case, if the vortex mov

FIG. 10. ~Color online! The trajectory of the external flux line
when interacting with a magnetic bar and its induced vort
antivortex pair~colored dots! for different values of the magnetiza
tion of the bar~the remaining parameters are taken from Ref. 1!.
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the FM-vortex interaction force is opposed by viscous forc
of the form2h•vv , whereh is the viscosity coefficient and
vv the velocity of the vortex. In equilibrium, these forces a
equal and the motion of the vortex can be analyzed. Since
were not interested in real-time simulations, we assumeh
51. The components of the force were obtained by sim
derivation of the expressions for the contributions to the to
interaction energy, which were given before in this secti
The results of this MD simulation are shown in Fig. 10 f
different values of the magnetizationM. We choose the ini-
tial position of the vortex at the same distance from the po
of the magnet, in order not to favor any of the possible p
ning sites. Obviously, for smaller magnetization of the b
~just enough to create a vortex-antivortex pair at the pole!,
the external flux line is attracted by the antivortex and pinn
on thepositivepole of the bar, which is opposite to the situ
ation for M /M0,0.08 shown in Fig. 8. This is also illus
trated in Fig. 11~a! where we show a contour plot of th
spatial variation of the total energy on the position of t
external vortex. However, the magnet-vortex interaction
the positive pole of the bar is still repulsive, and for larg
magnetization (M /M050.12) the vortex is attracted to th
antivortex~where annihilation occurs!, but this trajectory to-
wards the equilibrium position is distorted, since the ma
netic bar is trying to pin the vortex at its negative pole.

Eventually, for further increased magnetization~and still
smaller thanM1→2* ) the magnet-vortex interaction ove
whelms the vortex-antivortex attraction, and the vortex
pinned at the negative pole of the magnet, although
magnet-induced vortex is already present there. The shap
the most energetically favorable vortex state at the nega
pole of the magnet~multivortex or giant vortex! depends on
the parameters, mainly on the GL parameterk, which deter-
mines the vortex-vortex interaction and the self-energy
vortices. As one can see in Fig. 11~b!, the external vortex in
this case is pinned next to the vortex induced by the F
dipole. In this calculation the position of the FM-induce
vortex-antivortex pair is kept fixed when the external vort
is moved over the SC surface. The critical magnetization
which the pinning switches from the positive to the negat
pole of the FM is shown by the thick dashed curve in Fig.
The physical reason for the switching of the pinning positi
is the reversal of the direction of the screening currents n
the vortex and the antivortex. This is illustrated in Fig
12~b!–~d!. In Fig. 12~a! we show the interaction energy o
the external vortex with the FM and the induced vorte
antivortex pair, along theyv52xv/2 direction@which is ap-
proximately along the line where energy minimum and ma
mum are found in Fig. 11~b!# for different values of the
magnetization of the FM. The change of the pinning beh
ior of the FM bar is clearly visible. In Figs. 12~b!–~d! the
corresponding vector plots of the screening currents
shown. Obviously, with increasing magnetization of t
magnetic bar, the current flow in the SC changes. At
negative pole of the FM, for lower magnetization@Fig.
12~b!#, the current is vortexlike, due to the presence of
induced vortex there. However, as we increase the magn
zation@Fig. 12~c!#, an antivortex type of current flow appea
close to the vortex site, resulting ultimately in a pure an

-
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M. V. MILOŠEVIĆ AND F. M. PEETERS PHYSICAL REVIEW B69, 104522 ~2004!
vortexlike current at the negative pole of the magnet as
magnetization approaches the critical value for the nu
ation of the next vortex-antivortex pair@Fig. 12~d!#. In all
cases, the stable position of an external vortex is determ
by the position of this quasi-antivortex, which explains t
switching of the pinning behavior with increasing magne
zation of the magnetic bar.

FIG. 11. ~Color online! Contour plot of the interaction energy o
an external flux line with the screening currents induced by the
in case that the FM bar induces a vortex-antivortex pair@white
~dark! color—low ~high! energy# for the magnetization of the mag
netic bar~a! M /M050.12 and~b! M /M050.20. The position of the
FM-induced vortex-antivortex pair is taken fixed.
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To summarize, in Ref. 11 it was found experimentally th
in the case of vortex pinning by magnetic bars with in-pla
magnetization such that one vortex-antivortex pair is indu
in the superconductor, an extra external vortex is attracted
the antivortex~and vice versa, for external antivortex! and
they annihilate each other. The authors refer to this phen
enon as a field-polarity-dependent pinning. Our simulat
shows that for the given experimental parameters this is
deed the case. But, our analysis shows that this phenom

FIG. 12. ~Color online! ~a! The interaction energy~in units of
U05F0

2/pl) of an external flux line with the FM and induce
vortex-antivortex pair along theyv52xv/2 direction @see Fig.
11~b!# for different values of the magnetization of the magnetic b
~b!–~d! Vector plots of the screening currents in the SC due to
presence of the FM and the induced vortex-antivortex pair.
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VORTEX PINNING IN A SUPERCONDUCTING FILM . . . PHYSICAL REVIEW B69, 104522 ~2004!
not only depends on the polarity of the external magne
field but also on the strength of the magnetization of
magnetic bar. For larger magnetization of the magnet,
found that the external vortex can be pinned on the oppo
side, i.e., at the negative pole of the bar, next to the mag
induced vortex~as shown in Figs. 10–12!. This remarkable
phenomenon should be easily observable using the sam
perimental procedure as in Ref. 11, if samples with mic
magnets with a larger magnetization are used. In that c
one should avoid the annihilation between the external
line and the antivortex created by the neighboring dipo
and make the magnetic pinning lattice sparser.

V. INFLUENCE OF CORNERS ÕDEFECTS IN THE MAGNET
GEOMETRY ON THE INTERACTION ENERGY

In this section, we investigate the influence of the mag
geometry on the pinning of vortices in the case when
vortex-antivortex pair is nucleated. For magnets with out-
plane magnetization14 it was found that thequalitative be-
havior of the magnet-vortex interaction does not depend
the geometry, as was found by comparing the results for d
square, and triangular FM’s. However, a difference in
dynamics of pinning was noted, since the vortex approac
its equilibrium position under the magnet following the tr
jectory over the corners of the magnet, rather than perp
dicular to the sides, in the case of square and triang
FM’s. Also, by introducing hole~s! in the magnetic structure
it was shown how one can create different local minima
the interaction energy and manipulate the equilibrium po
tion of the vortices.

FIG. 13. ~Color online! The contour plots of the in-plane
magnet-vortex interaction energy for different shapes of the mag
Dashed lines indicate the edges of the magnetic structuresd
50.25l, D50.25l, l 50.1l, M5M0, surface of the magnet bas
is the same for all structuresS5l2). All plots are given with the
same energy scale~some of the values of the contour lines a
indicated!.
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We repeated this analysis for in-plane magnetization
the magnet, for the magnetic disk, square, and triangle w
fixed thickness and volume. We use Eq.~12b! to calculate
numerically the magnet-vortex interaction energy profi
where in the integration over the magnet boundar
(6wx/2) we substitute the functions describing the magne
shape. The results are shown in Fig. 13. The qualitative
havior of the vortex-magnet interaction is the same in
cases. Moreover, the amplitudes of the interaction poten
appear to be very similar~all the contour plots in Fig. 13 are
given with the same energy scale!. One can see that in th
case of symmetric magnets with respect to the magnetiza
direction the contour lines follow the shape of the mag
and the extreme interaction energy regions are set parall
the opposite sides of the magnet. However, if the symme
is broken@see Fig. 13~d! for the case of a triangular magne
with magnetization perpendicular to one of its sides# the in-
teraction symmetry is broken and the amplitude of the
ergy is somewhat higher at the negative pole of the mag

Next we introduced an asymmetry in the geometry of
magnet, not only by rotating the magnetization in thexy
plane but also by introducing edge defects. Referring to
previous article,14 we may model the removed area as a s
perposition of two ferromagnets with opposite magneti
tion. The smaller size magnet with the opposite magnet
tion can model the hole~defect! in the larger magnetic
structure. As one can see in Fig. 14, the equilibrium posit
of the vortex can be nicely manipulated by an edge defec
the side of the magnet. When a defect is located in the co
of the magnetic square@see Fig. 14~a!#, the equilibrium po-
sition for the vortex shifts slightly away from the defect, an
the symmetry of the positions of extremes in the interact
energy is broken. As we spread the defect further along

et.
(

FIG. 14. ~Color online! The contour plots of the in-plane
magnet-vortex interaction energy for different shapes of the mag
Dashed lines illustrate the edges of the magnetic structuresd
50.25l, D50.25l, l 50.1l, M5M0). The plots are given with
slightly different energy scales~some of the prominent contour line
are labeled!.
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M. V. MILOŠEVIĆ AND F. M. PEETERS PHYSICAL REVIEW B69, 104522 ~2004!
negative pole of the magnet, the energetically favorable
sition of the vortex moves further up, i.e., it ‘‘runs’’ awa
from the upper edge of the defect@Fig. 14~b!#. However,
when the inner edge of the defect becomes longer than
outer magnet edge, the ground state for the vortex mo
back towards the central position@Fig. 14~c!#. In this case,
the part of the magnet that is sticking out acts as a defect
breaks the symmetry of the interaction. Therefore, to furt
investigate the competition of these two1 and 2 defects,
we set an edge defect in the center of the magnetic struc
@Fig. 14~d!#. In this case~for given parameters!, the central
equilibrium vortex position breaks up into two, and the co
tour plot of the energy shows two equal minima close to
upper and lower edges of the defect. Thanks to this featu
possible use of this system for quantum computing can
analyzed similarly to the quantum systems proposed be
~see, for example, Ref. 17!.

VI. CONCLUSION

To summarize, we applied the London theory to inves
gate flux pinning in SC films due to the presence of an
plane magnetized ferromagnet situated above the SC, w
the finite thickness of both FM and the SC are taken i
account. In the case of a magnetic stripe on top of a su
conductor, we obtained a semianalytic expression for
FM-vortex interaction energy and analyzed the depende
of the interaction potential on the system parameters.
found that the equilibrium position for an external flux lin
pinned by the stripe lies in the channel, parallel to the m
netic structure. The exact position of this equilibrium cha
nel depends on both thickness of the SC and the mag
Also, all the flux lines of the same polarity are found to
pinned on the same side of the stripe. Therefore, using s
a magnetic structure on top of a superconductor in the p
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ence of a homogeneous magnetic field may lead to a su
conducting region without vortices. In the case of finite-s
superconductors, if the pinning channel is relatively far fro
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tization of the magnet and the possible presence of a vor
antivortex pair induced in the SC by the magnet itself~see
Figs. 10–12!. Our results agree with the experiment of Re
11 and give directives for future experimental consideratio
of similar heterostructures, since our analysis predicts
the position of the pinned vortex can be tuned by chang
the strength of the magnetization of the FM.

We extended this approach further to investigate the
fluence of edge defects of the magnetic structure on the
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