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High-Tc superconductivity, skyrmions, and the Berry phase

B. Basu,* S. Dhar,† and P. Bandyopadhyay‡

Physics and Applied Mathematics Unit, Indian Statistical Institute, Calcutta 700108, India
~Received 28 May 2003; published 10 March 2004!

It is here pointed out that the antiferromagnetic spin fluctuation may be associated with a gauge field which
gives rise to the antiferromagnetic ground-state chirality. This is associated with the chiral anomaly and Berry
phase when we consider the two-dimensional~2D! spin system on the surface of a 3D sphere with a monopole
at the center. This realizes the resonating valence bond~RVB! state where spinons and holons can be under-
stood as chargeless spins and spinless holes attached with magnetic flux. The attachment of the magnetic flux
to a charge carrier suggests that this may be viewed as a skyrmion. The interaction of a massless fermion
representing a neutral spin with a gauge field along with the interaction of a spinless hole with the gauge field
enhances the antiferromagnetic correlation along with the pseudogap at the underdoped region. As the doping
increases the antiferromagnetic long-range order disappears for the critical doping parameterdsc . In this
framework, the superconducting pairing may be viewed as caused by skyrmion-skyrmion bound states.

DOI: 10.1103/PhysRevB.69.094505 PACS number~s!: 74.20.Mn, 12.39.Dc, 11.15.2q, 03.65.Vf
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I. INTRODUCTION

It is now well known that there exists an interplay b
tween antiferromagnetism andd-wave superconductivity in
cuprate materials. Indeed, on doping with holes, these in
lating compounds develop into superconductors even for
concentration of holes. This implies that the antiferroma
netic spin fluctuation plays a significant role in the develo
ment of high-Tc superconductivity in these materials and t
d-wave superconducting phase is a nearly antiferromagn
Fermi liquid. In this context Monthoux, Balatsky, and Pine1

have considered spin fluctuation driven pairing for the
prates near optimal doping. Rantner and Wen,2 in the frame-
work of U~1! gauge fluctuations, have studied the und
doped cuprates where the spin behavior shows the pec
competition between antiferromagnetic order and singlet
mation as is evidenced by pseudogap observed in NMR
neutron scattering. The spin pseudogap can be well
plained in terms of the RVB state as proposed by Anders3

It is argued that the effect of the preformed spin singl
present in the RVB picture on the doped holes can be
scribed in terms of the fact that the spin of the doped ho
becomes an excitation whereas the charge remains tied t
empty site. This leads to the chargeless spin excitati
~spinons! and spinless charge excitations~holons!. Supercon-
ductivity arises when coherence is established after s
charge recombination.4 However, underdoped cuprates ha
a peculiar property which is apparently very puzzling. As t
doping is lowered both the pseudogap and the antiferrom
netic correlation increases. Naively, it is expected that
larger the pseudogap stronger is the spin singlet forma
and weaker the antiferromagnetic correlation. However
the underdoped region the scenario is different and both
pseudogap and antiferromagnetic correlation increase.

In a study5 of high-Tc cuprates in the underdoped regio
from a gauge theoretical point of view it is shown th
gauge-field fluctuations effectively remove the deficienc
of the mean-field theories in explaining the antiferromagne
correlations as observed in experiments. It has been arg
that gauge theory with an additional coupling to holons he
0163-1829/2004/69~9!/094505~7!/$22.50 69 0945
u-
w
-
-

tic

-

-
iar
r-
nd
x-
.
s
e-
s
the
s

n-

e
g-
e
n
n
e

s
c
ed
s

to enhance the antiferromagnetic correlations.
A model is proposed6,7 for high-Tc superconductors which

includes both the spin fluctuations of the Cu11 magnetic
ions and of the spins of O22 doped holes~spinons!. The
charge of the doped holes~holons! is associated to quantum
skyrmion excitations of the Cu11 background. The quantum
skyrmion effective interaction potential is evaluated as
function of doping and temperature indicating that Coop
pair formation is determined by the competition betwe
these two types of spin fluctuations. The superconduc
transition occurs when the effective potential allows for sk
mion bound states.

In a recent paper4 we have also proposed a mechanism
high-Tc superconductivity from the view point of chirality
and Berry phase. It is observed that the spin pairing a
charge pairing is caused by a gauge force generated
magnetic-flux quanta attached to them. Different phase st
tures associated with high-Tc superconductivity have bee
studied from an analysis of the renormalization group eq
tion involving the Berry phase factorm which corresponds to
the monopole strength associated with the magnetic-
quanta. It is found that there are two crossovers above
superconducting temperatureTc , one corresponding to the
glass phase and the other representing the spin gap p
However, the spin gap temperatureT2* is found to be depen-
dent onTc and T2* /Tc shows a universal behavior with re
spect to the hole dopingd/d0 with d0 being the optimal
doping rate.

In this note we shall study the topological excitations
high-Tc superconductivity in cuprates in this framework a
shall show that the charge carriers appear as skyrmion e
tations of the Cu11 spin background. The enhancement
antiferromagnetic correlations along with pseudogap in
underdoped region is explained. The superconducting pai
caused by spin-charge recombination may be viewed a
consequence of formation of skyrmion-skyrmion bou
state.

In Sec. II we shall discuss spin fluctuation and RV
theory from the view point of chirality and Berry phase.
©2004 The American Physical Society05-1
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Sec. III we shall discuss skyrmion excitations and the
hancement of antiferromagnetic correlation and pseudo
in the underdoped region. In Sec. IV we shall derive
critical doping parameterdsc for the destruction of the Nee
order. In Sec. V we shall discuss superconducting pairing
terms of skyrmions.

II. SPIN FLUCTUATION, RVB STATE, AND BERRY
PHASE

We start with a spin system which is antiferromagnetic
nature. In terms of Schwinger bosons we may write the
calized spinSW j at sitej as

SW j5
1

2
~zj↑

† ,zj↓
† !sW S zj↑

zj↓
D . ~1!

Herezj s
† andzj s represent Schwinger bosons at sitej and

obey boson commutative relations@zis ,zj s8
†

#5d i j dss8 and

@zis ,zj s8#5@zis
† ,zj s8

†
#50. We have also the constrain

(szj s
† zj s51 for S51/2. The Hamiltonian for the localized

spin system is given by

H52
1

2
uJu(

i , j
Fi j

† Fi j , ~2!

whereuJu.0 andFi j 5(szis
† zj s .

If a hole is doped in this spin system an apprecia
amount of spin fluctuations may arise which may be rep
sented byQi j where^Qi j &5(sziszj s . We may note that the
spin fluctuationQi j consists of the phase fluctuation and t
amplitude fluctuation. However, as the latter is effectively
high-energy mode, so we may concentrate on the phase
tuation which is connected with the local gauge transform
tion of z̄j s andzj s at each site given by

zj s→zj sexp~2 iu j !. ~3!

This suggests that the transformation in the phase ofQi j
can be described by a gauge fieldAi j .

To visualize the spin fluctuation in a two-dimension
~2D! antiferromagnetic system we consider the Heisenb
model with nearest-neighbor interaction represented by
Hamiltonian

H5J( ~Si
xSj

x1Si
ySj

y1Si
zSj

z!, ~4!

where Si is a spin operator of an electron at sitei and J
.0. The ground state of antiferromagnetic system in t
dimensions on a lattice which allows frustration is charac
ized by the chirality operator8

W~C!5Tr )
i PC

S 1

2
1sW •SW i D , ~5!

wheres are Pauli matrices andC is a lattice contour. The
topological order parameterW(C) acquires the form of a
lattice Wilson loop
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W~C!5eif(c), ~6!

which may be associated with the flux represented by
gauge fieldAi j . Indeed, we may represent the chirality o
erator in terms ofAi j so that

W~C!5)
C

eiAi j , ~7!

where Ai j represents a magnetic flux which penetra
through a surface enclosed by the contourC. We may asso-
ciate thisAi j with the phase fluctuation associated with t
spin fluctuation caused by the doped hole when we h
doping induced frustration in the system. AsAi j represents
the Berry phase related to chiral anomaly when we desc
the system in three dimensions we may write4

W~C!5ei2pm, ~8!

wherem represents the monopole strength (\5c5e51). In
view of this when a two-dimensional frustrated spin syst
on a lattice is taken to reside on the surface of a thr
dimensional sphere of a large radius in a radial magn
field, we can associate the chirality with the Berry pha
Eventually this will give rise to RVB state.9

It may be remarked here that when a chiral current int
acts with a gauge field, we have the anomaly which is rela
to the Berry phase through the relation10

q52m52
1

2E ]mJm
5 d4x5

1

16p2
Tr E*

FmnFmnd4x, ~9!

where Jm
5 is the axial-vector currentc̄gmg5c, Fmn is the

field strength, and* Fmn is the Hodge dual. Evidentlyq
52m represents the Pontryagin index.

To study the spin system leading to a RVB state we c
sider a generalized nearly antiferromagnetic spin model w
nearest-neighbor interaction as

H5J( ~Si
xSj

x1Si
ySj

y1DSi
zSj

z!, ~10!

whereJ.0 and the anisotropy parameterD5(2m11/2).11

The Berry phase factorm can take the valuesm50,61/2,
61,63/2 . . . . It isnoted thatD51 corresponds tom51/2
and represents the isotropic Hamiltonian which is SU~2! in-
variant. ForD→`, it corresponds to an Ising system. Whe
D50(m521/2) we have theXX model. For a frustrated
spin system, this corresponds to the singlets of spin p
which eventually represents the RVB state giving rise to
nondegenerate quantum liquid.

In a recent paper4 we have studied the different phas
associated with superconductivity in cuprates through
renormalization group analysis involving the factorm. It is
noted thatm takes the usual discrete values of 0,6 1

2 ,61,
6 3

2 . . . at fixed points of the renormalization group~RG!
flows wherem is stationary and represents the Berry pha
factor m* of the theory. In terms of energy scale, it is foun
that as energy increases~decreases! m also increases~de-
creases!. So to study a critical phenomenon, we can assoc
5-2
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a critical temperature with a standard discrete value om
corresponding to the Berry phase factorm* which represents
a fixed point of the RG flows. To study the crossover, it
noted that for 0<uDu,1 there are three critical values co
responding tom50, m52 1

2 , andm521 which represent
the fixed points of the RG flow. We associate three criti
temperaturesT1* , T2* , and Tc with fixed values ofm50,
m521/2, and m521, respectively. However, in a frus
trated spin system, the chirality demands thatm should be
nonzero. So the critical valuem50 is not achieved and a
such there will be random coupling around the valuem
50. This will then represent the cluster glass phase at
critical temperatureT1* . In this situation, after doping, hole
will form a glass of stripes. The next crossover will be
m52 1

2 corresponding to the pseudogap~spin gap! phase. As
m52 1

2 corresponds toD50, the spin chain will represen
the system of spin singlets leading to RVB phase. The s
charge separation here describes the spin gap~pseudogap!
phase. Finally, we arrive at the superconducting transi
temperatureTc at m521 corresponding toD521/2. At
this point, the Ising part coupling constant is (21/2)J with
a sign change which represents an attractive force cau
the superconducting pair formation.

The concentration of doped holes may be parametrized
a length scaleL. In view of this, we may considerm as a
function of d at a fixed temperature. The doped holes w
suppress theU(1) gauge fluctuation describing the antife
romagnetic spin fluctuation. At zero doping, we have
Heisenberg antiferromagnet. The Neel temperatureTN is re-
duced upon doping and at a critical dopingTN(dc)50. As
the doping is increased, the magnetic long range orde
destroyed. However, as the doping is lowered both
pseudogap and the antiferromagnetic correlation is increa
This aspect will be discussed in the following section.

III. SKYRMIONS, ANTIFERROMAGNETIC
CORRELATION, AND PSEUDOGAP

To study the spinon and holon excitations in o
model4,12,13 let us consider a single spin down electron a
site j surrounded by an otherwise featureless spin liquid r
resenting a RVB state. Due to the chirality caused by
gauge fluctuation we may consider the system such th
monopole represented bym521/2 is in the background
leading to RVB ground state. As a result, the single spin w
be characterized byumu51 formed by the single spin stat
characterized bym521/2 coupled with the orbital spinm
521/2 caused by the monopole in the background. T
neutral spin attached with magnetic-flux quanta given
umu51 will appear as an excitation and represent the spin
Now when a doped hole interacts with this spinon, it w
give rise to a spinless charged excitation called holon. T
holons may also be represented byumu51 characterized by a
flux f05hc/2e. The residual spinon will then correspond
me f f50 which is realized when the unit of magnetic flu
characterized bym521/2 associated with the single dow
spin in the RVB liquid forms a pair with another up sp
having m511/2 associated with the hole. Again the holo
having ume f fu51 will also eventually form a pair each cha
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acterized byumu51/2. Indeed for any integerm the Berry
phase may be removed to the dynamical phase and the
metric phase is realized when a pair is formed.14 Thus the
spinon and holon may be viewed as if a neutral spin as w
as a charged spinless hole is attached with a magnetic
quantum characterized byumu51/2 and these appear in
pair.

Now it is noted that when a spinless hole is dressed w
a magnetic-flux quantum given byumu51/2, this will repre-
sent a skyrmion. Indeed, the magnetic-flux quantum has
origin in the background chirality which is associated w
the chiral anomaly and Berry phase. Indeed, from Eq.~9!, we
note that the Berry phase factorm is associated with
* FmnFmn and we can write

q52m

52
1

16p2E Tr* FmnFmnd4x

5E d4x]mVm , ~11!

where

Vm52
1

16p2
emnabTr~AnFab1 2

3 AnAaAb! ~12!

is the Chern-Simons secondary characteristic class. In
we haveFab50 we can write

Am5g21]mg, gPSU~2! ~13!

andVm will represent a topological currentJm given by

Jm5
1

24p2
emnabTr~g21]ng!~g21]ag!~g21]bg!. ~14!

This may be written in terms of chiral fieldspa(a
50,1,2,3) as

Jm5
1

12p2
emnabeabcdpa]npb]apc]bpd . ~15!

Now representing a hole by a Dirac fermion fieldc we
may consider the doped hole coupling with the magnetic fl
associated with the chirality in terms of the interaction giv
by the Lagrangian

L5c̄@ iD̂ 1 im~p01 ig5pW tW !#c, ~16!

where D̂5gm(]m2 iAm) following the constraintp0
21pW 2

51.
The Dirac fermion may be viewed as if it has flavorN so

that for polarized and unpolarized state we haveN51 and 2,
respectively. Now integrating for fermions, we can write t
action
5-3
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W52 ln E exp~2Ld4x!DcDc̄

52N lnDet~ iD̂ 1 imgg5!

5 iNE d4xAmJm1 ipNH31NM2

3E d4xTr~]mg21]mg!. ~17!

Here gg55(11g5/2)g1(12g5/2)g21. M is a coupling
constant having dimension of mass.H3 is a topological in-
variant of the map of the space time into the target spaceS3.
There are only two homotopy classesp4(S3)5Z2, so that
H350 or 1. In fact the termipH3 is the geometric phas
and represents theu term. Thus we see that the charge c
riers dressed with magnetic flux can be represented b
nonlinears model and may be treated as skyrmions.

To study the underdoped region of cuprates in this fram
work, we note that spinon-holon interaction through t
gauge force effectively leads to a spin pair characterized
me f f50 where the isolated down spin in the backgrou
with m521/2 forms the pair with the up spin of the ho
with m511/2. Indeed this may be taken to represent a
spinon-antispinon bound state. This essentially correspo
to the SF flux phase as suggested by Rantner and W2

Indeed we can visualize a spin as a massless fermion and
picture of spinon-holon interaction may correspond to
massless fermion coupled to U~1! gauge field along with the
holons coupled with the gauge field. The pair formed
massless fermions~spins! dressed with magnetic flux may b
viewed as a spinon-antispinon bound state. This spin
antispinon bound state present in the nearly antiferrom
netic chain will enhance the antiferromagnetic correlation
the system. The simultaneous presence of spin singlet
will lead to the pseudogap~spin gap!. Thus in the under-
doped region we will have the enhancement of the antife
magnetic correlation along with the pseudogap. As m
tioned earlier, as doping increases, the antiferromagn
long-range order is destroyed.

IV. SKYRMIONS, CRITICAL DOPING, AND THE
DESTRUCTION OF THE ANTIFERROMAGNETIC ORDER

In the present framework, superconductivity arises w
the charge spin recombination when a phase coherenc
established. Indeed, prior to spin-charge recombination
spinless holon may be viewed as if a spinless hole is mov
in the background of a monopole. This eventually causes
hole pair formation each having a magnetic-flux quant
characterized byumu51/2. When the spin-charge recombin
tion occurs a spin pair each having unit magnetic flux int
act with each other through a gauge force and a phase co
ence is established. As we have pointed out in the ea
section that the charge carrier attached with a magnetic
corresponds to a skyrmion, we may view the supercond
ing pair as a skyrmion-skyrmion bound state. Indeed,
skyrmion excitation is created at each position of the carr
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and plays a role of magnetic field for the carriers. Because
the magnetic field around a carrier, the Lorentz force acts
another carrier. Due to this Lorentz force an attractive int
action is induced between carriers and leads to Cooper
formation.

It is noted that the mechanism suggests ad-wave pairing.
As already pointed out by Kotliar and Liu15 in the RVB
theory spinons form thed-wave pairing. Now in the super
conducting pair, the spin-charge recombination occurr
through spinon-holon interaction along with the phase coh
ence suggests the charge carriers also haved-wave pairing.
Indeed, the fact that superconductivity occurs in the vicin
of antiferromagnetic long-range order, the Cooper pair id
wave.

It is known that skyrmion topological defects which a
introduced by doping are responsible for the destruction
the antiferromagnetic order and their energy may be use
an order parameter.6,7 Indeed, in two spatial dimensions th
nonlinear sigma fieldna may be expressed in theCP1

language in terms of a doublet of complex scalar fie
zi , i 51,2 with the componentzi

†zi51 as

na5zi
†s i j

a zj , ~18!

wheresa are Pauli matrices. In this language the continuo
field theory corresponding to the Heisenberg antiferromag
is described by the Lagrangian density in 211 dimensions

Lns5~Dmzi !
†~Dmzi !, ~19!

whereDm5]m1 iAm andAm5 izi
†]mzi . This possesses soli

tonic solutions called skyrmions and charge is defined as

Q5E d3xJ0, ~20!

whereJ0 is the zeroth component of the topological curre
Jm5(1/2p)emab]aAb . It is noted thatQ is nothing but the
magnetic flux of the fieldAm indicating that skyrmions are
vortices and represent defects in the ordered Neel state.

Now the following Lagrangian density may be propos
for describing the dopants and their interaction with t
background lattice in 211 dimensions with the topologica
u-term

Lz,c5~Dmzi !
†~Dmzi !1 i c̄a]mgmca2m* vFc̄aca

2c̄a]mcaAm1LH , ~21!

where the hole dopants are represented by a two-compo
Dirac field ca ,m* and vF are, respectively, the effectiv
mass and Fermi velocity of dopants. HereLH is the Hopf
term given by

LH5
u

2
emabAm]aAb . ~22!

It should be mentioned here that long ago it was shown th16

antiferromagnetic spin correlation do not produce a Ho
term on a 2D square lattice. In fact, these authors h
pointed out that the presence of the nontrivial Hopf term m
5-4
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come from something else other than the spin itself. In t
case, the Hopf term arises from the doped holes which
be revealed later.

It is noted that the dopant dispersion relation is given

e~k!5Ak2vF
21~m* vF

2 !2, ~23!

which is valid for YBCO(YBa2Cu3O61d) where the Fermi
surface has an almost circular shape which is centeredk
50. For LSCO (La22dSrdCuO4) the Fermi surface is
different7 which corresponds to a dispersion relation of t
form

e~k!5AF S kx6
p

2 D 2

1S ky6
p

2 D 2GvF
21~m* vF

2 !2. ~24!

Now following Marino7 the doping parameterd is intro-
duced by means of a constraint in the fermion integrat
measure

D@c̄a,ca#5Dc̄aDcad~c̄agmca2Dm!, ~25!

whereDm54d*x,L
` djmd3(z2j) for a dopant at the position

x and varying along the lineL. Here the factor 4 correspond
to the degeneracy of the representation (4-component! for
the Fermi fields. This yields the partition function

Z5E D~z0̄,z,A,c̄,c!d~ z̄z21!d~c̄gmc2Dm!

3expH E
0

`

d3xF2rs~Dmzi
†Dmzi !

1c̄S i ]mgm2
m* vF

\
2gmAmDc1LHG J , ~26!

wherers is the spin stiffness andLH is the Hopf term.
Upon integration over the fieldsz, z̄, c̄, c the resulting

equation of motion for the zeroth componentA0 yields the
result

ue i j ] iAj54dd2@z2x~ t !#, ~27!

where x(t) is the dopant position at a timet. If B is the
magnetic fluxor vorticity of Am then this equation become

uB54dd2@z2x~ t !# ~28!

For the skyrmionB5d2@z2x(t)# indicates that the skyr
mion topological defect configuration coincides with t
dopant position at any time and6

pu52d. ~29!

When we translate this result in the 311 dimensional
formalism where the 2D spin system is considered to res
on the surface of a 3D sphere with a monopole at the cen
we note that in the Lagrangian~21!, apart fromm being a
four-dimensional index, we have to replace the Hopf term
the topological Pontryagin term given by
09450
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P52
1

16p2
* FmnFmn , ~30!

where

* Fmn5 1
2 emnabFab . ~31!

It is noted that in the partition function~26! when*LHd3x
is replaced by*Pd4x, the latter integral just represents th
Pontryagin indexq related to the monopole strengthm
through the relationq52m as given by Eq.~11!.

From dimensional hierarchy, the relation between top
logical terms suggests that in 311 dimensions, whenLH is
replaced byLP , the coefficientu is related tom. Indeed
replacingLH by the Chern-Simons Lagrangian

Lcs5
k

4p
emabAm]aAb , ~32!

we note that the current is given by

Jm5
k

2p
emab]aAb ~33!

and the zeroth component corresponds to

J05k
B

2p
. ~34!

So from the relations~22!, ~32!, and~29! we find

pu5
k

2
52d. ~35!

It is noted that if we taked50 which represents the pur
undoped quantum antiferromagnet we do not have the H
term which is consistent with the observation of Fradkin a
Stone.16

It has been shown in Ref. 11 that the Chern-Simons co
ficient k is related to the monopole strengthm in 311 di-
mensions by the relationk52m. This impliesm52d. As in
the previous section we have noted that each charge ca
in the superconducting pair is associated with the skyrm
topological defect which is caused by the magnetic-fl
quantum havingumu51/2, superconductivity occurs atT
50 for the critical doping parameterdsc given by umu51/2
52dsc yielding dsc50.25 for YBCO. When the doping pa
rameterd is connected with the oxygen stoichiometry p
rameterx we have the relationd5x20.18 so that we have
xsc50.43, which is in good agreement with the experimen
valuexsc50.4160.02.17,7 For LSCO, the Fermi surface ha
four branches and this yieldsdsc5xsc50.06 which is to be
compared with the experimental resultxsc50.02.18 It is
noted thatdsc is a universal constant depending only on t
nature of the Fermi surface.

We have pointed out earlier that in 311 dimensions chi-
ral anomaly leads to the realization of fermions represen
by doped holes interacting with chiral boson fieldsp i , with
the constraintp0

21pW 251. The mapping of the space-tim
manifold on the target space leads to the homotopyp4(S3)
5-5
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5Z2 which takes the values 0 or 1 and leads to theu term
representing the geometric phase. The third term in Eq.~17!
gives rise to the solitonic solution such that the charge car
appears as a skyrmion. However in 311 dimensions, the
stability of the soliton is not generated by this term alone
rescaling of the scale variablex→lx may lead to shrinking
it to zero size. However, in the present framework, the
tachment of magnetic field with the charge carrier will pr
vent it from shrinking it to zero size.

Indeed this gives rise to a gauge theoretic extension of
extended body so that the position variable may be written

Qm5qm1 iAm , ~36!

whereqm is the mean position. Asm521/2 and11/2 cor-
responds to vortices in the opposite direction we may c
sider Am as SU~2! gauge field when the field strength
given by

Fmn5]mAn2]nAm1@Am ,An#, ~37!

whereAm is a SU~2! gauge field. WhenFmn is taken to be
vanishing at all points on the boundaryS3 of a certain vol-
ume V4 inside whichFmnÞ0, in the limiting case towards
the boundary, we can take

Am5g21]mg, gPSU~2!. ~38!

This helps us to write the action incorporating theu term
as

S5
M2

16E Tr~]mg21]mg!d4x1
1

32h2

3E Tr@]mgg21,]ngg21#2d4x1
ip

24p2

3E
S3

dSmemnlsTr@~g21]ng!~g21]lg!~g21]sg!#,

~39!

whereM is a constant having the dimension of mass andh is
a dimensionless coupling constant. Here the first term is
lated to the gauge noninvariant termM2AmAm, the second
term ~Skyrme term! is the stability term which arises from
the termFmnFmn, and the third term is theu term given by
* FmnFmn which is related to the chiral anomaly and Ber
phase.

Marino and Neto7 have pointed out that at the critica
dopingdsc , the energy of the skyrmion vanishes. When
compute the energy of the skyrmion from the action~39!, we
find the expression for the minimum energy19 as

Emin5
12p2M

h
~40!
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and the size forEmin as

R05
1

2Mh
. ~41!

Taking M and h as a function ofd, we note that for the
vanishing energy we haveM (dsc)50 which corresponds to
the fact that the spin stiffness vanishes. From the relation
R0, it is evident that the skyrmion size is infinite. Howeve
we can have the vanishing energy for finite nonzeroM (d)
when h is infinite. This suggests that at this pointR050.
This implies that for finiteM, the vanishing energy sugges
that the skyrmion shrinks to the zero size. So apart fr
energy, we can take the size of the skyrmion also as an o
parameter.

V. DISCUSSION

It has been pointed out here that the antiferromagn
spin fluctuation gives rise to a gauge field which determin
the antiferromagnetic ground-state chirality. This is related
the Berry phase and helps us to realize the RVB state wh
spinons and holons can be understood as chargeless
and spinless holes attached with magnetic flux. The atta
ment of the magnetic flux of the charge carrier suggests
this may be viewed as a skyrmion. The interaction of a ma
less fermion representing a neutral spin with a gauge fi
along with the interaction of a spinless hole with the gau
field enhances the antiferromagnetic correlation along w
the pseudogap at the underdoped region. The supercon
ing pairing may be viewed as caused by skyrmion-skyrm
bound states. This effectively leads to topological superc
ductivity. It is also shown that the destruction of antiferr
magnetic order is at the critical doping parameterdsc which
is a universal constant depending on the nature of the Fe
surface.

Abanov and Wiegman20,21have pointed out that topologi
cal superconductivity in 311 dimensions and 211 dimen-
sions has its roots in the 1D Peierls-Fro¨hlich model which
suggests that the 2p phase solitons of the Fro¨hlich model22

are charged and move freely through the system making i
ideal conductor. In spatial dimension greater than one
corresponds to superconductivity when the solitonic feat
of a charge carrier is attributed to the attachment of a m
netic flux to it. It may be remarked here that in 111 dimen-
sions we will have a nonlinear sigma model with the We
Zumino term when the target space isS3 which is theO ~4!
nonlinear sigma model. In the Euclidean framework, ho
ever, this geometrically corresponds to the attachment o
vortex line to the two-dimensional sheet which is topolo
cally equivalent to the attachment of a magnetic flux.23 This
suggests that the topological feature of ideal conductiv
visualized by Fro¨hlich in 111 dimensions and that of supe
conductivity in 211 and 311 dimensions have a commo
origin.
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22G. Fröhlich, Proc. R. Soc. London, Ser. A223, 296 ~1954!.
23A. Roy and P. Bandyopadhyay, J. Math. Phys.33, 1178~1992!.
5-7


