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Temperature effects on the elastic properties of hysteretic elastic media:
Modeling and simulations
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Different materials with mesoscopic characteristies)., defects or intergrain regionsave been shown to
share a peculiar elastic behavior when subject to temperature variations. We present here a simple model based
on the description of the mesoscopic features as bistate bond regions that connect elastic portions described by
the traditional Landau thermoelastic theory. We apply our model to simulate resonance frequency experiments
in order to analyze the effects of temperature changes on the elastic properties of materials and reproduce part
of the phenomenology observed concerning the conditioning effect and the recovery of the system to its
original state after a thermal shock.
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[. INTRODUCTION Nevertheless, most of the work, both experimental and
theoretical, performed until now has been devoted to the de-
In recent years, several anomalous elastic effects due tecription of effects related to mechanically induced strains,
mechanical stresses have been shown for a wide variety dioth through elastic wave generatbtor impacts?® Also,
materials: rocks, sandstones, concrete, structural materiagater saturation effects have been extensively studied from
with mesoscopic flaws, efcAmong them, quasistatic experi- an experimental point of vied#23 In more recent years, in-
ments have revealed the existence of a hysteretic loop in thierest has been devoted to analyze the anomalous elastic be-
stress-strain relation with end-point memémyhile, through  havior of hysteretic materials induced by temperature
dynamic experiments, phase shifts in resonancehanges. Results suggesting hysteretic loops have been
experiments, the generation of higher-order harmortiemd  found for the resonance frequency versus temperature
sidebands with a well-defined rate, nonclassical curves* which reveal an anomalous softening occurring
attenuatior?,and other effects have also been found. Perhapduring material cooling. More resuffsshow that tempera-
the most striking feature observed so far is the so-calledure changesin most cases both cooling and heajinbe-
“slow dynamics”, which consists of a downshift in the reso- sides inducing softening, also cause a conditioning of the
nance frequency when the specimen has been dynamicaliypaterial, which slowly (and logarithmically disappears
excited and consequent recovery proportional to the logafecovery.?®” All of this results concur to sustain the hy-
rithm of the elapsed tim®&’ potheses that slow dynamics may also be caused by thermal
A complete understanding of the basic properties and beshocks, in addition to the widely discussed slow dynamics
havior of such materials is still missing and requires bothimpact induced.
molecular dynamidsand numerical simulations at the meso-  In the present contribution, we show that the model we
scopic leveP Nevertheless, several phenomenological modhave previously present&t° allows us to reproduce most
els have been proposed in the last years and have beef the temperature-induced phenomenological observations,
proven to be capable to reproduce the observed phenomenalnce classical linear thermoelastic effétare included in
ogy. For instance, the interactions between elastic waves aritle description of the grain portions. Without any modifica-
cracks have been recently described using the Luxemburgion to the description of the nonlinear protocol used to
Gorky effect!® and quasistatic stress-strain loops can bedefine the elastic properties of interstices, we describe here
well reproduced using a Preisach-Mayergoy@®M) both the anomalous resonance frequency shifts and its
representationt 13 Also dynamic experiments can be mod- recovery. In addition, our model allows us to give an
eled using pseudopotential approacHes. easy interpretation of the observed data and to predict
Based on a spring model approdci® we have recently further observations that may be obtained with proper
proposed a description of such hysteretic materials as linexperiments.
early elastic portionggraing separated by bond regiofis- In the first section, the model, as described in detail in
terstices. The latter may be in either of two different elastic Ref. 20, will be very briefly reviewed, with the addition of
states, according to the current and previous applied stresséerms that keep account of the stress-temperature coupling.
Our model has allowed us to describe, with the same aph the following section, numerical results concerning both
proach, most of the observed phenomenology both irthe variation of the elastic constants with temperature and the
quasistatit”*®and dynamic experimentSIn addition, using  conditioning and slow dynamics caused by thermal shocks
thermal random transitions among the two states, our modelill be analyzed. Finally, in the Conclusion, we will high-
has allowed us to simulate also the slow dynamics, in excellight further perspectives and a few preliminary results we
lent agreement with the observed log time recovér. are currently obtaining.
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which disappears when a new equilibrium, corresponding to
interstices the new temperature, is reached.

/N A In addition to Eq.(1), the state of the grain is determined
: by the 1D thermal conduction equation

CaT_kazT KT(? de )
\W a tax® N Gt ox )

s wherek is the thermal conductivity an@ is the specific heat.
L =NA, Finally, the elastic constants of a solid are temperature de-
pendent. In most cases, the medium becomes stiffer with
X decreasing temperature according to the following faw:
2
FIG. 1. Schematic representation of a 1D bar of hysteretic ma- K(T)=a— Tro 3
terial. Grainglinear are separated by much shorter intersti¢ss- ¢
teretio. wherea, b, andc are constants.
Il. THE MODEL B. Single-interstice constitutive equations

Let us consider a multigrained material specimen. If it The constitutive equation for interstices should keep ac-
consists of a thin bar, as is the case in most experimentalount of nonlinear effects. As a consequence, the sti€gs
setups, we can simplify the problem with a one-dimensionabn theith interstice has, in general, a complex dependence
(1D) model, in which grains alternate with interstices. Grainon external factors, such as the pressure
portions are much larger than interstices, of the order of
10—20um versus lum. For simplicity, we will assume that Pi(t) = oj+1(t) —oi(1)
at equilibrium(i.e., in the absence of external forces and at _ _ _ _
some given temperatur€,) all grains have the same rest =Kleia®=ei®]=Ka(Tia =T, @
length \, the same elastic constakit and the same mass the interstice strainy;(t)=(5;(t) — do)/ 6y and its time de-
m=p\,, Wherep is the density. We consider as negligible rivatives, the temperature difference between the interstice

both the interstice rest lengiy and its mass. tips AT;, etc.:
The full specimen, of lengtlL=N\g, consists ofN .
grains (labeled with integer numbelis=1,...N) and N—1 (1) =1(P(1), n(t), n(1),AT). ®)

interstices(see F|g :L Its elastic behavior under an external The expncit equation Shou'd be evinced from a deta”ed
perturbationF(t), i.e., when the length of each grain and knowledge of interaction mechanisms at the molecular or
each intersticd \(t) and &i(t), respectively are time de-  mesoscopic level, e.g., dislocation theGhBiot theory for
pendent, can be determined once the equation of state fegpillary pressuré’ glass transitiond! etc. However, since
both grains and interstices are given, as discussed in the negtich information is not yet available, in previous papers we
Subsectioni{for more details see Ref. ZONOte that in the have shown that the choice of a phenomeno|ogica| “two-
following the indexi will be omitted for simplicity for all  state” constitutive equation allows us to reproduce most of
quantities except when they are firstly defined. the observations obtained in both dynati#® and quasi-
static experiment$18at constant temperature.
We assume that the interstice may be in one of the fol-
] ] lowing linear states, being nonlinear only due to sudden tran-
Based on experimental observations, we assume the hysitions from one state to the oth@s will be discussed later
teretic nonlinearity to be confined to the interstice region. state A The interstice is rigid. Any disturbance is propa-
Therefore grains follow the usual thermoelastic thédihe  gated across the interstice without straining it. The existence
constitutive equations, i.e., the relation between stegf§  of a rigid interstice state is motivated by the experimental
and straine;(t)=[Ai(t) —Aol/Ao, at a given temperatur®;  observation of residual strains Bt=0 in quasistatic com-
for the ith grain, neglecting classical nonlinear terms, arepressional experiments® In fact, residual strains at zero
given as stress, which disappear very slowly with time, imply la¢
least temporary existence of interstice configurations,
o(t)=Ke(t)—Ka(T—T), (1)  reached during phases of increasing pressure, which remain
“frozen” during pressure release.
State B This is a linear elastic state, in which

A. Single-grain constitutive equations

where « is the thermal expansion coefficient of the speci-
men. Note that in Eq(1) we have assumed that the Young
and bulk moduli are approximately equivalent. If the body is
at a temperature different from the equilibrium temperaturevhere the parametera, (n=1,2,3,4) are constant. More
(To), then, even if there are no external forces, grains areomplex states may be of course modeled using higher-order
deformed with consequent generation of internal stressegxpansions for the stress However, as already mentioned,

T(t):alp(t)+azﬂ(t)+a377(t)+a4AT, (6)
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. C. Equations of motion
Elastic state
- > From the constitutive laws, the equations of motion can
; be easily obtained using Newton’s law. By defining
% 4 Rigid state
5 uf =2 IO+ 8],
P P, j=<i
+if P>P, = the interstice is rigid Ui_:)\i(t)+z [\ (D) +8,(D)], (7)
«if P< P, = the interstice is elastic J<l
*if P,<P< P,= the interstice state depends the positions of the right and left tips of thith interstice are
on the stress history
m.. —_ . —
SU =oit =,
FIG. 2. Basic hysteretic loop for each hysteretic mesoscopic unit
(HMU). g, andq, are the thermal activated transition rates between
the two states. m. .
Eur20i+1_7i_3’ui+: ®

previous studi€$ have shown that the first order expansion
given by Eq.(6) is sufficient to reproduce completely the where dots denote time derivatives and an attenuative term

observed phenomenology. . ~ with coefficienty has been included.
Furthermore, we assume that the temperature is uniform |t follows that

along the interstice. HencAT=0. Such an assumption is

only a reasonablédue to the short length of the interstice Mo, m _

and the 1D treatment adopefirst approximation. In our — =5 (U U ) =T+ T~ yhoE ()
opinion, including local high-temperature gradiefgach as

those observed in the Gorky-Luxembourg effewill only and

contribute to reinforce the agreement of the model results

with the experimental findings. In addition, an explicit ther- mé, m )
moelastic equatiopsimilar to Eq.(2)] for the interstice itself o :E(“i —Ui)=0is1= 21— 01~ o7,

may help to catch additional experimentally observed fea-

tures and, perhaps, enable us to explain the physical origin of elastic state,

the phenomenological equation of state adopted heogk

in progress 7,=n=0, rigid state, (10

As already mentioned, nqnlinearity and hysteresis EMeIYG here the choice of equation of motion for the interstice
once the rules for the transition from the rigid to the elastlcStrain depends on the interstice state.

state(and vice verspare defined. For this purpogsee Fig. Note that, according to Eq10), the rigid state can be

2), we define for each Interstice a pair O.f parameters s rined by the same equation of state as the elastic one
(Py,P2) and we assume that the interstice is in the rIg'd[Eq.(G)] with a;=0.5 anda,= 0. Furthermore, the elastic to
state if P>P, or in the elastic state iP<P,. In the (igig transition causes a discontinuity i (being 7;#0 in
intermediate-pressure rang@ (< P<P,) the two states co- the elastic staje Hence, imposing the sudden transition to

exist and the interstice is in one state or the other depending:o we also obtairms= (\K/p/4.0+ /2.0)8,, which be-
on the previous stress history. In fact, the protocol is define(éc')me:5 irrelevant once in the rigid state. ’

as follows. Starting for any given interstice at a given pres- Using Egs.(1), (2) and (6), iteration equations can be

sureP<P,, we assume th_at the _inte_:rstice Iength_ v_aries elaséasily obtained by means of the usual finite differe(feB)
tically up to P=Py, at which point it becomes rigid. Con-  formajism for the time derivatives. These iteration equations
versely, wherP decreases, the interstice remains rigid up toare omitted here for brevity, but are reported in Ref. 20.
the valueP=P,, where it becomes elastic again.

In addition to such hysteretic behavior, Fig. 2 shows ther-
mally activated random transitidwith ratesq; andq,) be-
tween the two linear states in the pressure range in which We assume that at the beginnifige., before starting the
they coexist. Since the rigid state seems to us to be mor&irtual experiment”) the specimen is completely relaxed
stable than the elastic statthe rigid-elastic transition im- (i.e., a long time, usually overnight in real experiments, has
plies the rupture of a sort of “static bongl”we assume for passed since the last perturbation of the specimen, either
the thermal activated transition rates that>q,. These hop- thermal or mechanichind kept at atmospheric pressirg
ping transition rates increase, of course, with the temperaand room temperatur&,. For simplicity we redefine the
ture, but in the present context, this dependence is not eypressure scale, so thBy=0. Three cases are possilfkee
plicitly included. Likewise, any other dependence of theFig. 2):
rates on, e.g., the applied pressteand/or the difference P,>0: The interstice is in the elastic state.

(P—Py12), is neglected. P,<0: The interstice is in the rigid state.

D. Initial and boundary conditions
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P,<0<P;: Both states are allowed. Since the specimen T -
. - . . s - ext Specimen not relaxed
is relaxed, the state distribution is in equilibrium condition. _—
Hence their respective probabilities are given by TA+AT . *—
To i
(elastio = 1 — p(rigid) = — 2 (11) —
b P9 Q1+Q2' relaxations % relaxation [ time
. . . Experiment A
In a dynamics experiment, the boundary conditions are
given by an e>_<ter_na| forcing at one end of the pag., the . |Specimen py——
displacement is given by, (t) = uy cost) for a monochro-
matic wave and free boundary conditiorizero stressat the
other. The temperature at the two tips of the bar is controlled
o
and kept at a valu@ ;. :
The choice of the pair of pressureB4(,P,) for each in- relaxationts ' relaxation t time
terstice is, of course, crucial. Such a set is usually repre-
sented in the so-called Preisach-Mayerg@®1) space, i.e., FIG. 3. Behavior of the temperature vs time for the two kind of

as a distribution of points in aR;,P,) plane, which, in the virtual experiments performed. In both cases, at tigjendt, com-
case of virtual quasistatic experiments, is obtained by invertplete relaxation of the system to an equilibrium state is obtained. At
ing the experimental data:*® For the simulation of resonant time t,, complete thermal equilibrium is reached, but not relax-
dynamic experiments the range of pressures is usua”y muchiion. Note that the time scales in the plot are only indicative:
smaller and on|y an extreme|y small portion of the PM Spacéhermal equilibrium (a to tb) is reached in miIIiseconds, while
around the ambient pressuPg is explored by the incoming mechanical equilibriumbeforet, and fromt, to t.) needs a few
perturbation. In such a tiny region, it is reasonable to assum@eurs:

a uniform distribution of P,P,) points, which is approxi-
mately(due to the limited number of unjtslone in our simu-
lations.

of the experimentgsee, e.g., Ref. 32 Typically, the wave
velocity ranges between= 1800 andv =2600 m/sec, den-
sities are about 2000—3000 kgimnd the linear attenuation
parameterQ varies from 10 to 200. Strains used in experi-
Ill. RESULTS AND DISCUSSION ments are very small but occur in a wide rarigéthe order

—8 — 6
In this section, we consider the problem of the determina®f 10 °=10""). . . .
tion of the resonance frequencies of a 1D bar, i.e., of its Unless otherwise specified, we have chosen a bar with

elastic properties. We assume that a rod-shaped specimentiical dimensions used in neutron scattering experiments:
equipped with a transducer generating monochromatic wavdg€ndth L=21mm and cross section of abo8t-10 mn?
of excitation amplitudeA attached at one end and with an (Which is not relevant for the simulationsUsing longer
accelerometer attached to the other end. The frequéncy SPECIMens is of course more time consuming but computa-
=w/2m is swept through one resonance mofjeof the f[lonally afforo_lable up to a length of 20—40 cm. Grain and
specimer(we will present results here for the third resonance/Nterstice typical lengths are chosen Jag=20 um and &,
mode and the time-averaged acceleration amplitéde(in =1 pum. It foIIovy§ thatN=1000. The specimen elastic con-
stationary conditionsis recorded. This procedure of reso- Stant and densities ark=—10 GPa andp=2300 kg/ni
nance curve tracking is repeated at different temperaturédypical values for Berea sandstgnBurthermore, in absence
(experiment type A and/or after different thermal shocks _of ava_llable experimental data, we assume arbitrarily for the
(experiment type B The description of the two experiments interstices  a;=0.95GPa, a,=28.5GPa, and a;
is reported in Fig. 3, where the behavior of the external tem= 20 GPasec. We note that we have verified that the quali-
perature is reported versus time. Both heating and coolin§ftive behavior of the system does not depend on the choice
(negativeAT) have been examined and the behavior of thelf Such parameters. Alsg, =1.5<10"", q,=0.033,, and
resonance frequency has been followed in time. Resonand& and P ranges in the pressure interjat1.0, 1.0 MPa,
frequencies are always measured at thermal equilibrium, i.eWhich is smaller tharbut of the same order of magnitude as
the resonance frequency is not tracked during the heating dR€ yield modulus. It follows that the expected fundamental
cooling processes. In particular, in both experiments meat€sonance frequency of the laeglecting the interstice con-
surements are performed at timg (on a specimen fully tr'lbutlor)) is qbout 25 kHz(and the third mode, used in the
relaxed, i.e., in complete equilibrium, and before the thermagimulations, is at about 0.125 MhzConsidering as a linear
change, t, (immediately after the thermal change, i.e., with- CaS€ the situation in which mterspces cqn_tr_lbute to _the elastic
out relaxation but in thermal equilibriugnand tracked from constants but are permanently in the initial condition state
ty to t,. (i.e., no swnph occups we expect a lineafi.e., in the limit
of strain going to zerpthird mode resonance frequency
slightly smaller than 0.125 MHz.

The other parameters chosen are a room temperature of

The values of parameters used in the simulations havé,=300 K, thermal expansion coefficienta=2.2
been chosen in a range valid for rock samples used in most 10 7 K1, thermal diffusion coefficientk=23.2 kg m/K

A. Parameters
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seC, heat capacityC=0.32J/niK, and viscosity y 8 T 300K
=37.5 kg/nts. The estimatefrom a linear approximation 1 \\ 5 o TL 205K
Q factor is 22(Q is the resonance frequency/bandwidth of 1. /’ \\ —— T.m290K
the resonance curve in the limit of zero injection — 1+ S T T2k
amplitudé?). S ] 0112 0114 0116

Finally, the parameters in Eq3) have been chosea £ 3:
=11.3 GPap=7 MPa/K andc=100 K. The forcing ampli- x|
tude is chosen to be very small, to correspond to a strair§ 2 \
(inp~Uo2mwlv) of the order of 6<10° 8 (which, in reso- V g

nance, due to the interference of multi[{k?a reflections, be- 1_' @ | YP—— |
comes 10 times largei,es= 10fi,,=6>x 10" ‘). Therefore, - e—_—

the forcing amplitude corresponds to a foreg=SK{j,, 0100  0.105  0.110 0415 0420  0.125
=6 mN (from now on we will useF, to characterize the FIMHz]

amplitude of the forcing rather tham,).

Given the choice of parameters, it follows that the time T 00K
scales in the experiments correspond well to those experi  &-| Hysteretic specimen I . e T=205 K
mentally observednote that time scales in Fig. 3 are purely ; I *i\\ T, =290 K
indicative). In fact, standing-wave conditions are reached in — 4 /'/;‘%{ \\ ——T,,7285 K
tens of millisecondgin agreement with the estimate obtained 5 | //‘// \ \\\
from the ratio 8)/f, considering thaQ is smaller than its € 3- 77N \\\
linear approximation due to a nonlinear contribution to at- ©~ | /// \7\7\
tenuation, a frequency sweep is performed in about 1 min, § 2| %/ \§§\
thermal equilibrium(i.e., the time interval front, to t;) is v ;é/’ \Qﬁg\
reached very fadin about 1 mseg and relaxationft(, to t;) 14 = —=
in a few hours. Note that thermal equilibrium is reached so (b) ' . . , .
fast in the simulations because an additional term is includec 0100  0.105 0410 0415 04120  0.25
in the model to simulate thermal exchange from the lateral FIMHz]

surfaces of the specimen. This contribution, however, does

not modify the values of the peak stress, which is reached at FIG. 4. Experiment type A: averaged acceleration vs frequency

very early times in the process of relaxation to thermal equifor different values of the external temperatui®.linear specimen;

librium (see, e.g., Fig.)7As a consequence, the introduction (b) hysteretic specimen.

of such “lateral thermal exchange” is not relevant, both

qualitatively and quantitatively, for the model predictions. With decreasing temperature, indicating a softening of the
specimert’ It is to be noted that, in agreement with experi-

5,7 . .
B. Variation of the elastic properties with temperature mental d.até, such softening is observed both when the
(experiment A) material is cooled and heatédot reported for brevity Ad-
) ) ditional preliminary simulations have shown that, according
1. Virtual experiments to the choice of parameters, it is possible to describe cases in

Let us first consider the variation of the specimen elasti¢vhich, in the hysteretic case, an initial hardenimgreasing
properties with temperature. To this purpose, the resonande With decreasing ey is followed by softening for a further
frequency is measured at different temperatures, always iflecrease in temperatute Also, the resonance curves be-
thermal equilibrium, but without letting the system relax be-come wider with decreasing, and, more evidently, the
fore performing the frequency sweep: referring to Fig. 3,peak values decrease, indicating a stronger attenuatmn
experiments of type A for different T are performed. In Fig. linear attenuation’

4, we plot the averaged acceleration versus frequency at time The results described are resumed in Fig. 5, wieris

t,, for different temperature$.,,, as reported in the plot, for reported versusAT=Te,—To. The behavior in the linear
both a linear{Fig. 4a)] and a nonclassical nonlineffig.  case(circles is well fitted (solid line) by

4(b)] specimen. As expected, in the linear case the resonance

frequency(i.e., the frequency corresponding to the peak of fr(AT)oc VK(Tey), (12

the resonance curyshifts to the rightincreasing frequengy

with decreasing temperature. The shift is very small, but nowhereK (T is given by Eq.(3). The anomalous behavior
ticeable, especially in the inset of Fig(@} Such an effect, in the hysteretic casésquarep is, as noted, in agreement
due to the variation in the elastic constants described by Eqvith experimental data. Note the slight asymmetry in the
(3) is well known and common to most materials. Attenua-hysteretic case: the resonance frequency drops slightly more
tion is not(or at most very slightlyaffected by the tempera- under cooling AT<0) than heatingfor the same of value
ture change, as shown by the absence of any noticeabl |AT]).

change of the curves amplitude and width. Finally, in Fig. 6 we have considered a hysteretic material

The opposite takes place in the case of a hysteretic mat@nd performed a recovery experimésee Fig. 3. First we
rial [Fig. 4(b)]. Here, the resonance frequerfgydrops down have tracked the resonance frequency versus tim&.qt
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FIG. 5. Resonance frequency vs temperature
variation with respect to the room temperature.
Note that AT>0(<0) corresponds to heating
(cooling).

0108

=Ty=300 K for 10 min up tot,. Starting from this initial

AT [K]

situation (T;=300 K), we have considered two cases: _ _ _ _ )
Case 1 The specimen is cooled by immediately decreasooling (an explanation of this behavior may be found in
ing the external temperatufk,,; by 20 K to 280 K K Tg)

(upper ploj.

nance frequency drops, in agreement with that previously
discussed t<t<t,). However, the drop is larger during

Ref. 36. Later on (,<t<t.), relaxation occurs and the ma-
terial becomes harder with a logarithmic time recovery: the

Case 2 The specimen is heated by immediately increasfesonance frequency recovers the values that would have
ing the external temperatufk,,; by 20 K to 320 K (>Ty)

(bottom plo}.

In both cases, as soon as the external temperature
changedand after thermal equilibrium is reachethe reso-
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g

been expected if the material was linear: har@eften than

at Te= Ty for the cooling(heating casegthe behavior of a

gorresponding linear material is shown as a dashedl lirree

qualitative agreement with experimental data is rather good.
It is to be noted again that, according to the parameter

values, in some cases the initial dr@mly during cooling is

replaced by an initial increase, followed by(lagarithmic

with time) further increase. Such anomalous behayand

its relation with the choice of the parameters currently

under investigation.

2. Discussion

The anomalous behavior of hysteretic specimens pre-
sented in Figs. 4—6 can be explained as a “competition”
between two effects. On one hand, the variation of the grain
elastic constants with temperature induces a softenagd-
ening with heating(cooling of the same entity as that ob-
served in the linear case. On the other hand, the temperature
variation induces local stresses within the bar, with a conse-
quent change of state of some interstices and relative varia-
tion of the elastic properties, shown both experimentaihyd
theoretically® to produce softening, independently of the
stress sign(compression or tensignhence on the heating
(cooling process.

To further prove such interpretation, in Figaythe pres-
sure applied to a selected interstice=600) during the pro-
cess of thermal conduction is reported versus timeXor
—30 K. The local stress applied to interstices, due to the
dilatation of the surrounding grains, is much larger than the
stress due to the perturbing waves during the resonance

I

6

c

curve tracking (which is of the order ofK{,.s=6 KPa).
Hence, thermally induced pressukehose range is depicted
in Fig. 7(b) as a trianglg might be sufficient to switch per-

FIG. 6. Resonance frequency vs time during a type A experi-nanently (except for thermal relaxatigrthe state of some
ment recovery. In both plots the dashed line represents the franterstices from the rigid to the elastic state vice versa,
depending of the corresponding valuesRyfand P,).

quency behavior expected for a linear specimen.
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FIG. 7. Determination of the stresses induced by a temperature varistien— 30 K (cooling). (a) Pressure on thie=500 interstice vs
time during thermal equilibrium assessmei. Distribution in the PM space after thermal equilibrium is reached. Small dots denote units
that have not changed state from the initial one, triangles represent units shifted from the elatic to the rigid state, and circles denote units
shifted from the rigid to the elastic state. The triangle marked in bold lines identifies the pressure range of the inducég Athéss.time
during recovery AN is the net number of interstices that have become softer due to the stress)aggli€dstribution in the PM space
when recovery is fully accomplished.

In Fig. 7(b), the distribution of the interstices in the PM pressure value due to the external perturbation that tracks the
space after the variation in temperature is repoftjest be- resonance frequengyAs a consequence, all the units that
foret, in Fig. 3). Circles denote interstices switched from the changed state are subject to relaxation due to thermally acti-
rigid to the elastic state, triangles vice versa, and dots unitgated random transitiofnote from Fig. Tb) that for all them
that have not changed their state. The figure shows the domR,<0<P,]. To follow the recovery, in Fig. €) we plot the
nance of the softening events, which results in a reduction ofjuantity AN=N,—N;, whereN, andN, are the number of
the resonance frequen¢which has to be summed with the units that, at each timg have changed their state during the
increase due to the cooling effect on the grain elastic conprocess(i.e., from the state &t=0), switching to a rigid or
stants: Eq(3)]. As a result, the behaviors observed in Figs. 4elastic state, respectively. As observed, as soon as the tem-
and 5 are to be expected. The anomalous asymmetry betweprrature change@tt=0.4 h), a net increase of soft units is
cooling and heatingFig. 6) is explained by the asymmetry created, which gradually relax back to a zero mean value,
between compression and tension in the stress versus tineerresponding to a state, different, but equivalent, to the one
curve[Fig. 7(a)], which is reversed during heating. Details att=0. The relaxation data do not show a smooth recovery
may be found in Ref. 36. due to the limited number of unitdNE= 1000) used in the

However, when the heatingooling) process is complete, simulations.
mechanical equilibrium is reached again. Hence, the system The PM distribution corresponding to the equilibrium
is allowed to remain aP=0 for a long time(or at a small  state(just beforet, in Fig. 3) is reported in Fig. ®). Albeit
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C. Conditioning and relaxation due to thermally induced
54 (a) . _._,ﬂ: gf( strains (experiment B)
T ’ \’\ —— AT=10K Complementary results are obtained when a type B ex-
= 4 \ periment is performedsee Fig. 3. A bar of hysteretic mate-
2 ¢ \ rial is kept at room temperature and the resonance frequency
5 5 / N is tracked(tim_e ta). '_rhen a sudden change_of the extgrnal
A y \ temperature is applied and, after a short time and without
® / h. letting the system relaxT,; is brought back to room tem-
M 4 \\ﬂ perature. Thenf, is measured agaittime t,,) and, eventu-
. / ‘ Linear specimen I ally, tracked with time(up to equilibrium at timet;). The
1 amount of thermal shock is quantified by the temperature

0100 0105 0110 0115 0120  0.125 changeAT.
FIMHZ]
1. Conditioning effects
54 (b) . ——aT= 0K In Fig. 8, the averaged acceleration is plotted versus fre-
] f;:\\ o ﬂ;gi quency for differentAT, as reported in the plot, for both a
—_ 4 f/ \\\ linear [Fig. 8@] and a hystereti¢Fig. 8b)] specimen. As
s | % f \\\ expected, in the linear case the resonance frequency and
g 3 / / S specimen attenuation are unchanged after the thermal shock.
5, // \\ In the case of a hysteretic materidfig. 8b)], the stress
’g /-/ %\ induced by the temperature change causes a softdamg
o 27 %/ \\g\ discussed in the preceding subsectiavhich relax only very
1 g/&- Sy slowly with time (and in any case on a much longer time
17 - Hysteretic specimen I scale than the one needed to reach again thermal equilibrium

at room temperatuje Hence, the resonance frequenty
drops down, with a shift increasing withT.

FIMHZ] In Fig. 9, the resonance frequency sliffercent variation

of the resonance frequency after the thermal shaske-
%)orted versud T for both the linear(circles and hysteretic
(squarep case. It is noticeable the symmetry of the curve
aroundAT=0. As observed in experiments, the resonance
frequency always decreases and the effect is “almost” inde-
endent of the sigfrooling or heatingof the thermal shock,

T T T T T —r 1t T
0.100 0.105 0.110 0.115 0.120 0.125

FIG. 8. Experiment type B: averaged acceleration vs frequenc
for different values of the external temperature shdek.linear
specimenjb) hysteretic specimen.

there are several differences from theO state, the two are
almost equivalent, as shown by the approximately Samgrovided its intensity is the same.

number of circles and triangles, which average to zero. It i Finally, in Fig. 10 we explore the dependence of the soft-
to be noted that, at this stage, albeit the material is mechan'é-ning effect on the external excitation amplitu@ote that
cally equivalent to that at the larger temperature, the nef, Figs. 10 and 11, we have used a pressure intérvals5,
effept of th? change i, on the elastic proper.ties of the 0.55] MPa for theP; andP, range. In the first row of Fig.
grain remains and the resonance frequency is almost thgy the averaged acceleration is plotted versus frequency for
same as if the material was linear. Again, results of Fig. 6 argjitferent excitation amplitudes in the three columns. As vis-

justified. ible by comparing the three plots, the resonance frequency
before the shock, i.e., a@t=t, (solid line), drops with the
external amplitude: fronfi,~0.113 MHz atF;=0.006 N up
0.02 4 to f,~0.111 MHz atF,=0.16 N. In contrast, the softening
effect and increase of nonlinear attenuation due to the ther-
mal shock(i.e., the difference between the sweeps$,atnd
[ ty, solid and dashed lines, respectively less and less evi-
dent with increasing the forcing, up to almost disappearing at
= Fo=0.16 N.
() Such an effect can be understood by examining the distri-
0.00 - ERC R I N I T LY T I T ) bution of interstices after the frequency sweep=at, (i.e.,
consequent to mechanically induced stresses due to the wave
20 T ' s ' 10 ‘ 20 dynamic$ and after the thermal shock &tt, (i.e., conse-
ATIK] quent to a thermally induced stressvhich are reported in
the second and third rows for the three cases, respectively.
FIG. 9. Relative resonance frequency variation vs the temperatAgain, circles denote interstices switched from the rigid to
ture shockAT. Note thatAT>0 (<0) corresponds to heating the elastic state, triangles vice versa, and dots units that have
(cooling). not changed their stajeA conditioning of the specimen is

0.01

Af/f
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164 . F,=0.006 N . F=0.04 N 1204 e Fm06 N
o \\I 304 _./l o :/I -y
2 -«
< s » _ ’/' '}\ - 1004 ) .\
S 1.2 i / ’.. \ 3 . -. < v ! ‘.\
£ ; L 2 20 s / ".\. s 80 - LN
£ . & .\ KA ¥ '\
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8 . '\-,\\ 8 ™~ 8 7 (N
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.. e 4 404 B 0y
044 o Hon | 10 S}/ \.\'N I/. LI
T T T T T T T T T T 20 T T T T T
0.100 0.105 0.110 0.115 0.120 0125 0.100 0.105 0.110 0.115 0120 0.125 0.100 0.105 0.110 0.115 0120 0125
fIMHz] fIMHz] fIMHz]

P, IMPa]
<

P, IMPal
°

24 02 C
P, M2l

P, [MPa)
o

P, MPa]

P, [MPa]

[
P, IMPal

FIG. 10. Experiment B: determination of the resonance frequency for different values of the forcing amplitude after a cooling shock. First
row: Averaged acceleration vs frequency befselid line) and after(dotted ling the cooling shock. Second row: Corresponding distribu-
tions in the PM space after the sweep at room temperature before the Shae@Q K), i.e., activation triangle for mechanically induced

stresses. Small dots denote units that have not changed state from the initial one, triangles represent units shifted from the elatic to the rigid
state, and circles denote units shifted from the rigid to the elastic state. The triangle marked in bold lines identifies the region swept by the
acoustic standing wave in resonance. Third row: Corresponding distributions in the PM space after the cooling shock, i.e., activation triangle
for thermally induced stresses. The triangle marked through bold lines identifies the region swept by the stress induced by the temperature
change.

already visible after the first frequency swe@gcond row,  =t, is f,~0.111 MHz. In contrast, forF,=0.16 N, the
where for increasing, the number of interstices that change stress due to the external perturbation is close to that due to
state increases: the area in the PM space affected by thie temperature change. Hence the state before the second
stress(called the “activation” area and represented by a tri- sweep is completely determined by a thermally induced con-
angle that corresponds to the applied pressure jahge ditioning of the same order of magnitude as the mechanical
comes larger. Such a conditioning results in a material softeonditioning, which would have resulted from the first sweep
ening with increasing the driving amplitudenore details and, therefore, the resonance frequency does not change.
can be found in Ref. 20 For the two lower amplitudes, the Such behavior cannot be easily experimentally observed,
thermal shock causes a stress in the material larger than thsihce the probing amplitudes are usually kept at very low
due to the external perturbation. In fact, the variations in thdevels.

PM spacethird row) show an “activation” area much larger The results previously described are resumed in Fig. 11,
than the corresponding one in the second row. Hence, th@here the relative resonance frequency shifts are reported
state of the material before the second sweep is completelersus the excitation amplitude:

determined by the temperature variation. In fact, for both (a) In Fig. 11(a), the relative frequency variatioaf; at
F,=0.006 N andF,=0.04 N the resonance frequencytat t=t, (i.e., the percent change, when no thermal shock is
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forcing, as also observed experimentally, saturation occurs.
(@) E In our simulations, such an effect corresponds to a saturation
0.015 4 -Ir 1 in the PM space distributiorithe expected stress fdf,

: =0.32 N is about 0.36 MPa
00104 (b) In Fig. 11(b), the relative frequency variatiodf,,
defined as in the previous case, but considering a sweep over
amplitude after the thermal shock,

8,

0.005 1

sf IimFOHO fr(Fo,t=ta) —f (Fo,t=tp)
0.000 - 2 Iim,:oﬂo fi(Fo,t=t,)

—— is reported versuk,. As expected, the resonance frequency
E E I is no longer amplitude dependent, as the conditioning due to

the thermal shock is much larger than that caused by the

0.0157 EE E I I -Ir wave dynamics. A slight dependence is observed, as ex-
pected, only for large forcing.

0.010 (c) In Fig. 1X(c), the relative frequency variatiofif 5 (i.e.,
the percent change, for each amplitude, of the resonant fre-
quency after the thermal shock with respect to the resonance
frequency at the same amplitude before the thermal ghock
defined as

81,

0.005

0.000 - (b)

:fr(Foyt:ta)_fr(FOIt:tb)
3 f (Fo,t=ta)

(2 is reported versuB,. As expected from the previous discus-
sion, the change in resonance frequency almost disappears
for large driving amplitudesfrom 1.6% at the lower ampli-
0.010 - tude. The relative frequency variation seems to decrease lin-
I early with F for low values of excitation.

0.015 4

8,

0.005 1 D. Recovery and slow dynamics after thermal shock

As a last experiment, in Figs. 12 and 13 we consider
0.000 ~ E I I examples of the recovery of the elastic properties after soft-
R . ening due to a thermal shock, i.e., we consider experiment B
0.00 0.02 0.04 0.06 0.08 from timet, to t.. In Fig. 12a), the resonance frequency is
F, [N] plotted versus time for different values of the transition prob-
abilities q; and g, as reported in the figure. Note that the
FIG. 11. Relative frequency shift vs the external forcing ampli- ratio g,/q,=0.03 is kept constant to ensure that the three
tude. (a) For each forcing the resonance frequency is measured aiases have the same equilibrium condition at zero pressure
room temperature and the shift is calculated with respect to thej e | the same initial stateas shown by the fact that the
linear (i.e., in the limitF,—0) limit (see text. (b) For each forcing  resonance frequency before the thermal shock does not de-
the resonance frequency is measured at room temperature after tB@nd on the rates. Immediately after the thermal shack (
thermal shock and the shift is calculated with respect to the linear_ —20K), frequency drops down, as already discussed in

(i.e., in the I|m|tF0—>Q) limit (see text (c) For each forcing the the preceding subsection. Later, it slowly recovers the origi-
resonance frequency is measured at room temperature after the ther-

mal shock and the shift is calculated, for edefy with respect to nal value. Of course, larger rates produce a faster recovery.

the resonance frequency at the same forcing but before the shock The most striking feau_jre o.f such .a recovery, similar to -the
(see text one already presented in Fig. 6, is that, for a large time

interval, f, grows logarithmically with time. Such a
log,o(t) behavior, which has been always observed for any
kind of recovery in hysteretic media, is more evident in Fig.
12(b), where the same plot as in Fig.(&Ris reported, but in

a semilogarithmic scale. The solid line represents a fit of the
form

applied, of the resonance frequency at a given amplifugle

with respect to the resonance frequency at zero amplitude

defined as

st limg o fr(Fo,t=ta) —f (Fo,t=ty)
v limg o fr(Fo,t=to)

The fitting gives a correlation coefficient larger than 0.99 for
is reported versu&,. In agreement with experiments, the the three cases. The paramefeis the samg=0.11 MH2
frequency shift(of the order of a few percents linear(at  for the three curves, corresponding to the frequency drop
low forcing) with the external driving amplitude. For larger immediately after the shock, whilg increases with increas-
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FIG. 12. Recovery after thermal shock: resonance frequéacy
vs time or (b) vs log, (time) for different relaxation ratesq,

=0.03y, always.

ing q; (B=0.33x10 2, 0.40<10 2, 0.45x10 2 MHz),

Log(t) [h]

andt, is the time at which the thermal shock occurs.
In Fig. 13, we simulate a recovery after thermal shocks ohew experiments to be performed in order to add information

different intensitiegincreasingA T as reported in the figuye

PHYSICAL REVIEW B 69, 104105 (2004

independence of the recovery time from the shock amplitude
has been observed experimentally in the case of mechanical
stressegsee Fig. 5 of Ref. J7

IV. DISCUSSIONS AND CONCLUSIONS

In this paper we have shown that the anomalous elastic
behavior experimentally observed for rocks and other meso-
scopic materials can be explained in terms of a balance be-
tween the “normal” dependence of the elastic constants on
temperatur® and the nonlinear softening caused by ther-
mally induced stresses. The former predicts softefiragd-
ening depending on the sign of temperature variation, heat-
ing (cooling), while the latter always predicts softening. In
fact, thermal shockgor temperature variationgause defor-
mations, hence stresses, in the material and, as shown both
experimentally?® and theoretically? the softening does not
depend on the sign of the stress.

To support our claim, we have extended, by introducing
only well-known linear thermoelastic equatiofisa model
previously developed?°that has proven to describe well the
phenomenology due to mechanical stresses, by considering
thermal random transitions between two different states
(which are not related to any external temperature variation
The resulting model has been capable of reproducing quali-
tatively the available experimental data, including both reso-
nance frequency variations, conditioning, and slow dynam-
ics. It is to be noted, however, that such anomalous elastic
effects, appearing as a consequence of thermal changes, are
only indirectly related to the temperature variation through
thermal expansion.

In this paper, we have also presented an analysis of the
role of some of the parameters. Our simulations may suggest

about the phenomenon and further validate or reject our

The resonance frequency is reported versus time in a seminodel. Among them, the claim that the effect becomes less

logarithmic plot, to show the lag (time) behavior in the

and less evident with increasing the forcing amplitydee

recovery phase. Solid lines represent fitting in the form ofFig. 11).

Eqg. (13). It is noticeable that botth and B depend omAT,

Additional interesting features have not been explored

i.e., both the frequency drop and the slope of the recoverpere, due to lack of space, but are intrinsic to the model.

curve increase with increasinT. As a result, the time at
which recovery can be assumed as complétietke t. in Fig.

Some of them will be discussed elsewhere, such as the ex-
planation for the larger frequency drop when the specimen is

3) is approximately the same for the considered cases. Theooled rather than heat&dand the complex variety of be-

near
01134 . )
‘ ,:f
0.112 -
£ 0111
=
-y
0.110 -
——AT= 5K
0109 | ——AT=-10K
’ ——AT=-20 K

Log(t) [h]

haviors that can be obtained when varying parameters. For
example, Lavoux limestone might present particularly inter-

esting features, since it presents a “hardening when heating”
relation[opposite to Eq(3)]. Particularly interesting will be

the tracking of the resonance frequency when the tempera-
ture is continuously varied with time. In such a case, a hys-

tereticlike behavior when the system is subject to a cyclic

temperature protocol is expected.

In conclusion, we emphasize that the model presented
here, albeit capable of reproducing well the observations we
are aware of, should be modified to include more realistic or
physical features. For example, the probabilities for the ran-
dom transitions between states must be temperature depen-
dent(and perhaps also pressure dependdhbre important,
the hypotheses of the instantaneous reach of thermal equilib-

FIG. 13. Recovery after thermal shock: resonance frequency vium within the interstice must be substituted by a reasonable
log,( (time) for different thermal shock amplitudes.

model. Such improvements will surely help in catching de-
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