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Two-dimensional quantum XY model with ring exchange and external field
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We present the zero-temperature phase diagram of a square lattice quantum spin-1/2XY model with four-site
ring exchange in a uniform external magnetic field. Using quantum Monte Carlo techniques, we identify
various quantum phase transitions between theXY order, striped or valence bond solid, staggered Ne´el anti-
ferromagnet and fully polarized ground states of the model. We find no evidence for a quantum spin liquid
phase.
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Studies of two-dimensional spin-1/2 quantum magnet
boson models have provided insight into novel quant
phases and quantum critical points.1 Recently, interest has
focused on models which have multisite ring exchange2–4

The ring exchange interaction, either alone or in competit
with the usual spin or boson near-neighbor exchange,
been shown to promote a variety of exotic quantum grou
states,3 including in some cases a spin-liquid state.4 Of par-
ticular importance is the class of two-dimensional mo
Hamiltonians that contain quantum spin-1/2 or boson ope
tors interacting with ring exchange that can be simula
using quantum Monte Carlo~QMC! techniques without a
negative sign problem. With modern algorithms, such m
els can be studied numerically on large lattices without
proximation, providing a laboratory for surveying the critic
behavior that separates various quantum phases.

One important model in this respect is the easy-planeJ-K
model5 that has quantumS51/2 spins on a square lattic
with a near-neighbor exchangeJ and a four-site ring ex-
changeK. This Hamiltonian is partially motivated by th
undoped cuprate materials,6 where ring-exchange process
are believed to contribute to experimental signatures bey
those explained by the near-neighbor Heisenberg model.
two-parameterJ-K model, despite its simplicity, displays
surprisingly rich and complex phase diagram,5,7 with three
distinct zero-temperature phases. These are anXY ordered or
superfluid phase for largeJ, a staggered Ne´el or boson
charge-density wave~CDW! phase for largeK, and a striped
or valence bond solid~VBS! phase for intermediateK/J.
The zero-temperature phase transition between the VBS
Néel phases is first order, however previous numeri
results5,7 indicate the existence of a continuous quant
critical point ~QCP! at the zero-temperature superfluid-VB
boundary.

The question naturally arises as to the behavior of
easy-planeJ-K model under the influence of a magne
field. This is interesting both as a study of the evolution
the QCP, as well as the behavior of the ground-state ph
away from half filling. Using stochastic series expansi
~SSE! QMC, we present here the basic features of the ze
temperature phase diagram of the easy-plane model
scribed by the Hamiltonian

H52J(̂
i j &

Bi j 2K (
^ i jkl &

Pi jkl 2h(
i

Si
z , ~1!
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where Si
z is the z component of a quantum spin 1/2,Bi j

5Si
1Sj

21Si
2Sj

1 is a near-neighbor exchange, andPi jkl

5Si
1Sj

2Sk
1Sl

21Si
2Sj

1Sk
2Sl

1 generates a four-site ring ex
change. Here,̂ i j & denotes a pair of nearest-neighbor sit
and ^ i jkl & are sites on the corners of a square plaquette
theL3L lattice. ForK50, this is the standardXY model in
a uniform magnetic field, or alternatively hard-core boso
with a chemical potential. Forh50, this model is in anXY
ordered or superfluid phase for temperatures less than
Kosterlitz-Thouless transition temperature ofTKT /J'0.68.8

With the application of a uniform magnetic field the avera
magnetizationm5^Sz& of the XY superfluid increases from
zero (m50) until it saturates into a fully spin polarized (m
51/2) state ath/J.4.9 For J50 andh50, the ground state
of the system has Ne´el antiferromagnetic order.3,5 For h
50, it was found5,7 that an intermediate VBS phase exis
for 7.9&K/J&14.5, in which the expectation value^Pi jkl &
alternates in strength with a period of two lattice spacings
one of the lattice directions, suggesting the term ‘‘stripe
order.

To study the effect of the uniform magnetic fieldh on the
ground-state properties of the easy-planeJ-K model, we use
the SSE quantum Monte Carlo simulation method10 that was
previously applied to theh50, J-K model.5,7 In order to
implement the SSE method, the operators in the Hamilton
~1! are represented as four-spinplaquetteoperators. Diagona
operators involvingh terms are added to or removed fro
the SSE basis-state expansion using a simple Metrop
probability algorithm. Off-diagonal (J or K term! operators
are sampled using thedirected-loopalgorithm,7,10 which be-
comes increasingly important for simulation efficiency wi
increasing magnetic-field strength. The directed-lo
equations10 for theJ-K-h model are only slightly more com
plicated than for the pureJ-K model,7 and are presented
elsewhere.11 The QMC algorithms were tested onL54 lat-
tice sizes against exact diagonalization results and prev
QMC simulations on the pureXY and J-K models. In this
paper, simulations were carried out on square lattices of
ear dimensionL ~number of spinsN5L2) at temperatures
T51/b low enough to ensure convergence into the grou
state.

A variety of physical observables of direct relevance
the ground states of the model are accessible through
SSE method. It is straightforward to calculate the inter
©2004 The American Physical Society08-1
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energy10 since its statistical estimator is just the numbern of
plaquette operators in the SSE basis-expansion operato
quence multiplied byT: E52^n&/b. The spin stiffness~or
superfluid density in the boson representation! is defined in
terms of the energy response to a twistf in the periodic
boundary of the lattice by

rs5
]2E

]f2
, ~2!

and is directly estimated using the winding number fluct
tions in the SSE simulation.12 In addition we calculate the
plaquette structure factor

Sp~qx ,qy!5
1

L2 (
a,b

ei (ra2rb)•q^Pa1a2a3a4
Pb1b2b3b4

&. ~3!

Here,a1 , . . . ,a4 are the sites belonging to plaquettea, lo-
cated atra . In the VBS phase, the square of the magnitu
of the order parameter per site iŝM P&25@Sp(p,0)
1Sp(0,p)#/2L2. Similarly, the square of the order parame
^MS& of the Néel ordered phase is obtained from theSz

structure factor

Ss~qx ,qy!5
1

L2 (
j ,k

ei (r j 2rk)•q^Sj
zSk

z&, ~4!

with ^MS&
25Ss(p,p)/L2. Here,j andk are lattice sites lo-

cated at lattice coordinater j . The quantities^M P&2 and
^MS&

2 are expected to decrease as 1/L2 ~signifying short-
range correlations! in phases without the respective orde
but tend to a finite value for largeL in phases where long
range order occurs.

By directly observing the behavior of the spin stiffne
~superfluid density! and the VBS and Ne´el order parameters
we are able to map out the phase boundaries of theJ-K-h
model as illustrated in Fig. 1. In general, we find no pers
tent regions of quantum disorder~i.e., a spin liquid state! in
the vicinity of theh50 quantum critical point. Rather, th
QCP appears to evolve smoothly into a quantum phase t
sition between the superfluid and VBS regions for 0<h
&6. The J-K-h model also exhibits a direct superfluid
Néel order transition for 6&h&11, a feature not containe
in the h50 phase diagram. Finally, for largeh, the model
finds a fully polarized spin state withm51/2. This latter
phase transition is strongly first order forK/J*5, displaying
pronounced metastability and hysteresis effects in the si
lation ~see Fig. 2!. Renormalization group treatments of tw
dimensional bosons,13 as well as spin-wave corrected mea
field theory and simulations of a hard-core bos
Hamiltonian9 indicate that atK50, the pureXY model ex-
hibits a continuous transition to the fully polarized state
h54J. This suggests that a tricritical point~TCP in Fig. 1!
exists on the phase boundary somewhere between 0,K/J
&5, above which the transition to the fully polarized sta
becomes first order.

The energy crossover and magnetization hysteresis of
2 provide one indicator of a first-order transition. Altern
tively, one may look for an abrupt discontinuity in the ord
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parameter~for large system sizes! or for double-peaked prob
ability histograms for data in the transition region. To illu
trate this we turn now to a detailed set of simulation resu
for the superfluid-Ne´el phase boundary along cutB in Fig. 1.
As illustrated in Fig. 3, the boson and superfluid densit
develop significant discontinuities for larger systems as
phase boundary is traversed. This abrupt discontinuity d
not appear forL,20, illustrating that the transition is cause
by an avoiding level crossing and that large lattices sizes
necessary to quantify the behavior of this model. The fir
order nature is apparent in double-peaked magnetization
tograms, which were observed for data in the ‘‘discontin
ity’’ regions for L516, indicating a phase coexistence. F

FIG. 1. The schematic zero-temperature phase diagram of
easy-planeJ-K-h model. Phase boundaries are drawn as solid lin
Dashed lines indicate cuts along which we have examined the t
sitions between the various phases, as discussed in the text.

FIG. 2. The ground-state energy~E! and magnetization~m! of
anL58 system along cutA in the phase diagram Fig. 1. This set
simulations was performed with parametersK/J514 and bJ
53.2. The hysteresis effects were obtained by systematically
creasing and then decreasingK/J in steps, with system configura
tions stored at the end of oneK/J step and used to begin the nex
8-2
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K/J*16.3, the spin-spin structure factor@Eq. ~4!# develops
Bragg peaks at (p,p) ~not illustrated!, indicating Néel order.
It is interesting to note that a similar phase transition
tween a superfluid and a (p,p) staggered solid is found in
hard-core boson Hubbard models with nearest and n
nearest-neighbor repulsion.14,15

Finally we examine theXY superfluid-VBS transition
along cutC. As illustrated in Fig. 4, simulation data for sys
tem sizeL524 do not display an obvious sharp discontinu
as in Fig. 3. However, the presence of a small discontinu
in m andrs for L532–48 is suggested by the data. The in
of Fig. 4 displays a double-peaked magnetization probab
histogram in the transition region, which indicates the pr
ence of a first-order phase coexistence. This clearly p
cludes the existence of a continuous quantum phase tra
tion, at least for the field valueh/J54 that was studied in cu
C ~see Fig. 1!. The most immediate conclusion to draw
that the superfluid-VBS phase transition is weakly first ord
either along its entirety~excluding theh50 QCP!, or up to a
tricritical point at a field 0,h,4. In this case, the difficulty
in seeing a large discontinuity in the superfluid density
plaquette structure factor is due to the smallh value and the
closeness of the magnetization to zero. The persistence
small region of superfluid density in apparent coexiste
with a finite VBS order parameter~for example, the two data
points forL548, K/J511.60, and 11.65 in Fig. 4! is due to
the first-order metastability between the superfluid phase
the VBS phase that is obscured by statistical averaging. A
check, we observed the Monte Carlo time correlation
tweenSp(p,0), Sp(0,p), and the superfluid densityrs in the
x and y directions at these points. In fact, we find thatrs

FIG. 3. Magnetization~m! and spin stiffness (rs) of the
superfluid-Ne´el transition, along cutB in the phase diagram Fig. 1
Model parameters areh/J58, bJ53.2 for L516 andbJ54.0 for
the larger lattice sizes. The inset shows a double-peaked mag
zation probability histogramP(m) representing 53105 Monte
Carlo steps at a point on theL516 data curve in the transition
region. The lower peak is not Gaussian in shape, as the syste
attracted to zero magnetization~the half-filled! state.
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show no preference for thex or y directions when stripe
order is present. Rather, bothrs

y and rs
x show very strong

anticorrelations whenever^M P&2 develops Bragg peaks.
In summary, using SSE QMC techniques, we have de

mined the ground-state phase diagram~Fig. 1! of the easy-
planeJ-K-h model. In addition to theXY superfluid, VBS,
and Néel ordered phases observed forh50,5 we observe a
large region of fully polarized order, which dominates t
phase diagram for largeh. The phase transition to the pola
ized state is continuous at smallK/J and strongly first order
for largeK/J, suggesting the existence of a tricritical poi
somewhere on the phase boundary for intermediateK/J.
Two other phase transitions were studied in detail,
superfluid-Ne´el and superfluid-VBS transitions. Both wer
first order for the parameter values investigated in de
here.

As indicated by our data, theJ-K-h model does not ap-
pear to support a region of superfluid-VBS coexistence~i.e.,
a supersolid!, which is observed near a similar transition b
tween a superfluid and (p,0) striped solid phase in a hard
core boson Hubbard model.15,16 No additional ordered
phases were observed in this model, in particular, incomm
surate VBS stripes~or striped order away from half filling!
which would have been indicated by Bragg peaks in
q-dependent structure factorSp(qx ,qy) away from (p,0).

In the context of theh50 superfluid-VBS transition a
T50,5,7 the existence of a continuous QCP does not requ
a continuous phase transition to develop smoothly ash is

ti-

is

FIG. 4. Details of the magnetization, spin stiffness, and the V
structure factor of the superfluid-VBS transition, along cutC in the
phase diagram Fig. 1. Model parameters areh/J54, bJ53.2 for
L524 andbJ54.0 for the larger lattice sizes. The inset shows
double-peaked magnetization probability histogramP(m) repre-
senting 3.53105 Monte Carlo steps at a point on theL548 data
curve in the transition region.
8-3
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increased from zero. Conversely, the existence of a true
tinuous phase transition would provide additional support
evidence for the existence of theh50 QCP,17 as well as a
further region in which to explore the nature of the critic
behavior associated with the transition fromXY superfluid to
VBS order. Ultimately, one would like to determine wheth
this QCP is an example of the ‘‘deconfined’’ quantum cri
cality recently discussed by Senthilet al.18

Finally, the inability of any significant region of a spin
liquid phase to develop in the vicinity of the QCP motivat
further searches on related models. Of particular interes
the square latticeJ-K ring model in astaggeredmagnetic
field, which could conceivably destabilize the superfluid
s.
.

y

.
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VBS order near the QCP and promote the development o
extended region of disorder.19 Work on this model is in
progress.11
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