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Temperature effects on the elastic properties of hysteretic elastic media:
Modeling and simulations

M. Nobili* and M. Scalerandi†

INFM—Dip. Fisica, Politecnico di Torino, C.so Duca degli Abruzzi 24, 10129 Torino, Italy
~Received 19 September 2003; revised manuscript received 19 December 2003; published 17 March 2004!

Different materials with mesoscopic characteristics~e.g., defects or intergrain regions! have been shown to
share a peculiar elastic behavior when subject to temperature variations. We present here a simple model based
on the description of the mesoscopic features as bistate bond regions that connect elastic portions described by
the traditional Landau thermoelastic theory. We apply our model to simulate resonance frequency experiments
in order to analyze the effects of temperature changes on the elastic properties of materials and reproduce part
of the phenomenology observed concerning the conditioning effect and the recovery of the system to its
original state after a thermal shock.

DOI: 10.1103/PhysRevB.69.104105 PACS number~s!: 62.30.1d, 91.60.2x, 02.70.2c
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I. INTRODUCTION

In recent years, several anomalous elastic effects du
mechanical stresses have been shown for a wide variet
materials: rocks, sandstones, concrete, structural mate
with mesoscopic flaws, etc.1 Among them, quasistatic exper
ments have revealed the existence of a hysteretic loop in
stress-strain relation with end-point memory,2 while, through
dynamic experiments, phase shifts in resona
experiments,3 the generation of higher-order harmonics1 and
sidebands4 with a well-defined rate, nonclassica
attenuation,5 and other effects have also been found. Perh
the most striking feature observed so far is the so-ca
‘‘slow dynamics’’, which consists of a downshift in the res
nance frequency when the specimen has been dynami
excited and consequent recovery proportional to the lo
rithm of the elapsed time.6,7

A complete understanding of the basic properties and
havior of such materials is still missing and requires b
molecular dynamics8 and numerical simulations at the mes
scopic level.9 Nevertheless, several phenomenological m
els have been proposed in the last years and have
proven to be capable to reproduce the observed phenom
ogy. For instance, the interactions between elastic waves
cracks have been recently described using the Luxemb
Gorky effect,10 and quasistatic stress-strain loops can
well reproduced using a Preisach-Mayergoyz~PM!
representation.11–13 Also dynamic experiments can be mo
eled using pseudopotential approaches.14

Based on a spring model approach,15,16 we have recently
proposed a description of such hysteretic materials as
early elastic portions~grains! separated by bond regions~in-
terstices!. The latter may be in either of two different elast
states, according to the current and previous applied stre
Our model has allowed us to describe, with the same
proach, most of the observed phenomenology both
quasistatic17,18and dynamic experiments.19 In addition, using
thermal random transitions among the two states, our mo
has allowed us to simulate also the slow dynamics, in ex
lent agreement with the observed log time recovery.18,20
0163-1829/2004/69~10!/104105~12!/$22.50 69 1041
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Nevertheless, most of the work, both experimental a
theoretical, performed until now has been devoted to the
scription of effects related to mechanically induced strai
both through elastic wave generators3,5 or impacts.21 Also,
water saturation effects have been extensively studied f
an experimental point of view.22,23 In more recent years, in
terest has been devoted to analyze the anomalous elasti
havior of hysteretic materials induced by temperatu
changes. Results suggesting hysteretic loops have b
found for the resonance frequency versus tempera
curves,24 which reveal an anomalous softening occurri
during material cooling. More results25 show that tempera-
ture changes~in most cases both cooling and heating!, be-
sides inducing softening, also cause a conditioning of
material, which slowly ~and logarithmically! disappears
~recovery!.26,7 All of this results concur to sustain the hy
potheses that slow dynamics may also be caused by the
shocks, in addition to the widely discussed slow dynam
impact induced.7

In the present contribution, we show that the model
have previously presented19,20 allows us to reproduce mos
of the temperature-induced phenomenological observati
once classical linear thermoelastic effects27 are included in
the description of the grain portions. Without any modific
tion to the description of the nonlinear protocol used
define the elastic properties of interstices, we describe h
both the anomalous resonance frequency shifts and
recovery. In addition, our model allows us to give a
easy interpretation of the observed data and to pre
further observations that may be obtained with prop
experiments.

In the first section, the model, as described in detail
Ref. 20, will be very briefly reviewed, with the addition o
terms that keep account of the stress-temperature coup
In the following section, numerical results concerning bo
the variation of the elastic constants with temperature and
conditioning and slow dynamics caused by thermal sho
will be analyzed. Finally, in the Conclusion, we will high
light further perspectives and a few preliminary results
are currently obtaining.
©2004 The American Physical Society05-1
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II. THE MODEL

Let us consider a multigrained material specimen. If
consists of a thin bar, as is the case in most experime
setups, we can simplify the problem with a one-dimensio
~1D! model, in which grains alternate with interstices. Gra
portions are much larger than interstices, of the order
10–20mm versus 1mm. For simplicity, we will assume tha
at equilibrium~i.e., in the absence of external forces and
some given temperatureT0) all grains have the same re
length l0 , the same elastic constantK, and the same mas
m5rl0 , wherer is the density. We consider as negligib
both the interstice rest lengthd0 and its mass.

The full specimen, of lengthL5Nl0 , consists ofN
grains ~labeled with integer numbersi 51,...,N) and N21
interstices~see Fig. 1!. Its elastic behavior under an extern
perturbationF(t), i.e., when the length of each grain an
each interstice@l i(t) and d i(t), respectively# are time de-
pendent, can be determined once the equation of state
both grains and interstices are given, as discussed in the
subsections~for more details see Ref. 20!. Note that in the
following the index i will be omitted for simplicity for all
quantities except when they are firstly defined.

A. Single-grain constitutive equations

Based on experimental observations, we assume the
teretic nonlinearity to be confined to the interstice regio
Therefore grains follow the usual thermoelastic theory.27 The
constitutive equations, i.e., the relation between stresss i(t)
and strain« i(t)5@l i(t)2l0#/l0 , at a given temperatureTi
for the i th grain, neglecting classical nonlinear terms, a
given as

s~ t !5K«~ t !2Ka~T2T0!, ~1!

where a is the thermal expansion coefficient of the spe
men. Note that in Eq.~1! we have assumed that the Youn
and bulk moduli are approximately equivalent. If the body
at a temperature different from the equilibrium temperat
(T0), then, even if there are no external forces, grains
deformed with consequent generation of internal stres

FIG. 1. Schematic representation of a 1D bar of hysteretic
terial. Grains~linear! are separated by much shorter interstices~hys-
teretic!.
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which disappears when a new equilibrium, corresponding
the new temperature, is reached.

In addition to Eq.~1!, the state of the grain is determine
by the 1D thermal conduction equation

C
]T

]t
5k

]2T

]x22aKT
]

]t

]«

]x
, ~2!

wherek is the thermal conductivity andC is the specific heat.
Finally, the elastic constants of a solid are temperature
pendent. In most cases, the medium becomes stiffer w
decreasing temperature according to the following law:28

K~T!5a2
bT2

T1c
, ~3!

wherea, b, andc are constants.

B. Single-interstice constitutive equations

The constitutive equation for interstices should keep
count of nonlinear effects. As a consequence, the stresst i(t)
on the i th interstice has, in general, a complex depende
on external factors, such as the pressure

Pi~ t !5s i 11~ t !2s i~ t !

5K@« i 11~ t !2« i~ t !#2Ka~Ti 112Ti !, ~4!

the interstice strainh i(t)5(d i(t)2d0)/d0 and its time de-
rivatives, the temperature difference between the inters
tips DTi , etc.:

t~ t !5 f „P~ t !,h~ t !,ḣ~ t !,DT…. ~5!

The explicit equation should be evinced from a detai
knowledge of interaction mechanisms at the molecular
mesoscopic level, e.g., dislocation theory,29 Biot theory for
capillary pressure,30 glass transitions,31 etc. However, since
such information is not yet available, in previous papers
have shown that the choice of a phenomenological ‘‘tw
state’’ constitutive equation allows us to reproduce most
the observations obtained in both dynamic19,20 and quasi-
static experiments17,18 at constant temperature.

We assume that the interstice may be in one of the
lowing linear states, being nonlinear only due to sudden tr
sitions from one state to the other~as will be discussed later!:

State A: The interstice is rigid. Any disturbance is prop
gated across the interstice without straining it. The existe
of a rigid interstice state is motivated by the experimen
observation of residual strains atP50 in quasistatic com-
pressional experiments.2,18 In fact, residual strains at zer
stress, which disappear very slowly with time, imply the~at
least temporary! existence of interstice configuration
reached during phases of increasing pressure, which rem
‘‘frozen’’ during pressure release.

State B: This is a linear elastic state, in which

t~ t !5a1P~ t !1a2h~ t !1a3ḣ~ t !1a4DT, ~6!

where the parametersan (n51,2,3,4) are constant. Mor
complex states may be of course modeled using higher-o
expansions for the stresst. However, as already mentioned

-
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TEMPERATURE EFFECTS ON ELASTIC PROPERTIES . . . PHYSICAL REVIEW B 69, 104105 ~2004!
previous studies19 have shown that the first order expansi
given by Eq.~6! is sufficient to reproduce completely th
observed phenomenology.

Furthermore, we assume that the temperature is unif
along the interstice. HenceDT50. Such an assumption i
only a reasonable~due to the short length of the interstic
and the 1D treatment adopted! first approximation. In our
opinion, including local high-temperature gradients~such as
those observed in the Gorky-Luxembourg effect! will only
contribute to reinforce the agreement of the model res
with the experimental findings. In addition, an explicit the
moelastic equation@similar to Eq.~2!# for the interstice itself
may help to catch additional experimentally observed f
tures and, perhaps, enable us to explain the physical orig
the phenomenological equation of state adopted here~work
in progress!.

As already mentioned, nonlinearity and hysteresis eme
once the rules for the transition from the rigid to the elas
state~and vice versa! are defined. For this purpose~see Fig.
2!, we define for each interstice a pair of paramet
(P1i

,P2i
) and we assume that the interstice is in the rig

state if P.P1 or in the elastic state ifP,P2 . In the
intermediate-pressure range (P2,P,P1) the two states co-
exist and the interstice is in one state or the other depen
on the previous stress history. In fact, the protocol is defi
as follows. Starting for any given interstice at a given pr
sureP,P1 , we assume that the interstice length varies e
tically up to P5P1 , at which point it becomes rigid. Con
versely, whenP decreases, the interstice remains rigid up
the valueP5P2 , where it becomes elastic again.

In addition to such hysteretic behavior, Fig. 2 shows th
mally activated random transition~with ratesq1 andq2) be-
tween the two linear states in the pressure range in wh
they coexist. Since the rigid state seems to us to be m
stable than the elastic state~the rigid-elastic transition im-
plies the rupture of a sort of ‘‘static bond’’!, we assume for
the thermal activated transition rates thatq1.q2 . These hop-
ping transition rates increase, of course, with the temp
ture, but in the present context, this dependence is not
plicitly included. Likewise, any other dependence of t
rates on, e.g., the applied pressureP and/or the difference
(P2P1,2), is neglected.

FIG. 2. Basic hysteretic loop for each hysteretic mesoscopic
~HMU!. q1 andq2 are the thermal activated transition rates betwe
the two states.
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C. Equations of motion

From the constitutive laws, the equations of motion c
be easily obtained using Newton’s law. By defining

ui
15(

j < i
@l j~ t !1d j~ t !#,

ui
25l i~ t !1(

j , i
@l j~ t !1d j~ t !#, ~7!

the positions of the right and left tips of thei th interstice are

m

2
üi

25s i1t i2gu̇i
2 ,

m

2
üi

15s i 112t i2gu̇i
1 , ~8!

where dots denote time derivatives and an attenuative t
with coefficientg has been included.

It follows that

ml0

2
«̈ i5

m

2
~ üi

22üi 21
1 !5t i1t i 212gl0«̇ i ~9!

and

md0

2
ḧ i5

m

2
~ üi

12üi
2!5s i 1122t i2s i2gd0ḣ,

elastic state,

ḧ i5ḣ i50, rigid state, ~10!

where the choice of equation of motion for the intersti
strain depends on the interstice state.

Note that, according to Eq.~10!, the rigid state can be
described by the same equation of state as the elastic
@Eq. ~6!# with a150.5 anda250. Furthermore, the elastic t
rigid transition causes a discontinuity inḣ i ~being ḣ iÞ0 in
the elastic state!. Hence, imposing the sudden transition
ḧ i50, we also obtaina35(AK/r/4.01g/2.0)d0 , which be-
comes irrelevant once in the rigid state.

Using Eqs.~1!, ~2! and ~6!, iteration equations can b
easily obtained by means of the usual finite difference~FD!
formalism for the time derivatives. These iteration equatio
are omitted here for brevity, but are reported in Ref. 20.

D. Initial and boundary conditions

We assume that at the beginning~i.e., before starting the
‘‘virtual experiment’’! the specimen is completely relaxe
~i.e., a long time, usually overnight in real experiments, h
passed since the last perturbation of the specimen, e
thermal or mechanical! and kept at atmospheric pressureP0
and room temperatureT0 . For simplicity we redefine the
pressure scale, so thatP050. Three cases are possible~see
Fig. 2!:

P2.0: The interstice is in the elastic state.
P1,0: The interstice is in the rigid state.

it
n
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M. NOBILI AND M. SCALERANDI PHYSICAL REVIEW B 69, 104105 ~2004!
P2,0,P1 : Both states are allowed. Since the specim
is relaxed, the state distribution is in equilibrium conditio
Hence their respective probabilities are given by

p~elastic!512p~rigid!5
q2

q11q2
. ~11!

In a dynamics experiment, the boundary conditions
given by an external forcing at one end of the bar@e.g., the
displacement is given byu1(t)5u0 cos(vt) for a monochro-
matic wave# and free boundary conditions~zero stress! at the
other. The temperature at the two tips of the bar is contro
and kept at a valueText.

The choice of the pair of pressures (P1 ,P2) for each in-
terstice is, of course, crucial. Such a set is usually rep
sented in the so-called Preisach-Mayergoyz~PM! space, i.e.,
as a distribution of points in a (P1 ,P2) plane, which, in the
case of virtual quasistatic experiments, is obtained by inv
ing the experimental data.17,18For the simulation of resonan
dynamic experiments the range of pressures is usually m
smaller and only an extremely small portion of the PM spa
around the ambient pressureP0 is explored by the incoming
perturbation. In such a tiny region, it is reasonable to assu
a uniform distribution of (P1 ,P2) points, which is approxi-
mately~due to the limited number of units! done in our simu-
lations.

III. RESULTS AND DISCUSSION

In this section, we consider the problem of the determi
tion of the resonance frequencies of a 1D bar, i.e., of
elastic properties. We assume that a rod-shaped specim
equipped with a transducer generating monochromatic wa
of excitation amplitudeA attached at one end and with a
accelerometer attached to the other end. The frequenf
5v/2p is swept through one resonance modef r of the
specimen~we will present results here for the third resonan
mode! and the time-averaged acceleration amplitudeAr ~in
stationary conditions! is recorded. This procedure of res
nance curve tracking is repeated at different temperat
~experiment type A! and/or after different thermal shock
~experiment type B!. The description of the two experimen
is reported in Fig. 3, where the behavior of the external te
perature is reported versus time. Both heating and coo
~negativeDT) have been examined and the behavior of
resonance frequency has been followed in time. Resona
frequencies are always measured at thermal equilibrium,
the resonance frequency is not tracked during the heatin
cooling processes. In particular, in both experiments m
surements are performed at timeta ~on a specimen fully
relaxed, i.e., in complete equilibrium, and before the therm
change!, tb ~immediately after the thermal change, i.e., wit
out relaxation but in thermal equilibrium!, and tracked from
tb to tc .

A. Parameters

The values of parameters used in the simulations h
been chosen in a range valid for rock samples used in m
10410
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of the experiments~see, e.g., Ref. 32!. Typically, the wave
velocity ranges betweenv51800 andv52600 m/sec, den-
sities are about 2000–3000 kg/m3 and the linear attenuation
parameterQ varies from 10 to 200. Strains used in expe
ments are very small but occur in a wide range~of the order
of 1028– 1026).

Unless otherwise specified, we have chosen a bar w
typical dimensions used in neutron scattering experiment33

length L521 mm and cross section of aboutS510 mm2

~which is not relevant for the simulations!. Using longer
specimens is of course more time consuming but comp
tionally affordable up to a length of 20–40 cm. Grain a
interstice typical lengths are chosen asl0520mm andd0
51 mm. It follows thatN51000. The specimen elastic con
stant and densities areK5210 GPa andr52300 kg/m3

~typical values for Berea sandstone!. Furthermore, in absenc
of available experimental data, we assume arbitrarily for
interstices a150.95 GPa, a2528.5 GPa, and a3
550 GPa sec. We note that we have verified that the qu
tative behavior of the system does not depend on the ch
of such parameters. Also,q151.5310211, q250.03q1 , and
P1 and P2 ranges in the pressure interval@21.0, 1.0# MPa,
which is smaller than~but of the same order of magnitude a!
the yield modulus. It follows that the expected fundamen
resonance frequency of the bar~neglecting the interstice con
tribution! is about 25 kHz~and the third mode, used in th
simulations, is at about 0.125 MHz!. Considering as a linea
case the situation in which interstices contribute to the ela
constants but are permanently in the initial condition st
~i.e., no switch occurs!, we expect a linear~i.e., in the limit
of strain going to zero! third mode resonance frequenc
slightly smaller than 0.125 MHz.

The other parameters chosen are a room temperatur
T05300 K, thermal expansion coefficient a52.2
31027 K21, thermal diffusion coefficientk53.2 kg m/K

FIG. 3. Behavior of the temperature vs time for the two kind
virtual experiments performed. In both cases, at timeta andtc com-
plete relaxation of the system to an equilibrium state is obtained
time tb , complete thermal equilibrium is reached, but not rela
ation. Note that the time scales in the plot are only indicati
thermal equilibrium (ta to tb) is reached in milliseconds, while
mechanical equilibrium~before ta and from tb to tc) needs a few
hours.
5-4
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TEMPERATURE EFFECTS ON ELASTIC PROPERTIES . . . PHYSICAL REVIEW B 69, 104105 ~2004!
sec3, heat capacity C50.32 J/m3 K, and viscosity g
537.5 kg/m2 s. The estimated~from a linear approximation!
Q factor is 22~Q is the resonance frequency/bandwidth
the resonance curve in the limit of zero injectio
amplitude34!.

Finally, the parameters in Eq.~3! have been chosena
511.3 GPa,b57 MPa/K andc5100 K. The forcing ampli-
tude is chosen to be very small, to correspond to a st
(z inp;u02pv/v) of the order of 631028 ~which, in reso-
nance, due to the interference of multiple reflections,
comes 10 times larger:z res510z inp5631027). Therefore,
the forcing amplitude corresponds to a forceF05SKz inp
56 mN ~from now on we will useF0 to characterize the
amplitude of the forcing rather thanu0).

Given the choice of parameters, it follows that the tim
scales in the experiments correspond well to those exp
mentally observed~note that time scales in Fig. 3 are pure
indicative!. In fact, standing-wave conditions are reached
tens of milliseconds~in agreement with the estimate obtain
from the ratio 5Q/ f , considering thatQ is smaller than its
linear approximation due to a nonlinear contribution to
tenuation!, a frequency sweep is performed in about 1 m
thermal equilibrium~i.e., the time interval fromta to tb) is
reached very fast~in about 1 msec!, and relaxation (tb to tc)
in a few hours. Note that thermal equilibrium is reached
fast in the simulations because an additional term is inclu
in the model to simulate thermal exchange from the late
surfaces of the specimen. This contribution, however, d
not modify the values of the peak stress, which is reache
very early times in the process of relaxation to thermal eq
librium ~see, e.g., Fig. 7!. As a consequence, the introductio
of such ‘‘lateral thermal exchange’’ is not relevant, bo
qualitatively and quantitatively, for the model predictions.

B. Variation of the elastic properties with temperature
„experiment A…

1. Virtual experiments

Let us first consider the variation of the specimen ela
properties with temperature. To this purpose, the resona
frequency is measured at different temperatures, alway
thermal equilibrium, but without letting the system relax b
fore performing the frequency sweep: referring to Fig.
experiments of type A for differentDT are performed. In Fig.
4, we plot the averaged acceleration versus frequency at
tb for different temperaturesText, as reported in the plot, fo
both a linear@Fig. 4~a!# and a nonclassical nonlinear@Fig.
4~b!# specimen. As expected, in the linear case the reson
frequency~i.e., the frequency corresponding to the peak
the resonance curve! shifts to the right~increasing frequency!
with decreasing temperature. The shift is very small, but
ticeable, especially in the inset of Fig. 4~a!. Such an effect,
due to the variation in the elastic constants described by
~3! is well known and common to most materials. Attenu
tion is not~or at most very slightly! affected by the tempera
ture change, as shown by the absence of any notice
change of the curves amplitude and width.

The opposite takes place in the case of a hysteretic m
rial @Fig. 4~b!#. Here, the resonance frequencyf r drops down
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with decreasing temperature, indicating a softening of
specimen.24 It is to be noted that, in agreement with expe
mental data,25,7 such softening is observed both when t
material is cooled and heated~not reported for brevity!. Ad-
ditional preliminary simulations have shown that, accordi
to the choice of parameters, it is possible to describe case
which, in the hysteretic case, an initial hardening~increasing
f r with decreasingText) is followed by softening for a further
decrease in temperature.35 Also, the resonance curves be
come wider with decreasingText and, more evidently, the
peak values decrease, indicating a stronger attenuation~non-
linear attenuation!.7

The results described are resumed in Fig. 5, wheref r is
reported versusDT5Text2T0 . The behavior in the linear
case~circles! is well fitted ~solid line! by

f r~DT!}AK~Text!, ~12!

whereK(Text) is given by Eq.~3!. The anomalous behavio
in the hysteretic case~squares! is, as noted, in agreemen
with experimental data. Note the slight asymmetry in t
hysteretic case: the resonance frequency drops slightly m
under cooling (DT,0) than heating~for the same of value
of uDTu).

Finally, in Fig. 6 we have considered a hysteretic mate
and performed a recovery experiment~see Fig. 3!. First we
have tracked the resonance frequency versus time atText

FIG. 4. Experiment type A: averaged acceleration vs freque
for different values of the external temperature.~a! linear specimen;
~b! hysteretic specimen.
5-5
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FIG. 5. Resonance frequency vs temperatu
variation with respect to the room temperatur
Note that DT.0(,0) corresponds to heating
~cooling!.
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5T05300 K for 10 min up tota . Starting from this initial
situation (T05300 K), we have considered two cases:

Case 1: The specimen is cooled by immediately decre
ing the external temperatureText by 20 K to 280 K (,T0)
~upper plot!.

Case 2: The specimen is heated by immediately incre
ing the external temperatureText by 20 K to 320 K (.T0)
~bottom plot!.

In both cases, as soon as the external temperatur
changed~and after thermal equilibrium is reached!, the reso-

FIG. 6. Resonance frequency vs time during a type A exp
ment recovery. In both plots the dashed line represents the
quency behavior expected for a linear specimen.
10410
-

-

is

nance frequency drops, in agreement with that previou
discussed (ta,t,tb). However, the drop is larger durin
cooling ~an explanation of this behavior may be found
Ref. 36!. Later on (tb,t,tc), relaxation occurs and the ma
terial becomes harder with a logarithmic time recovery:
resonance frequency recovers the values that would h
been expected if the material was linear: harder~softer! than
at Text5T0 for the cooling~heating! cases~the behavior of a
corresponding linear material is shown as a dashed line!. The
qualitative agreement with experimental data is rather goo7

It is to be noted again that, according to the parame
values, in some cases the initial drop~only during cooling! is
replaced by an initial increase, followed by a~logarithmic
with time! further increase. Such anomalous behavior~and
its relation with the choice of the parameters! is currently
under investigation.

2. Discussion

The anomalous behavior of hysteretic specimens p
sented in Figs. 4–6 can be explained as a ‘‘competitio
between two effects. On one hand, the variation of the gr
elastic constants with temperature induces a softening~hard-
ening! with heating~cooling! of the same entity as that ob
served in the linear case. On the other hand, the tempera
variation induces local stresses within the bar, with a con
quent change of state of some interstices and relative va
tion of the elastic properties, shown both experimentally6 and
theoretically20 to produce softening, independently of th
stress sign~compression or tension!, hence on the heating
~cooling! process.

To further prove such interpretation, in Fig. 7~a! the pres-
sure applied to a selected interstice (i 5500) during the pro-
cess of thermal conduction is reported versus time forDT
5230 K. The local stress applied to interstices, due to
dilatation of the surrounding grains, is much larger than
stress due to the perturbing waves during the resona
curve tracking ~which is of the order ofKz res56 KPa).
Hence, thermally induced pressure@whose range is depicte
in Fig. 7~b! as a triangle# might be sufficient to switch per
manently~except for thermal relaxation! the state of some
interstices from the rigid to the elastic state~or vice versa,
depending of the corresponding values ofP1 andP2).

i-
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FIG. 7. Determination of the stresses induced by a temperature variationDT5230 K ~cooling!. ~a! Pressure on thei 5500 interstice vs
time during thermal equilibrium assessment.~b! Distribution in the PM space after thermal equilibrium is reached. Small dots denote
that have not changed state from the initial one, triangles represent units shifted from the elatic to the rigid state, and circles de
shifted from the rigid to the elastic state. The triangle marked in bold lines identifies the pressure range of the induced stress.~c! DN vs time
during recovery (DN is the net number of interstices that have become softer due to the stress applied!. ~d! Distribution in the PM space
when recovery is fully accomplished.
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In Fig. 7~b!, the distribution of the interstices in the PM
space after the variation in temperature is reported~just be-
fore tb in Fig. 3!. Circles denote interstices switched from t
rigid to the elastic state, triangles vice versa, and dots u
that have not changed their state. The figure shows the d
nance of the softening events, which results in a reductio
the resonance frequency@which has to be summed with th
increase due to the cooling effect on the grain elastic c
stants: Eq.~3!#. As a result, the behaviors observed in Figs
and 5 are to be expected. The anomalous asymmetry betw
cooling and heating~Fig. 6! is explained by the asymmetr
between compression and tension in the stress versus
curve @Fig. 7~a!#, which is reversed during heating. Deta
may be found in Ref. 36.

However, when the heating~cooling! process is complete
mechanical equilibrium is reached again. Hence, the sys
is allowed to remain atP50 for a long time~or at a small
10410
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pressure value due to the external perturbation that tracks
resonance frequency!. As a consequence, all the units th
changed state are subject to relaxation due to thermally a
vated random transition@note from Fig. 7~b! that for all them
P2,0,P1]. To follow the recovery, in Fig. 7~c! we plot the
quantityDN5N22N1 , whereN2 andN1 are the number of
units that, at each timet, have changed their state during th
process~i.e., from the state att50), switching to a rigid or
elastic state, respectively. As observed, as soon as the
perature changes~at t50.4 h), a net increase of soft units
created, which gradually relax back to a zero mean va
corresponding to a state, different, but equivalent, to the
at t50. The relaxation data do not show a smooth recov
due to the limited number of units (N51000) used in the
simulations.

The PM distribution corresponding to the equilibriu
state~just beforetc in Fig. 3! is reported in Fig. 7~d!. Albeit
5-7
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M. NOBILI AND M. SCALERANDI PHYSICAL REVIEW B 69, 104105 ~2004!
there are several differences from thet50 state, the two are
almost equivalent, as shown by the approximately sa
number of circles and triangles, which average to zero. I
to be noted that, at this stage, albeit the material is mech
cally equivalent to that at the larger temperature, the
effect of the change inText on the elastic properties of th
grain remains and the resonance frequency is almost
same as if the material was linear. Again, results of Fig. 6
justified.

FIG. 8. Experiment type B: averaged acceleration vs freque
for different values of the external temperature shock.~a! linear
specimen;~b! hysteretic specimen.

FIG. 9. Relative resonance frequency variation vs the temp
ture shockDT. Note that DT.0 ~,0! corresponds to heating
~cooling!.
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C. Conditioning and relaxation due to thermally induced
strains „experiment B…

Complementary results are obtained when a type B
periment is performed~see Fig. 3!. A bar of hysteretic mate-
rial is kept at room temperature and the resonance freque
is tracked~time ta). Then a sudden change of the extern
temperature is applied and, after a short time and with
letting the system relax,Text is brought back to room tem
perature. Then,f r is measured again~time tb) and, eventu-
ally, tracked with time~up to equilibrium at timetc). The
amount of thermal shock is quantified by the temperat
changeDT.

1. Conditioning effects

In Fig. 8, the averaged acceleration is plotted versus
quency for differentDT, as reported in the plot, for both
linear @Fig. 8~a!# and a hysteretic@Fig. 8~b!# specimen. As
expected, in the linear case the resonance frequency
specimen attenuation are unchanged after the thermal sh
In the case of a hysteretic material@Fig. 8~b!#, the stress
induced by the temperature change causes a softening~as
discussed in the preceding subsection!, which relax only very
slowly with time ~and in any case on a much longer tim
scale than the one needed to reach again thermal equilib
at room temperature!. Hence, the resonance frequencyf r
drops down, with a shift increasing withDT.

In Fig. 9, the resonance frequency shift~percent variation
of the resonance frequency after the thermal shock! is re-
ported versusDT for both the linear~circles! and hysteretic
~squares! case. It is noticeable the symmetry of the cur
aroundDT50. As observed in experiments, the resonan
frequency always decreases and the effect is ‘‘almost’’ in
pendent of the sign~cooling or heating! of the thermal shock,
provided its intensity is the same.

Finally, in Fig. 10 we explore the dependence of the so
ening effect on the external excitation amplitude.~Note that
in Figs. 10 and 11, we have used a pressure interval@20.55,
0.55# MPa for theP1 andP2 range!. In the first row of Fig.
10 the averaged acceleration is plotted versus frequency
different excitation amplitudes in the three columns. As v
ible by comparing the three plots, the resonance freque
before the shock, i.e., att5ta ~solid line!, drops with the
external amplitude: fromf r;0.113 MHz atF050.006 N up
to f r;0.111 MHz atF050.16 N. In contrast, the softenin
effect and increase of nonlinear attenuation due to the t
mal shock~i.e., the difference between the sweeps atta and
tb , solid and dashed lines, respectively! is less and less evi
dent with increasing the forcing, up to almost disappearing
F050.16 N.

Such an effect can be understood by examining the dis
bution of interstices after the frequency sweep att5ta ~i.e.,
consequent to mechanically induced stresses due to the w
dynamics! and after the thermal shock att5tb ~i.e., conse-
quent to a thermally induced stress!, which are reported in
the second and third rows for the three cases, respectiv
~Again, circles denote interstices switched from the rigid
the elastic state, triangles vice versa, and dots units that h
not changed their state.! A conditioning of the specimen is

y
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FIG. 10. Experiment B: determination of the resonance frequency for different values of the forcing amplitude after a cooling sho
row: Averaged acceleration vs frequency before~solid line! and after~dotted line! the cooling shock. Second row: Corresponding distrib
tions in the PM space after the sweep at room temperature before the shock (T5300 K), i.e., activation triangle for mechanically induce
stresses. Small dots denote units that have not changed state from the initial one, triangles represent units shifted from the elatic
state, and circles denote units shifted from the rigid to the elastic state. The triangle marked in bold lines identifies the region swe
acoustic standing wave in resonance. Third row: Corresponding distributions in the PM space after the cooling shock, i.e., activatio
for thermally induced stresses. The triangle marked through bold lines identifies the region swept by the stress induced by the te
change.
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is
already visible after the first frequency sweep~second row!,
where for increasingF0 the number of interstices that chang
state increases: the area in the PM space affected by
stress~called the ‘‘activation’’ area and represented by a t
angle that corresponds to the applied pressure range! be-
comes larger. Such a conditioning results in a material s
ening with increasing the driving amplitude~more details
can be found in Ref. 20!. For the two lower amplitudes, th
thermal shock causes a stress in the material larger than
due to the external perturbation. In fact, the variations in
PM space~third row! show an ‘‘activation’’ area much large
than the corresponding one in the second row. Hence,
state of the material before the second sweep is comple
determined by the temperature variation. In fact, for b
F050.006 N andF050.04 N the resonance frequency att
10410
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5tb is f r;0.111 MHz. In contrast, forF050.16 N, the
stress due to the external perturbation is close to that du
the temperature change. Hence the state before the se
sweep is completely determined by a thermally induced c
ditioning of the same order of magnitude as the mechan
conditioning, which would have resulted from the first swe
and, therefore, the resonance frequency does not cha
Such behavior cannot be easily experimentally observ
since the probing amplitudes are usually kept at very l
levels.

The results previously described are resumed in Fig.
where the relative resonance frequency shifts are repo
versus the excitation amplitude:

~a! In Fig. 11~a!, the relative frequency variationd f 1 at
t5ta ~i.e., the percent change, when no thermal shock
5-9
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applied, of the resonance frequency at a given amplitudeF0
with respect to the resonance frequency at zero amplitu!,
defined as

d f 15
limF0→0 f r~F0 ,t5ta!2 f r~F0 ,t5ta!

limF0→0 f r~F0 ,t5t0!
,

is reported versusF0 . In agreement with experiments, th
frequency shift~of the order of a few percent! is linear ~at
low forcing! with the external driving amplitude. For large

FIG. 11. Relative frequency shift vs the external forcing amp
tude. ~a! For each forcing the resonance frequency is measure
room temperature and the shift is calculated with respect to
linear ~i.e., in the limitF0→0) limit ~see text!. ~b! For each forcing
the resonance frequency is measured at room temperature afte
thermal shock and the shift is calculated with respect to the lin
~i.e., in the limit F0→0) limit ~see text!. ~c! For each forcing the
resonance frequency is measured at room temperature after the
mal shock and the shift is calculated, for eachF0 , with respect to
the resonance frequency at the same forcing but before the s
~see text!.
10410
forcing, as also observed experimentally, saturation occ
In our simulations, such an effect corresponds to a satura
in the PM space distribution~the expected stress forF0
50.32 N is about 0.36 MPa!.

~b! In Fig. 11~b!, the relative frequency variationd f 2 ,
defined as in the previous case, but considering a sweep
amplitude after the thermal shock,

d f 25
limF0→0 f r~F0 ,t5ta!2 f r~F0 ,t5tb!

limF0→0 f r~F0 ,t5ta!
,

is reported versusF0 . As expected, the resonance frequen
is no longer amplitude dependent, as the conditioning du
the thermal shock is much larger than that caused by
wave dynamics. A slight dependence is observed, as
pected, only for large forcing.

~c! In Fig. 11~c!, the relative frequency variationd f 3 ~i.e.,
the percent change, for each amplitude, of the resonant
quency after the thermal shock with respect to the resona
frequency at the same amplitude before the thermal sho!,
defined as

d f 35
f r~F0 ,t5ta!2 f r~F0 ,t5tb!

f r~F0 ,t5ta!

is reported versusF0 . As expected from the previous discu
sion, the change in resonance frequency almost disapp
for large driving amplitudes~from 1.6% at the lower ampli-
tude!. The relative frequency variation seems to decrease
early with F0 for low values of excitation.

D. Recovery and slow dynamics after thermal shock

As a last experiment, in Figs. 12 and 13 we consid
examples of the recovery of the elastic properties after s
ening due to a thermal shock, i.e., we consider experimen
from time tb to tc . In Fig. 12~a!, the resonance frequency
plotted versus time for different values of the transition pro
abilities q1 and q2 as reported in the figure. Note that th
ratio q2 /q150.03 is kept constant to ensure that the thr
cases have the same equilibrium condition at zero pres
~i.e., the same initial state!, as shown by the fact that th
resonance frequency before the thermal shock does no
pend on the rates. Immediately after the thermal shock (DT
5220 K), frequency drops down, as already discussed
the preceding subsection. Later, it slowly recovers the or
nal value. Of course, larger rates produce a faster recov

The most striking feature of such a recovery, similar to t
one already presented in Fig. 6, is that, for a large ti
interval, f r grows logarithmically with time. Such a
log10(t) behavior, which has been always observed for a
kind of recovery in hysteretic media, is more evident in F
12~b!, where the same plot as in Fig. 12~a! is reported, but in
a semilogarithmic scale. The solid line represents a fit of
form

f r5A1B log10~ t2t0!. ~13!

The fitting gives a correlation coefficient larger than 0.99
the three cases. The parameterA is the same~50.11 MHz!
for the three curves, corresponding to the frequency d
immediately after the shock, whileB increases with increas
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TEMPERATURE EFFECTS ON ELASTIC PROPERTIES . . . PHYSICAL REVIEW B 69, 104105 ~2004!
ing q1 (B50.3331022, 0.4031022, 0.4531022 MHz),
and t0 is the time at which the thermal shock occurs.

In Fig. 13, we simulate a recovery after thermal shocks
different intensities~increasingDT as reported in the figure!.
The resonance frequency is reported versus time in a s
logarithmic plot, to show the log10 ~time! behavior in the
recovery phase. Solid lines represent fitting in the form
Eq. ~13!. It is noticeable that bothA and B depend onDT,
i.e., both the frequency drop and the slope of the recov
curve increase with increasingDT. As a result, the time a
which recovery can be assumed as completed~time tc in Fig.
3! is approximately the same for the considered cases.
near

FIG. 12. Recovery after thermal shock: resonance frequency~a!
vs time or ~b! vs log10 ~time! for different relaxation rates.q2

50.03q1 always.

FIG. 13. Recovery after thermal shock: resonance frequenc
log10 ~time! for different thermal shock amplitudes.
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independence of the recovery time from the shock amplit
has been observed experimentally in the case of mecha
stresses~see Fig. 5 of Ref. 7!.

IV. DISCUSSIONS AND CONCLUSIONS

In this paper we have shown that the anomalous ela
behavior experimentally observed for rocks and other me
scopic materials can be explained in terms of a balance
tween the ‘‘normal’’ dependence of the elastic constants
temperature28 and the nonlinear softening caused by th
mally induced stresses. The former predicts softening~hard-
ening! depending on the sign of temperature variation, he
ing ~cooling!, while the latter always predicts softening.
fact, thermal shocks~or temperature variations! cause defor-
mations, hence stresses, in the material and, as shown
experimentally7,26 and theoretically,20 the softening does no
depend on the sign of the stress.

To support our claim, we have extended, by introduc
only well-known linear thermoelastic equations,27 a model
previously developed19,20that has proven to describe well th
phenomenology due to mechanical stresses, by conside
thermal random transitions between two different sta
~which are not related to any external temperature variatio!.
The resulting model has been capable of reproducing qu
tatively the available experimental data, including both re
nance frequency variations, conditioning, and slow dyna
ics. It is to be noted, however, that such anomalous ela
effects, appearing as a consequence of thermal changes
only indirectly related to the temperature variation throu
thermal expansion.

In this paper, we have also presented an analysis of
role of some of the parameters. Our simulations may sug
new experiments to be performed in order to add informat
about the phenomenon and further validate or reject
model. Among them, the claim that the effect becomes l
and less evident with increasing the forcing amplitude~see
Fig. 11!.

Additional interesting features have not been explo
here, due to lack of space, but are intrinsic to the mod
Some of them will be discussed elsewhere, such as the
planation for the larger frequency drop when the specime
cooled rather than heated36 and the complex variety of be
haviors that can be obtained when varying parameters.
example, Lavoux limestone might present particularly int
esting features, since it presents a ‘‘hardening when heat
relation@opposite to Eq.~3!#. Particularly interesting will be
the tracking of the resonance frequency when the temp
ture is continuously varied with time. In such a case, a h
tereticlike behavior when the system is subject to a cyc
temperature protocol is expected.

In conclusion, we emphasize that the model presen
here, albeit capable of reproducing well the observations
are aware of, should be modified to include more realistic
physical features. For example, the probabilities for the r
dom transitions between states must be temperature de
dent~and perhaps also pressure dependent!. More important,
the hypotheses of the instantaneous reach of thermal equ
rium within the interstice must be substituted by a reasona
model. Such improvements will surely help in catching d

vs
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tails that the present model does not allow us to see
perhaps will suggest a physical comprehension of the me
nisms involved. However, we believe that the philosophy
our approach and the claims for the explanation will not
modified.
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