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Effect of an electron-phonon interaction on the one-electron spectral weight of ad-wave
superconductor

A. W. Sandvik,1,2,* D. J. Scalapino,2,† and N. E. Bickers3,‡

1Department of Physics, Åbo Akademi University, Porthansgatan 3, FIN-20500 Turku, Finland
2Department of Physics, University of California, Santa Barbara, California 93106-9530, USA

3Department of Physics, University of Southern California, Los Angeles, California 90089-0484, USA
~Received 5 September 2003; published 30 March 2004!

We analyze the effects of an electron-phonon interaction on the one-electron spectral weightA(k,v) of a
dx22y2 superconductor. We study the case of an Einstein phonon mode with various momentum-dependent
electron-phonon couplings and compare the structure produced inA(k,v) with that obtained from coupling to
the magneticp-resonant mode. We find that if the strength of the interactions are adjusted to give the same
renormalization at the nodal point, the differences inA(k,v) are generally small but possibly observable near
k5(p,0).
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I. INTRODUCTION

The role of the electron-phonon coupling in the highTc

cuprates remains a puzzle. The initial finding of the abse
of a phonon signature in the temperature dependence o
resistivity1 and the small size of the isotope effect in t
optimally doped cuprates2 suggested that the electron
phonon interaction played a relatively unimportant role
these strongly-correlated materials. However, large isot
effects away from optimal doping,2,3 significant phonon
renormalization induced in the superconducting state,4–7 and
recent interpretations of angle-resolved photoemission s
troscopy~ARPES! data8,9 continue to raise questions regar
ing the nature and role of the electron-phonon interaction
the highTc cuprates.

One point of view is that the effects of the strong Co
lomb interaction act to suppress the electron-phonon inte
tion and that while the electron-lattice interaction enters
problem, it does so on a secondary level coming along a
were for the ride. For example, in this view the large isoto
effects observed in some of the cuprates away from opti
doping arises from the influence of the lattice on stripe fl
tuations, acting to stabilize these and thus suppres
superconductivity.10 Similarly, the superconductivity-induce
phonon renormalization and the possible Enge
berg-Schrieffer11 signature in the ARPES data could be inte
preted as naturally occurring in an interacting system
having little effect on the underlying superconducting pairi
mechanism. Alternatively one might interpret the isotope
fect and the phonon renormalization as supporting the e
tence of a significant electron-phonon coupling. Furth
more, ARPES measurements have been specific
interpreted in terms of phonon modes that could drivedx22y2

pairing.9 Here, we analyze a simple model of an electro
phonon interaction with the goal of obtaining insight in
what one expects to see in the ARPES data of adx22y2 su-
perconductor with electron-phonon interactions.

Continuing technological advances along with improv
sample quality have allowed ARPES to probe details of
energy and momentum structure of the one-electron exc
0163-1829/2004/69~9!/094523~11!/$22.50 69 0945
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tions in the cuprate materials.12 Although simplified, the sud-
den approximation leads to a useful picture in which t
ARPES intensity is equal to the square of a matrix elem
which depends upon the photon energy, polarization, and
sample geometry times a product of the single-particle sp
tral weight

A~k,v!5
1

p
Im $G~k,v!% ~1!

and a Fermi factorf (v). Here G(k,v) is the one-electron
Green’s function. Thus, the idea is that from thek and v
dependence of the ARPES data, one can extract informa
about the spectral weightA(k,v). Then, from this, one seek
to learn about the electron self-energyS(k,v) and the struc-
ture of the effective interaction. In particular, the role of sp
fluctuations and thep resonance on the superconducti
state spectral function have been studied.13–15 With the re-
cent suggestions8 from ARPES measurements that there m
be a significant coupling of the electrons to a phonon with
energy of order 40 meV, one would like to understand h
this would effect the ARPES spectrum.

From the number of atoms in a unit cell, it is clear th
there are a large number of phonon modes in the cupra
Here we will focus on several of the modes associated w
the motion of the O ions. We will treat these as Einste
phonons. Then for a Hubbard-like model in which the C
sites form the Hubbard lattice, the effective electron-elect
interaction is

V~q,v!5
2ug~q!u2V0

v22V0
21 id

. ~2!

If ug(q)u25ugu2 is independent of the momentum transfe
V(q,v) does not couple to thedx22y2-pairing channel. This
could model the coupling to thec-axis vibration of the apical
oxygen. Alternatively, if the electron-phonon matrix eleme
is momentum dependent, the interaction given by Eq.~2! can
couple to thedx22y2-pairing channel.

The possibility that an electron-phonon interaction cou
give rise tod-wave pairing has been discussed by vario
©2004 The American Physical Society23-1



lf

to
um

no
ke
n

is

nn
n-

di

to

ho

a
tio

ng

tie
a
ri
ho

a
t

t
s
th
th

efs.
our

mi
an

ur-

ly

t

A. W. SANDVIK, D. J. SCALAPINO, AND N. E. BICKERS PHYSICAL REVIEW B69, 094523 ~2004!
authors.9,16–25 In one approach, thed-wave pairing interac-
tion occurs as the result of the interplay of the O ha
breathing mode and the exchange interaction.9 Other ap-
proaches suggest that the Coulomb interaction can lead
peaking of the electron-phonon coupling at small moment
transfers which favorsdx22y2 pairing.16–20 This type of mo-
mentum dependence also occurs directly for certain pho
modes. For example, for the Cu-O-Cu bucklingli
mode21–25 the square of the electron-phonon coupling co
stant is

ug~q!u25ugu2Fcos2S qx

2 D1cos2S qy

2 D G . ~3!

Setting q5k2k8, the momentum-dependent part of th
coupling factors into a sum of separable terms

ug~k2k8!u25ugu2@111
4~coskx2cosky!~coskx82cosky8!1•••#,

~4!

including additional (coskx1cosky) and (sinkx6sinky) fac-
tors. The plus sign in front of thed-wave term implies that
this type of phonon exchange provides an attractive cha
for d-wave pairing. The key point is that if the electro
phonon couplingug(k,k8)u falls off at largeuk2k8u momen-
tum transfers, then such a phonon exchange can me
d-wave pairing.

Alternatively, an in-plane O breathinglike mode has

ug~q!u25ugu2Fsin2S qx

2 D1sin2S qy

2 D G . ~5!

This increases at large momentum transfers giving rise
repulsive interaction in thedx22y2-channel. Settingq5k
2k8 in Eq. ~5! one finds that

ug~k2k8!u25ugu2@121
4~coskx2cosky!~coskx82cosky8!1•••#,

~6!

and the minus sign in the second term implies that this p
non suppressesd-wave pairing.

In Sec. II we discuss the simplified case of a cylindric
Fermi surface and a separable phonon mediated interac
This provides insight into the differences between thes-wave
andd-wave cases and establishes the structure of the si
larities in the self-energy that are reflected inA(k,v) for an
Einstein mode. While in the actual materials, the singulari
are broadened by the dispersion of the phonon mode, qu
particle lifetime effects due to other interactions and impu
ties, as well as finite temperature effects, these results s
the type of structure that can appear inA(k,v) due to
phonons. It also provides an example for which one c
study the difference inA(k,v) which occurs for modes tha
couple only to the normalZ part of the self-energy~such as
the Holstein mode!, only to thedx22y2 channel or to both. In
Sec. III, we include the effects of at-t8 band structure and
the momentum dependence of the coupling. We consider
three different electron-phonon coupling constants discus
above and compare these with the response to
p-resonance spin-fluctuation mode. The analysis of
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p-resonance mode has been extensively discussed in R
14,15. Section IV contains a summary of the results and
conclusions.

II. A CYLINDRICAL FERMI SURFACE AND AN
EINSTEIN PHONON

In this section we consider the case of a cylindrical Fer
surface and an interaction arising from the exchange of
Einstein phonon of frequencyV0;

V~u,u8,v!5
2ug~u,u8!u2V0

v22V0
21 id

. ~7!

Here,u andu8 denote differentk vectors on the cylindrical
Fermi surface. With Eq.~4! in mind, we will takeug(u,u8)u2

to have the separable form

ug~u,u8!u25ugzu21ugfu2cos 2u cos 2u8. ~8!

The one-electron Green’s function can be written as

G~k,v!5
Z~v!v1ek

~Z~v! v!22ek
22f2~u,v!

, ~9!

with ek5k2/2m2m, the renormalization parameterZ(v),
and the gap parameterf(u,v)5f(v)cos(2u). The Eliash-
berg equations forZ(v) andf (v) are

@12Z~v!#v5lz

V0

2 E
0

`

dv8E du

2p

3Re H S Z~v8!v8

$@~Z~v8! v8#22f2~v8!cos22u%1/2D
3S 1

v81v1V02 i d
2

1

v82v1V02 i d
D J

~10a!

f ~v!5lf

V0

2 E
0

`

dv8E du

2p

3ReH S f~v8!cos22u

$@Z~v8!v8#22f2~v8!cos22u%1/2D
3S 1

v81v1V02 i d
1

1

v82v1V02 i d
D J ,

~10b!

with lz52ugqu2N(0)/V0 and lf52ugfu2N(0)/V0. Here
N(0) is the one-electron density of states at the Fermi s
face.

In order to determine the effect of the phonon onZ(v)
andf (v), we will adapt an approximation used in the ear
studies of the role of phonons on the superconductingI (V)
characteristic.26 From the form of Eq.~10!, one sees tha
3-2
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there will be structure inZ(v) andf (v) whenv.6 (V0
1D(u)). In this case,v8 will be of order the gapD(u) at
the gap edge

D~u!5
f@u,v5D~u!#

Z@u,v5D~u!#
. ~11!

Therefore, if the low-energy response in the superconduc
state is well described in terms of BCSd wave quasiparti-
cles, one can replaceZ(v8) andf(u,v8)/Z(v8) inside the
integrals byZ(0) and D(u)5D0cos 2u. Then, taking the
imaginary parts of Eq.~10!, we have forv.0

vZ2~v!52lzV0E
uc

p/4 ~v2V0!du

@~v2V0!22D0
2cos22u#1/2

,

~12a!

f2~v!52lfV0E
uc

p/4 D0cos22udu

@~v2V0!22D0
2cos22u#1/2

.

~12b!

Hereuc is such thatD(uc)5v2V0 andf2(v) andZ2(v)
are even functions ofv for a time-ordered zero temperatu
Green’s function.

Results forvZ2(v) and f2(v) are shown in the top
panel of Fig. 1 for both adx22y2-wave and as-wave gap with
V051.5D0. For as-wave gap, cos 2u is set to 1 anduc50 in

FIG. 1. Results for the real and imaginary phonon-induced c
tribution to Z(v) and f(v) for a d-wave ~solid! and ans-wave
~dashed! superconductor. Here we have taken a cylindrical Fe
surface and a separable interaction.Z(v) andf(v) are normalized
with respect to the appropriate coupling constants. For thes-wave
case,lz5lf . For all of the circular Fermi surface plots, energy
measured in units ofD0 and V051.5D0. With this normalization
vZ2(v)/lzV0 goes top/2 asv→`.
09452
g

Eqs. ~12a! and ~12b!. For the s-wave case, the imaginar
parts of Z(v) and f(v) onset whenv exceeds6(V0

1D0) and exhibit a square-root singularity. For
dx22y2-gap, these functions onset linearly atv56V0 be-
cause of the gap nodes and there is a log singularity
6(V01D0). The real parts ofZ(v) andf (v) are obtained
from the usual dispersion relations, and results forZ1(v)
and f1(v) are shown in the lower panel of Fig. 1. For th
s-wave case,f1 andZ1 exhibit square-root singularities asv
approaches6 (V01D0). This is just the expected Kramers
Kronig transform of the square-root singularity inf2 andZ2.
Similarly, the results forf1 and Z1 for the dx22y2 case ex-
hibit step discontinuities atv56(V01D0) arising from the
log singularities inf2 and Z2. Naturally in real materials,
phonon dispersion, impurity scattering, and finit
temperature effects broaden these features. Neverthe
they provide a simple framework for analyzing the ARPE
data.

An intensity plot ofA(k,v) for the case of ans-wave gap
is shown in Fig. 2. Here,A(k,v) is obtained from the imagi-
nary part ofG(k,v), using thes-wave results forZ(v) and
f(v) shown in Fig. 1 withlz5lf50.5. The real part of the
gap function is supplemented by an additional contribut
from an underlying pairing interaction so that the magnitu
of the gap at the gap edge is equal toD0. Results for both the
ARPES accessible regionv<0 and the inverse photoemis
sion regionv.0 are shown. The shift of spectral weight du
to the quasiparticle coherence factors1

2 (11ek /Ek) is clearly
seen as is the Engelsberg-Schrieffer signature showing
asymptotic approach of a peak in the spectral function
6(V01D0). Because of the square-root singularity inZ and
f, the asymptotic approach of this peak to6(V01D0) var-
ies as (lV0 /ek)

2. In addition,27 the Fermi velocity is renor-
malized byZ1(D0)'1.4 so that the dispersion of the pea

-

i

FIG. 2. ~Color online! An intensity plot of the spectral weigh
A(k,v) for the case of ans-wave superconductor coupled to
phonon with frequencyV0. As indicated on the color scale, th
figure is ‘‘overexposed,’’ i.e., features exceeding 5% of the ma
mum intensity appear white, in order to show the weaker featu
3-3
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for v near D0 varies asA@ek /Z1(D0)#21D0
2 while for v

large compared toV0, a broadened quasiparticle peak d
perses asek . Energy distribution curves~EDC! showing
A(k,v) versusv for various values ofek are shown in Fig.
3 for v<0. This is the type of EDC that one would expect
see for a traditionals-wave electron-phonon superconduct
with a single dominant Einstein mode.28 More generally, one
would have multiple phonon modes and their dispers
along with possible finite temperature effects would lead t
richer response.

Intensity plots ofA(k,v) for the case of adx22y2 gap are
shown in Fig. 4. Just as for thes-wave case,f1(u,v) is
supplemented so that the gap at the gap edge isD0cos 2u.
Figure 4~a! showsA(k,v) for a cut along the antinodal di
rection ink space (u50), while Fig. 4~b! shows the results
for a cut along the nodal direction (u5p/4). The antinodal
cut resembles thes-wave case in the transfer of spectr
weight asek passes through the Fermi energy and the ren
malization of the quasiparticle dispersion. However,
Engelsberg-Schrieffer signature no longer asymptotically
proaches6(V01D0), but rather appears to be broaden
and cut off. In thes-wave case, the broadening due to t
electron-phonon interaction did not set in untiluvu exceeded
V01D0 leading to the long sweep of the peak which occ
for uvu just below (V01D0). However, the nodal region
associated with adx22y2 gap lead to a finite broadening whe
uvu exceedsV0. The onset of this broadening is seen clea
in Fig. 4.

FIG. 3. Energy distribution curves showingA(k,v) vs v for
various values ofek for an s-wave superconductor withlz50.5.
Here one sees that asek exceedsV01D052.5, a peak is left behind
whose intensity weakens asek increases. A Lorentzian broadenin
dv50.025 was used here and throughout the paper.
09452
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As we will discuss, termination of this peak is a reflectio
of the fact that for adx22y2 gap,Z1 and f1 have step dis-
continuities at6(V01D0) rather than the square-root sin
gularities associated with ans-wave gap.

The nodal cut, shown in Fig. 4~b!, appears on first glance
to be similar to what one would expect for the normal sta
That is, a renormalizedek /Z1(k,0) dispersion forv!V0
with the dispersion returning to its band valueek for v
@V0. However, the cutoff Engelsberg-Schrieffer signatu
still occurs for uvu5V01D0. Thus, the full antinodal gap
D0 enters as the characteristic kink energy for all moment
slices. This simply reflects theuvu5V01D0 singularities in
Z and f shown in Fig. 1. Again, the broadening of th
Engelsberg-Schrieffer peak whenuvu exceedsV0 is clearly
seen in Fig. 4~b!. In Fig. 5~a!, various EDC slices ofA(k,v)
are shown for thedx22y2 case. Comparing these with th

FIG. 4. ~Color online! An intensity plot ofA(k,v) for a d-wave
gap. Results for au50 cut are shown in~a! and foru5p/4 in ~b!,
a nodal cut.
3-4
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FIG. 5. Energy distribution curves~EDC! showing A(k,v) vs v for different values ofek (21,22,23,24 from top! with ~a! lz

5lf50.5, ~b! lz50.5,lf50.0, and~c! lz50.0,lf50.5. Results for theu50 cut are shown as the solid curves and foru5p/4 as the
dashed curves.
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s-wave case, one sees the broadening and truncation o
Engelsberg-Schrieffer lower peak.

The difference in the structure of the Engelsbe
Schrieffer signature between thes and thedx22y2 cases can
be understood from the plots of

ek52A@Z1~v!v#22f1
2~v! ~13!

shown in Fig. 6. One can see that as one probesek states
which are further below the Fermi energy, two solutions
Eq. ~13! develop. For thes-wave case shown in the uppe
panel of Fig. 6, an undamped lower-energy branch asy
totically approachesv52(V01D0), and a second quas
particle branch atv.2ek evolves which is damped by th
imaginary parts ofZ andf. As we have seen, these branch
are reflected in the structure ofA(k,v) and the lower-energy
branch represents the characteristic Engelsberg-Schri
signature for ans-wave superconductor. Similar plots for th
dx22y2-case withu50 andu5p/4 are shown in the lowe
panel of Fig. 6. Here, unlike thes-wave case, the low-energ
branch is terminated, reflecting the fact that the singulari
in Z1 and f1 for the d-wave case are simply step discon
nuities at6 (V01D0). The onset of damping processes f
thedx22y2 case whenv,2V0 give rise to the discontinuity
in slope seen atv52V0.

Finally, for thed-wave case, the interaction may also ha
different lz and lf coupling strengths. For example, th
Holstein coupling haslf50. Fig. 5~b! shows EDC slices of
A(k,v) for lz50.5 andlf50. For u5p/4, the gap van-
ishes and the results are identical to Fig. 5~a! for lz5lf
50.5. Even foru50, the spectral weight for (lz50.5,lf
09452
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50) is seen to be quite similar to the isotropic (lz
50.5,lf50) case. Part of this arises from the fact that
both cases the gap has been set toD0 at u50. Fig. 5~c!
showsA(k,v) for the alternate limiting case in which th
mode is coupled only to thedx22y2 channel (lz50,lf
50.5). In this case, one sees a clear difference with res
to the isotropic case shown in Fig. 5~a!. In particular, since
Z51, along u5p/4 where the gap vanishes,A(k,v) is
equal to its noninteracting form. That is, theV0 mode does
not effectA(k,v) for u5p/4 if lz50. These results show
that, in principle, one can obtain information on the co
plings of the mode to the normalZ part of the self-energy
and thedx22y2 channels by examiningA(k,v) in the nodal
and antinodal directions. However, in general, the effects
subtle.

III. BAND STRUCTURE AND THE EFFECT OF A
MOMENTUM-DEPENDENT COUPLING

We turn next to the effects of the band structure and to
momentum dependence of the electron-phonon coupling.
the band structure, consider a square lattice with a nea
neighbor hoppingt and a next-nearest-neighbor hoppingt8.
In this case

ek522t~coskx1cosky!24t8coskxcosky2m. ~14!

For t8/t520.3 andm/t521, one has the typical Ferm
surface shown in Fig. 7 and the single spin electron den
of states shown in the inset. We take the gap to be

Dk5D0~coskx2cosky!/2. ~15!
3-5
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In this case, the one-electron Green’s function can be wri
in the form

G~k,v!5
Z~k,v!v1@ek1X~k,v!#

@Z~k,v!v#22@ek1X~k,v!#22f2~k,v!
.

~16!

Adopting the same approximation as before, the phon
induced contributions to the imaginary parts of the renorm
ization, energy shift, and gap parameters are given by

vZ2~k,v!5
p

2N (
k8

ug~k2k8!u2@d~Ek81V02v!

2d~Ek81V01v!#, ~17a!

X2~k,v!52
p

N (
k8

ug~k2k8!u2
ek8

2Ek8

3@d~Ek81V02v!1d~Ek81V01v!#,

~17b!

f2~k,v!5
p

N (
k8

ug~k2k8!u2
Dk8

2Ek8

3@d~Ek81V02v!1d~Ek81V01v!#.

~17c!

Here, as before, we assume that an underlying pairing in
action, most likely spin fluctuations, gives rise to a zero te

FIG. 6. Plots ofek52A@Z1(v)v#22f1
2(v,u) vs v along the

negativev axis for la50.5 show the structure of the Engelsber
Schrieffer signature. The upper panel is for ans-wave gap and the
lower panel is for ad-wave gap withu50 shown as the solid curve
andu5p/4 as the dashed curve.
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peraturedx22y2 superconducting state. At low energies th
state is characterized by a renormalized band structure,
~14!, and chemical potential, a renormalized coupling co
stantg(q), and a gap given by Eq.~15!. These parameter
have been used in the Eliashberg equations to describe
state which enters when an excitation at energyv.V0 de-
cays to a lower energyEk8 state~or whenv,2V0 decays
to 2Ek8). The real parts ofZ(k,v), f(k,v), andX(k,v)
are again found from the Kramers-Kronig dispersion re
tion. The spectral weightA(k,v) is then obtained from Eq
~1! with the chemical potential shift removed fromX1(k,v)
and a contribution added to the real part of the gap so that
real part of the gap at the gap edge remains equal toDk , Eq.
~15!. Note that the contributions of the underlying pairin
interaction toZ andX, as well as the higher-energy part off,
have not been included. Thus, there are additional renorm
ization and damping effects which do not appear. We ba
cally are seeking to understand the leading contribution
the electron-phonon interaction which is superimposed
top of the other many-body interactions. This approach re
on the idea that in the superconducting state the low-ly
electronic states are well described by BC
dx22y2-excitations29 with renormalized band parameterst, t8,
and m, a dx22y2-wave gapDk , and renormalized electron
phonon coupling constants. Note, that here we are not ta
into account the possible change inq dependence of the
electron-phonon couplings produced for example by
HubbardU.16–20

We begin by looking at the self-energy terms for the ca
of the buckling mode withug(q)u2 given by Eq. ~3! and
ugu250.5 in units of t22. From Eq.~4!, this value ofugu2
corresponds to ad wave coupling strength coming from th
buckling modeld' 1

4 2ugu2N(0)/V0 which is of order 0.1–
0.2. Andersenet al.30,31 have estimated that the totalld
electron-phonon coupling is of order 0.3 and they find th
the buckling mode gives the dominant part of this couplin
Results forf(v,k), Z(v,k), andX(v,k) are shown in Fig.
8 for k at pointA shown in Fig. 7. The imaginary parts ofZ
andf exhibit the expected log singularity atD01V0 that we

FIG. 7. The Fermi surface fort8/t520.3 andm521. The
inset shows the single spin electron density of states. We will
cuss the spectral weight for the cuts markedA, B, andC.
3-6
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EFFECT OF AN ELECTRON-PHONON INTERACTION ON . . . PHYSICAL REVIEW B69, 094523 ~2004!
previously saw for the case of a circular Fermi surface.
addition, there is a second log singularity atE(0,p)1V0

with E(0,p)5Ae2(0,p)1D0
2 which comes from the Van

Hove singularity14 at k5(0,p). These log singularities inZ2
andf2 manifest themselves via the Kramers-Kronig disp
sion relation as step-down discontinuities inZ1 and f1, as
seen in Fig. 8. The energy shift parameterX has only the Van
Hove singularity. Naturally, the dispersion of the phon
mode as well as finite temperature and lifetime effects w
broaden these features in the actual system. The energy
tribution of the spectral weightA(k,v) for the buckling
mode at momentumkA is plotted in Fig. 9. It shows the
quasiparticle peak at the gap edgeDkA

as well as structure

FIG. 8. The self-energy parametersf, Z, and X vs v for the
case of the buckling phonon coupling, Eq.~3!, with k5kA corre-
sponding to the pointA of Fig. 7. Hereugu250.5.

FIG. 9. A(k,v) vs v at k5kA for the case of a buckling mod
with ugu250.5. With energy measured in units oft, the gap ampli-
tudeD050.2, and the phonon energyV050.3. The vertical linesa,
b, andc mark the characteristic energies2V0 , 2(V01D0), and
2@V01E(0,p)#, respectively.
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associated with the buckling phonon atV01D0 and V0
1E(0,p).

As noted in the Introduction, one would like to determin
whether the structure observed in the ARPES data is du
phonons or thep-resonance spin-fluctuation mode. Esch
and Norman14,15have analyzed the effect of thep-resonance
using a detailed tight binding fit of the band energyek and a
coupling to thep-resonant mode of frequencyV0 given by

ug~q!u25gSF
2 xQ

114j2@cos2~qx/2!1cos2~qy/2!#
. ~18!

Here, we will use thet2t8 band structure of Eq.~14! with
t8/t520.3 and m521, set pxQ51, j52, and gSF

2 xQ

55. This corresponds to havingU/t;4.6 in an effective
Hubbard random-phase approximations interaction. In ad
tion, with this choice forgSF

2 we will find that Z1(kF ,0) at
the nodal pointC is comparable withZ1(kF ,0) for the
phonons. This makes it convenient for addressing the qu
tion of whether there are significant spectral differences
simply to the structure of the momentum-dependent c
plings that would allow one to determine the nature of t
mode from the ARPES data. Note that for the sp
fluctuation interaction withug(q)u2 given by Eq.~18!, there
is a minus sign on the right-hand side of Eq.~17c! for the
gap parameter. So to summarize, for the three types of p
non couplings we takeugu250.5 in units oft22 which gives
Z1(kF ,0).1.3. For thep-resonance mode coupling, settin
gSF

2 xQ55 givesZ1(kF ,0).1.3.
Intensity plots ofA(k,v) for the constant Holstein cou

pling, the buckling mode coupling Eq.~3!, the breathing
mode coupling Eq.~5!, and thep-resonance mode couplin
Eq. ~18!, are shown in Fig. 10 for the momentum cutA.
Similar intensity plots for the momentum cutsB and C are
shown in Figs. 11 and 12. In Fig. 10, one sees a hi
intensity quasiparticle peak and weaker structures onse
at v52(V01D0) and2(V01E(0,p) due to the coupling
to the phonon or magnetic resonance modes. For theB mo-
mentum cut shown in Fig. 11, one can now move de
enough inside the Fermi sea that the Engelsberg-Schrie
lower-energy peak~the upper bright curve in the figures! is
broadened whenv becomes less than2V0 and terminated
at a finite value ofkx asv approaches2(V01D0). At still
higher energies (v more negative!, a damped quasiparticle
branch is seen. The nodalC cut is shown in Fig. 12. Here
one clearly sees the Engelsberg-Schrieffer signature wi
quasiparticle peak which varies asek /Z1(kF ,0) near the
Fermi surface, then disperses and bends asv approaches
2(V01D0). This peak is then terminated as a broaden
high-energy quasiparticle branch appears at more nega
values ofv.

The difference ofA(k,v) for the various modes is in fac
subtle since all four have an Einstein spectrum withV0
50.3t, a dx22y2 gap with D050.2t, and a band structure
with t8/t520.3 andm521. Thus, the characteristic ene
giesD0 , V01D0, andV01E(0,p) are the same. In addition
as discussed, we have chosen the coupling constants so
ug(q)u2 averaged over the Brillouin zone is the same for
3-7
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four cases. Thus, the basic difference is the momentum s
ture of the different couplings shown in Fig. 13 forqx
5qy . Here, we see that the spin-fluctuation resonant mod
clearly most strongly peaked at large momentum, follow
by the breathing mode phonon, the uniform Holstein co
pling, and lastly the buckling mode phonon which h
ug(p,p)u250. One consequence of the strong peak in thep
mode coupling in the magnetic resonance mode couplin
seen in Fig. 10 for theA cut. Here, the increase of the inte
sity of the spectral weightA(k,v) which occurs whenv
decreases below2@V01E(p,0)# is greatest for the spin
fluctuationp resonance.

In Fig. 14 we show the energy distribution curves for t
four modes for momentumk5(0,p). A(k,v) for all of the
modes shows a strong peak atD0. For thep mode, this is
followed by a dip and then a secondary peak which devel
as v decreases below the Van Hove threshold at2@V0
1E(0,p)#. It is this peak-dip-hump structure, for the case
which the effects of the bilayer splitting can be eliminate
that has been identified as a ‘‘fingerprint’’ of thep
resonance.14,15,32,33Here, we see that indeed this structure
most pronounced for thep mode and smallest for the buck
ling mode. However, this is a quantitative effect rather tha
qualitative one and if the phonon coupling increases at la
momentum transfers, such as in the case of the breat
mode, this feature returns although not as strongly as for
p mode.

FIG. 10. ~Color online! Intensity plots ofA(k,v) for the mo-
mentum cutA for four different couplings corresponding to th
Holstein mode withug(q)u2 constant, the buckling mode Eq.~3!,
breathing mode Eq.~5!, andp-resonance magnetic mode couplin
Eq. ~18!. Here, ugu250.5 andgSF

2 xQ55. The cutoff indicated on
the color scale refers to the actual spectral weight intensity~as
opposed to the relative scale used in the previous intensity plots! so
that one can directly compare the effects of the different couplin
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IV. CONCLUSIONS

It has been suggested,34–36 that the structure in the
ARPES data of BISCO is consistent with the existence of

s.

FIG. 11. ~Color online! Intensity plots ofA(k,v) for the mo-
mentum cutB for the four different couplings.

FIG. 12. ~Color online! Intensity plots ofA(k,v) for the nodal
momentum cutC for the four different couplings.
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Einstein-like mode withV0;40 meV coupled to the elec
trons. Possible candidates for this mode are the magn
resonancep-mode and various O phonon modes. As seen
Eq. ~10!, the coupling strengthlz that determines the renor
malization parameterZ comes from thes wave part of the
effective interaction while the couplinglf that determines
the gap comes from thed wave part. Measurements o
A(k,v) with k along the nodal direction provide informatio
on Z(k,v) sinceD(k,v)50, while A(k,v) measured nea
the antinodal region reflect structure due to bothZ(k,v) and
D(k,v). Thus in principle, ARPES measurements offer t
possibility for exploring both thes- andd-wave dependence
of the interaction. However, from our results, it seems tha

FIG. 13. The momentum dependence of theug(q)u2 coupling vs
q5qx5qy for the four different modes withugu250.5 for the pho-
non modes andgSF

2 xQ55 for thep-mode. Note that this is a slice
of a two-dimensional (qx ,qy) surface and that the volume enclos
by these surfaces is (2p)2ugu2 for each of these couplings.

FIG. 14. Energy distribution curves~EDC! showingA(k,v) vs
v at k5(0,p) for the four different modes. A Lorentzian broade
ing dv50.025 wasused. With a smallerdv a dip atv5V0 also
appears as in Fig. 9.
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will be difficult to determine the origin of the mode base
solely upon the momentum dependence of its coupling. T
is because the forms of the couplings that we have stud
have comparable coupling strengths and the spectral fea
at V01D0 and V01E(0,p) arise generically from an Ein
stein mode coupled to quasiparticles with ad-wave gap and
a band structure Van Hove singularity atk5(0,p).

It would appear that the best place to look for a featu
that could distinguish between, for example, the buckl
phonon mode and thep-resonant mode is near thek
5(0,p) point. Here, the strong coupling of thep mode to
the electrons forq near (p,p) leads to a secondary pea
onsetting at an energyv52@E(0,p)1V0#. For the buck-
ling phonon mode, the coupling atq5(p,p) vanishes and
the response is weaker in the same frequency range. H
ever, this is a quantitative rather than a qualitative effe
Furthermore, the observed peak-dip-hump structure co
also be consistent with a coupling to the oxygen-breath
mode. Recently, it has been suggested that theqz dependence
for a bilayer system may identify the mode as havingqz
5p, which would provide support for thep resonance.37

However, further work on the odd and even bilayer phon
coupling is needed for comparison.

While the coupling to thep-resonance mode along with
higher-energy continuum spin-fluctuation spectrum provid
an attractive unified framework, our results leave open
possibility that an oxygen-phonon mode could also play
role. As we have seen, even with a relatively mod
electron-phonon coupling, one would expect to see evide
of some oxygen-phonon modes. If they are not seen, t
this suggests that the strong Coulomb many-body effects
to suppress the electron-phonon coupling. Alternatively, i
can be shown that thep mode is not viable, oxygen-phono
modes could provide a source for the resonant mode featu
The continuum spin fluctuations would, of course, also c
tribute in this mixed scenario. Here we should note that e
if the mode were identified as the buckling mode, we fi
that its contribution to the magnitude of thedx22y2 gap is
negligible because the increase inZ1 more than offsets the
increase inf1. Similar results forTc were found by Nunner
et al.38 However, if the momentum dependence of t
electron-phonon coupling were such that the effectivelz was
small compared withlf , this would not be true.39

To conclude, we note thatA(k,v) for k along the nodal
direction depends only onZ(k,v) andX(k,v), while if k is
away from the nodal directionf(k,v) enters. Thus, in prin-
ciple, interactions which have significantly differentlz and
lf coupling strengths should give rise to different interacti
induced structures inA(k,v) in the nodal and antinodal re
gions. However, for the couplings we have studied, it see
likely that the identification of the excitation responsible f
the structure in the ARPES data will be decided on grou
other than the momentum dependence of the effective c
pling. Naturally in some cases, the value ofV0 will provide
a clear identification of the mode. In other cases, as no
one may be able to use a symmetry-based argument.

One important aspect that remains under discussion is
strength of the various couplings. As we noted, LD
calculations30,31 find intermediate values for the electron
phonon coupling. However, others have suggested that
electron-phonon coupling is stronger.39,40Likewise, there has
3-9
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been a range of coupling strengths proposed for thep
mode.14,15,40–42Here, there is general agreement regard
the relative sizeI 050.035 of the ratio of the spectral weigh
of the resonance per Cu to the total integrated spec
weight g2S(S11)/351 per Cu in Bi2Sr2CaCu2O81d .43

However, there is disagreement41,42 regarding whether the
electron self-energy is effected by the smallness ofI 0 and on
the size of the coupling (gSF /t)2. Here, by varyingj in Eq.
~18!, we have found that the size ofI 0 directly effects the
magnitude of the self-energy contribution arising from t
interaction of the quasiparticle and the spin fluctuations. T
is in agreement with the comments made in Ref. 41. Ho
ever, we find our estimate of the coupling constant and
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