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Planar Cu and O hole densities in high-Tc cuprates determined with NMR
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The electric hyperfine interaction observable in atomic spectroscopy for O and Cu ions in various configu-
rations is used to analyze the quadrupole splitting of O and Cu nuclear magnetic resonance~NMR! in
La22xSrxCuO4 and YBa2Cu3O61y and to determine the hole densities at both sites as a function of doping. It
is found that in La22xSrxCuO4 all doped holes~x! reside in the Cu-O plane, but almost exclusively at O. For
YBa2Cu3O61y and y,0.6 doped holes are found at planar Cu as well as O. Fory.0.6 further doping
increases the hole content only for planar O. The phase diagram based on NMR data is presented. Further
implications from the CuA and B sites in La22xSrxCuO4 and the two planar O sites in YBa2Cu3O61y and
consequences for the phase diagram are discussed.
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I. INTRODUCTION

The cuprate parent compounds are Mott insulators.
Cu atoms, electronically close to a 3d9 configuration, form a
planar square lattice with O atoms in a configuration close
2p6 between them. The Cu spins order antiferromagnetic
throughout the whole material. Upon doping with holes
electrons—e.g., by replacing some of the out-of-plane ato
with atoms that prefer different oxidation states—long-ran
antiferromagnetism is destroyed and the materials bec
conductors and even superconductors at lower temperat
For example, in La22xSrxCuO4, La31 is exchanged with
Sr21 and the common wisdom is that this increases the c
centration of holes in the Cu-O plane. However, it is n
quite clear whether all holes indeed reside in the plane
how they are shared between Cu and O. The situation w
the in-plane hole concentration and distribution in other
perconducting cuprates is even less clear. Indirect chem
methods like solid solutions,1 semiempirical bond valenc
sums determined from structural bond lengths,2–4 or methods
based on the Fermi surface topology5 are used to determin
the hole concentration. Often, the phase diagrams are
drawn by assuming a uniqueTc dependence on some co
trollable parameter that is believed to be a simple function
the hole concentration in the plane. To the best of our kno
edge there are no direct physical measurements that ca
tablish a phase diagram in terms of the hole concentratio
the Cu-O plane.

A local probe like NMR that can distinguish between t
various atoms in the unit cell should be able to address
lated questions. In fact, there have been various attemp
interpret the NMR data, the nuclear quadruole interaction
planar Cu and O, in terms of the local hole densities~see,
e.g., Ref. 6 and references cited in it!. This is indeed a sen
sible approach since the electric field gradient~EFG! at a
nuclear site is very sensitive to changes in the local cha
distribution. And it is known that the planar Cu and O EFG
show a pronounced doping dependence, e.g., contrary to
0163-1829/2004/69~9!/094504~9!/$22.50 69 0945
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of the apical O. On the experimental side these analyses
data available until 1995 and on the theoretical side th
relied on atomic and cluster calculations to relate the h
concentration to the EFG tensors for Cu and O.

In the present work we perform a somewhat differe
analysis. First, we practically do not rely on calculations th
relate the hole concentrations to the EFG components.
use data from the electric hyperfine splitting for the isola
ions. Second, we use experimental data for the parent c
pounds of La22xSrxCuO4 and YBa2Cu3O61y . Altogether,
this allows us to reduce the theoretical uncertainty subs
tially and to perform an almost model-independent analy
Due to the lack of data, a complete analysis could not
performed for other materials.

The main results of the analysis—the hole densities
planar Cu and O in La22xSrxCuO4 and YBa2Cu3O61y , are
summarized in Table I under Results. We then proceed w
the data analysis where we explain how the hole doping
fects the occupation of the Cu and O orbitals. It follows
more general material-specific discussion. In the Appen
we calculate how the occupation of certain atomic orbit
leads to the NMR quadrupole splitting. In particular, w
show how the electric hyperfine splitting observable
atomic spectroscopy can be used to remove the ambiguit
determining the radial charge distribution.

II. RESULTS

Let us introduce in Table I the outcome of the analysis
La22xSrxCuO4 and YBa2Cu3O61y . Next to the first column
with the chemical composition we show the superconduct
transition temperatureTc ; in columns 3–5, three quadrupol
frequencies are given. All these data are from the literat
and a more complete account with references can be foun
Table II. Since the Cu EFG~electric field gradient at the Cu
nucleus! is almost axially symmetric, there is only one valu
to quote, 63nCu,c , the nuclear quadrupole resonance~NQR!
frequency or the NMR splitting with the magnetic field in th
©2004 The American Physical Society04-1
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TABLE I. See text for explanation.a

Compound
Tc

~K!

63nCu,c

~MHz!

17nO,c

~MHz!

17nO,b

~MHz! nd npc npb d Pd Pp

La22xSrxCuO4

x50.0 0 33.2 0.147 0.574 0.780 0.110 0.110 0 0
x50.075 22 34.2 0.18 0.6 0.784 0.137 0.117 0.058 0.07 0
x50.10 28 34.6 0.195 0.785 0.149 0.084 0.06 0.
x50.15 37 35.8 0.215 0.69 0.794 0.166 0.153 0.125 0.11 0
x50.20 30 36.6 0.245 0.797 0.190 0.177 0.09 0.
x50.24 18 37.4 0.28 0.81 0.798 0.219 0.202 0.236 0.08 0

YBa2Cu3O61y

y50 0 23.8 0.31 0.795 0.780 0.110 0.110 0 0 0
y50.60 60 28.9 0.341 0.889 0.828 0.135 0.148 0.099 0.49 0
y50.63 62 28.9 0.347 0.905 0.827 0.140 0.155 0.107 0.44 0
y50.68 84 31.5 0.353 0.913 0.853 0.145 0.158 0.143 0.51 0
y50.96 92 31.5 0.362 0.954 0.851 0.152 0.175 0.156 0.46 0
y51.00 93 31.5 0.378 0.986 0.848 0.165 0.188 0.179 0.38 0

YBa2Cu4O8
a 81 29.72 0.361 0.926 0.833 0.152 0.163 0.136 0.39 0

aThe EFG’s for YBa2Cu3O6.0 were used for background subtraction.
th
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crystalc direction ~see the Appendix!.
For planar O there is a substantial asymmetry to

~traceless! EFG tensor and we show two splittings:17nO,c ,
is the value observed with the magnetic field in the direct
of the crystalc axis ~this component is easily measured wi
aligned powder and therefore reliable and most often
ported!; 17nO,b , is the value observed with the magnetic fie
along the Cu-O bond~it can also be determined, less reliab
from the structure of powder spectra!. Since the quoted
NMR studies do not measure the sign of the quadrup
09450
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interaction, we resort to positive numbers in Table I.
The remaining columns 6–11 show data from our ana

sis: nd is the concentration of Cu holes withd(x22y2)
symmetry,np,c , np,b those of oxygen holes in theps orbital
as derived fromnO,c andnO,b , respectively. For the calcula
tion of the remaining quantities we setnp[np,c . Then d
5nd12np21 @cf. Eq. ~7!# is the doping per CuO2 retrieved
from nd andnp . HerePd andPp are the probabilities for the
doped hole to reside on Cu and O, respectively; see Eq.~8!.
Our results for the total hole concentrationd are reasonably
TABLE II. List of experimental data with references.

Compound Tc ~K! 63nCu,c ~MHz! 17nO,c ~MHz!

17nO,b

~MHz!

17nO,a

~MHz!

La2CuO4 0 33.2a 20.147b 0.574 20.427
La1.925Sr0.075CuO4 22 34.2c 20.18c 0.60 20.42
La1.90Sr0.10CuO4 35 34.6d 20.195d

La1.85Sr0.15CuO4 38 35.8c 20.215d 0.69
La1.80Sr0.20CuO4 36 36.6d 20.245d

La1.70Sr0.24CuO4 18 37.4c 20.28c 0.81 20.53
YBa2Cu3O6 0 23.8e 20.31f 0.795 20.485

YBa2Cu3O6.60 60 28.9g 20.341g 0.889 20.544
YBa2Cu3O6.63 62 28.9h 20.347h 0.905 20.557
YBa2Cu3O6.8 84 31.5g 20.353g 0.913 20.559
YBa2Cu3O6.96 92 31.5g,i 20.362g 0.954 20.584
YBa2Cu3O7 93 31.5d 20.387,20.369j 0.986, 0.966 20.598
YBa2Cu4O8 81 29.72k 20.365,20.357l 0.927, 0.925 20.562,20.568

aReference 34.
bReference 14.
cReference 35.
dReference 25.
eReferences 13, 36, and 37.
fReference 38.

gReference 39.
hReference 40.
iReference 41.
jReferences 22 and 42.
kReference 43.
lReference 23.
4-2
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consistent with previous chemical analyses.1–4

For La22xSrxCuO4 the Cu data refer to the so-calledA
line. For YBa2Cu3O61y there can be two oxygen lines; th
mean splitting has been used. For more details see Sec
below.

III. DATA ANALYSIS

We will discuss the determination of the local hole co
centration for planar oxygen, first. Consider an isolated O22

ion. It has the electronic configuration 1s22s22p6. This is a
spherically symmetric closed-shell configuration and the
fore the EFG at the nucleus vanishes. If one places the io
a lattice, the following effects contribute to the EFG:~a!
There is a virtual or real hopping of a 2p oxygen electron to
other ions. With some probability this creates a 2p hole
(1s22s22p5 configuration! that gives a substantial contribu
tion to the EFG.~b! There is a virtual hopping of electron
from neighboring ions to unoccupied oxygen orbitals—e
to the 3p orbital. With some probability this creates the co
figuration 1s22s22p63p1 which contributes to the EFG.~c!
The electric field of distant ions has a nonzero gradient at
oxygen nucleus and hence contributes.~d! The electric field
of distant ions deforms closed shells and this also create
EFG at the oxygen nucleus.

Since a 2p contribution wins over that of 3p ~due to the
larger principal quantum number and a smaller population
3p), the above-mentioned process~a! is clearly dominating.
It gives the largest contribution and it is directly proportion
to the hole concentration in the 2p orbit. All other mecha-
nisms are expected to give smaller contributions and
practically be independent of doping. In addition, t
doping-dependent process should be axially symmetric.
assume that hole doping changes the occupation ofps oxy-
gen orbital only@all evidence supports this assumption;
addition, our analysis finally shows~see below! that this is
indeed the case#. Then we expect that the following relatio
holds:

nO,a5qpa•np1CO,a , ~1!

wherea denotes a particular direction of the magnetic fie
with respect to the Cu-O plane, the concentration of hole
the 2ps orbital of oxygen isnp , and the constantqp,a is
related to the process~a! while CO,a is due to processe
~b!–~d!. More precisely, we have to say that some contrib
tion to CO,a comes from the first mechanism~a!, as well. For
example, the oxygen 2p electron can virtually hop to 2pp

orbitals, creating holes that contribute to the EFG. This
sults in some contribution that is independent of doping a
therefore we absorb it intoCO,a . The constantsqp,a in Eq.
~1! have been calculated in the Appendix@Eqs. ~A31!# and
we can write for the oxygen quadrupole splittings with t
external field in the crystalc direction, nO,c , and with the
field along the Cu-O bond,nO,b ,

nO,c5qO,cnp1CO,c51.226 MHz3np1CO,c ,

nO,b5qO,bnp1CO,b52.453 MHz3np1CO,b . ~2!
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In the parent compound the Cu hole will jump to the oxyg
sites due to the strong covalency of the charge-transfer in
lator. The related probability amplitudea depends on the
oxygen-copper hopping matrix elementtpd and on the
charge-transfer gapD. Values for these parameters are w
established and are approximately given bytpd51.3 eV, D
53.6 eV to tpd51.6 eV, D55 eV: see Refs. 7–10. Th
value for the probability amplitude is10

a'2
1

2&
A12

1

A1112~ tpd /D!2
'20.20. ~3!

This number is closely related to the superexchange me
nism and thus to the value of the effective Heisenberg sp
spin exchange constantJ. So a value ofa'20.20 should
practically be the same for all cuprates. Therefore, for
undoped compounds the hole concentration in the 2ps or-
bital of oxygen is equal tonp'2a2'0.08. This estimate is
consistent with a more detailed numerical study11 of the
Cu-O three-band model,12 which yieldsnp'0.11, the value
we shall use in this study. Inserting this value in Eqs.~A31!
gives an oxygen splitting of 0.135 and 0.27 MHz fornO,c
andnO,b , respectively. Using these values together with E
~2! and the oxygen data for the parent compounds given
Table I, one finds

La2CuO4: CO,c50.012 MHz, CO,b50.314 MHz,

YBa2Cu3O6.0: CO,c50.175 MHz, CO,b50.525 MHz.
~4!

One could try to calculate the constantsCO,a that are aniso-
tropic and vary between La22xSrxCuO4 and YBa2Cu3O61y .
However, such calculations require many theoretical assu
tions and hence we do not want to rely on them. With t
constantsCO,a determined, we can now calculate the ho
contentnp as a function of doping from the data in Table
using Eqs.~2!. We stress that the analysis based on data
the c direction is completely independent of the analy
based on data in theb direction. The values ofnpc andnpb
obtained from 17nO,c and 17nO,b agree very well and this
confirms the present analysis. To be specific, below we
setnp5npc because data fornpc are more complete.

For the planar Cu the following effects contribute to t
EFG at the nucleus: ~a! There is a substantial concentratio
of 3d(x22y2) holes on the copper ion. This is the mo
important contribution to the field gradient and it is direct
proportional to the hole concentrationnd in this orbit. ~b!
There is a virtual hopping of electrons from neighbori
oxygen ions to unoccupied 4p orbitals of Cu.~c! The electric
field of distant ions has a nonzero gradient at the Cu nucle
~d! Electric fields of distant ions deform shells of the Cu io
As the doping-independent apical oxygen splitting in bo
materials shows, there is no reason to assume that the
doping affects the Cu 3d(z22r 2) orbital.

Processes~a! and ~b! have been analyzed in previou
work:10 here, we follow this analysis. Similar to oxygen, th
contribution of process~a! depends on doping. The highe
4-3
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orbital momentum ofd as compared top electrons makes
contribution~b! important despite the larger principal qua
tum number of the 4p state.

With the magnetic field perpendicular to the plane t
quadrupole splitting due to the 3d(x22y2) hole is given by
Eq. ~A32!. The oxygen 2p electrons also contribute to the C
EFG. In the vicinity of Cu, the oxygen 2ps wave function
can be expanded in the basis of the Cu orbitals:u2ps&
→bu4p&. The expansion coefficientb has been calculate
previously,10 b2'0.40. Every electron on the Cu 4p orbital
gives a contribution to the EFG according to Eq.~A33!.
There are (824np) electrons on the four nearest oxyge
atoms and each of them penetrates to the 4p orbital with
probability b2. This completes the expression for the qu
druole frequency for Cu,

nCu,c594.3 MHz3nd214.2 MHz3b2~824np!1CCu,c ,
~5!

where the last termCCu,c is due to mechanisms~c! and ~d!
and can be different for La22xSrxCuO4 and YBa2Cu3O61y .
Thus far, we have determined the first two terms of Eq.~5!.
The first term in this equation is very reliable. It is bas
completely on experimental data. The second term depe
on b2'0.40, which is a theoretical quantity. However, t
calculation is simple and we believe that the second term
also reliable. Moreover, in principle one does not need
rely on a calculation ofb2. It can be determined from th
NMR data of the parent material: since the coefficie
CCu,c in Eq. ~5! turn out to be much smaller than the oth
terms@cf. Eqs.~6!#, they can be neglected in a first approx
mation. Then by applying Eq.~5! to the parent material on
immediately finds thatb2'0.4. The first two terms in Eq.~5!
should be the same for all cuprates. The last termCCu,c , as
mentioned earlier, depends on the details of the lattice st
ture. Similar to the oxygen EFG, we do not see a way
obtain it reliably from theory. Fortunately, we can find valu
for CCu,c from NMR data for the parent compounds. For t
undoped materialsnp52a250.11 and thusnd5124a2

50.78. Using this value together with Eq.~5! and the Cu
frequencies for the parent materials from Table I, we obt

La2CuO4: CCu,c512.59 MHz,

YBa2Cu3O6.0: CCu,c526.81 MHz. ~6!

Various experimental data points13 for planar Cu in
YBa2Cu3O61y show that these constants are quite reliabl

Now, usingCCu,c and Eq.~5!, we have calculatednd for
all materials in Table I. Since we determinednd andnp , we
can calculate the doping in the plane based on NMR da

d5nd12np21 ~7!

~to be precise, we usednp5npc). The values ford are listed
in Table I, as well. In order to view the distribution of hole
in the plane more easily let us represent the densities in
following form:
09450
-

ds

is
o

s

c-
o

n

:

he

nd5nd01Pdd,

np5np01
1

2
Ppd, ~8!

wherend0 andnp0 are densities without doping andPd and
Pp are probabilities for the doped hole to go to the copper
oxygen ion, respectively. There is a coefficient of 1/2 in t
second equation because there are two oxygen atoms in
unit cell. The values forPd and Pp obtained from Eqs.~8!
are also listed in Table I.

With regard to the presented analysis, it is clear that p
cesses~c! and ~d! will also be doping dependent, and it
useful to estimate that influence. Being due to the direct e
tric fields from ions, the produced EFG will behave
( iqi r i

23, where the sum is taken over the ions. Let us co
sider the change inCO,a due to the nearest neighbors~NN!.
We can writeCO,a5maqNNr NN

23 wherema is some constant
Under the doping the chargeqNN is changing bydqNN :
hence,dCO,a /CO,a5dqNN /qNN . For oxygen, the neares
neighbor is the Cu21 ion with charge 2 and we havedCO,a
50.5CO,adqNN . Since the hole doping mostly affects th
oxygen hole contentnp , we will usedqNN5dnp as an upper
bound to estimate the changes ofCO,a in Eqs. ~4! due to
doping. With the changes ofnp quoted in Table I, one finds
thatdCO,a is at least 10 times smaller thanCO,a . For Cu the
nearest neighbor is O22 and a similar estimate shows that th
changesdCCu,c due to doping are at least a factor of 2
smaller thanCCu,c .

IV. DISCUSSION

A. La2ÀxSrxCuO4

In the parent compound, NMR finds one planar O site a
one Cu site.14 Upon doping, however, a second Cu site~B!
appears.15,16The NMR intensity of siteB grows linearly with
x and corresponds to about 13% of all Cu sites forx50.15. It
has been suggested in early work15,16 that B represents Cu
bonded via apical O to Sr as opposed to La. More recen
another explanation has been brought forward17 that sees the
Cu B site caused by the four Cu sites next to a localized
hole. However, the NMR signals of the hole site and t
nearest O have not been observed. First-princip
calculations18 do not agree with this view, and since both C
sitesA andB show very similar NMR linewidths,19 the ex-
planation that siteB is close to a localized hole can be di
missed. Therefore, the main siteA quadrupole splitting was
used for our analysis in Table I. Nevertheless, the CuB site
shows a slower nuclear relaxation as compared with thA
site,20 which must be due to differences in the magnetic h
perfine scenario. In addition, the experimentally observed
pendence of the quadrupole splitting onx, which is linear for
both Cu sites, has a much smaller slope for theB site where
it is only about 1/6 of that of theA site (;19.3 MHz/x) ~Ref.
21!. This shows that theB site Cu does not see the sam
average hole density increase upon doping that determ
theA site splitting. All these experimental data are consist
with the CuB site being near a higher hole density. While
slight increase in the hole concentration on Cu itself does
4-4
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affect the overall doping level, a scenario where the ho
reside on O has consequences for the phase diagram.
sider x50.05. Here theB site has a splitting of 38.5 MHz
~Ref. 21!. This corresponds with Eqs.~5! and ~6! to a local
hole concentration per unit cell of about 0.35, assuming
same constantCCu,c for theB site. Since 5% of the Cu atom
experience this doping level, we have 95% of the Cu ato
experiencing a local doping level of onlyd50.034, a value
close to whereTN vanishes. Since additional structur
changes might influence the numbers, the so-called s
glass region in the La22xSrxCuO4 phase diagram could be
consequence of the fact that the CuB site holds most of the
doped carriers and prevents superconductivity in this reg
cf. also Fig. 1. However, in such a scenario one would exp
that the planar O surrounding theB site should have a split
ting of 0.215 MHz forx50.05, a resonance that might b
detectable despite the large NMR linewidths.

B. YBa2Cu3O6¿y

In this material NMR finds one planar Cu line, but the
can be two planar O signals of similar intensity22,23 whose
appearance depends on doping. Originally, these two sig
were explained with the orthorhombic structure; howev
this interpretation was challenged24 recently since the exten
of the splitting and its doping dependence do not agree w
what one expects from the doping dependence of the or
rhombic distortion. Alternatively, the splitting might indica
the presence of a commensurate charge density wave. U
tunately, there are not enough data available for a firm c
clusion. For YBa2Cu3O61y , y51.0, the difference in the
splitting is DnO,c50.018 MHz: cf. Table II. Thus the hole
variation between the two oxygen sites could easily amo
to 0.015, which is 9% of 0.165, the average hole density
O found in Table I. Since a single, narrow~;98 kHz
linewidth25! Cu line is observed, the charge variation for C
has to average. As a consequence, a commensurate

FIG. 1. Phase diagram for La22xSrxCuO4 and YBa2Cu3O61y as
derived from NMR data shown in Table I. The transition tempe
ture Tc is plotted against the hole content per CuO2 , given byd as
determined from NMR data.
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dimensional charge density variation that runs parallel or
45° angle with respect to the Cu-O bond explains the dat
the charge density alternates for subsequent lines of oxy
The relation of such a modulation to the direction of t
chains above the Cu-O plane is not known. Further exp
ments are necessary.

Our analysis of the hole concentrations for both mater
was based on the average NMR splittings. While so
details—the two Cu sites in La22xSrxCuO4 and the two O
sites in YBa2Cu3O61y—have been discussed, we have
mention that basically all cuprates show excessive quadru
lar as well as magnetic linewidths~distributions of splittings
and shifts!. In fact, it has been shown26 that both distribu-
tions are intimately linked, a fact that is not well understoo
A more detailed account of linewidths and consequences
the hole distribution will be addressed in a separate repo

If we confer with Table I, we see that for La22xSrxCuO4
the concentration of holes in Cu 3d(x22y2) is almost inde-
pendent on doping; i.e., it remains close to the value giv
by the virtual hopping in the parent material. Almost a
doped holes as inferred from the value ofx go to oxygen.
The situation is somewhat different for YBa2Cu3O61y . Here
we see that with a probability of about 30%–40% the dop
holes are located on Cu, with a probability of 60%–70% th
are found on O. This agrees reasonably with the predicti
of the three-band model with standard parameters.7–9 The
data in Table I also show that the total hole concentration
the Cu-O plane,d, for La22xSrxCuO4 and YBa2Cu3O61y is
proportional tox andy, respectively, with slopes of 0.97 an
0.18. This shows that per Sr almost a full hole is introduc
into the plane, whereas in YBa2Cu3O61y only about 1/5 of a
hole goes to the plane per added O. From Fig. 1 it appe
that at optimal doping the hole concentration
YBa2Cu3O61y is substantially larger. A similar trend seem
likely from the limited data available for other cuprates:
optimal dopingTc increases with the planar oxygen splittin
indicating a larger hole content. In addition to the data p
sented it seems worth noting that the quadrupole splitti
for the apical oxygens, which are independent of doping,
very different. For the parent materials one finds that
axially symmetric EFG corresponds to oxygen hole conc
trations of 0.08 and 0.48 for La22xSrxCuO4 and
YBa2Cu3O61y , respectively.

To conclude, we have introduced an approach for the
termination of the local hole densities at planar Cu and
directly from NMR. The electric hyperfine interactions fo
the ions in the various oxydation states from atomic spect
copy were analyzed and used to determine the NMR sp
tings for such states. In addition, the NMR data for the par
compounds were used subtract doping-independent cont
tions to the electric field gradient. We were thus able to g
an unbiased account of the actual hole distribution upon d
ing the Cu-O plane for two materials where sufficient NM
data are available. From the results it was possible to in
pendently construct a phase diagram based on the litera
data onTc and the NMR splittings alone. We found that
La22xSrxCuO4 almost all doped holes go into the Cu-
plane, but reside almost exclusively on O. The hole cont
for YBa2Cu3O61y could be determined as well, removin

-
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the ambiguity that stems from the presence of the cha
Here, initially, some holes go to Cu whereas fory.0.6 ad-
ditional holes only go to O. As further NMR data becom
available for other materials, the same approach can be
to explore the hole doping that contains significant clues
the understanding of the materials.
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APPENDIX: RELATIONS BETWEEN NUCLEAR
QUADRUPOLE EFFECTS IN ATOMIC SPECTROSCOPY

AND NMR

The electric quadrupole interaction of a nuclear cha
density with that of its surrounding electrons can be writte27

in terms-of spherical harmonicsYlm as

HQ5
4p

5 E
te

E
tn

re~r ê!rn~rn!
r n

2

r e
3

3 (
q522

2

~21!qY22q~un ,fn!Y2q~u ê,fe!dtndte ,

~A1!

where the integrals are taken with respect to the nuclear~n!
and electronic~e! coordinates. It is useful to resort to irre
ducible tensors by writing

HQ5 (
q522

2

~21!qA4p

5 E rnr n
2Y22q~un ,fn!dtnA4p

5

3E re

r e
3 Y2q~ue ,fe!dte

HQ5 (
q522

12

~21!qQ22qV2q ,

e.g.,

V205A4p

5 E re

r e
3 Y20~ue ,fe!dte . ~A2!

One typically introduces the nuclear electric quadrupole m
ment in terms of the nuclear spinI and the magnetic quantum
numbermI :

eQ52^Iml5I uQ20uIml5I &. ~A3!

With the Wigner-Eckart theorem one writes, in standard
tation,

^ImI uQ20uImI&5~21! I 2mS I 2 I

2m 0 mD ^I iQ2i I &.

~A4!
09450
s.

ed
r

s

e

-

-

For a free ion the total angular momentumF5J1I5L1S
1I is a good quantum number and by using the Wign
Eckart theorem for irreducible tensor products one calcula
the energy as follows:

^FmFJIuHQuFmFJI&

5~21!F1J1I H J I F

I J 2J ^I iQ2i I &^JiV2iJ&. ~A5!

In analogy to Eq.~A3! one defines the electric field gradie
eq[^Vzz& in terms of the total electron angular momentu

eq52^JmJ5JuV20uJmJ5J&. ~A6!

Then one finds,27 for the reduced matrix elements in Eq
~A5!,

^JiV2iJ&5
A~2J13!~J11!~2J11!

2AJ~2J21!
eq,

^I iQ2i I &5
A~2I 13!~ I 11!~2I 11!

2AI ~2I 21!
eQ. ~A7!

With X5I (I 11)1J(J11)2F(F11) one obtains, for the
quadrupole energy,

^FmFJIuHQuFmFJI&5

e2qQF34X~X11!2J~J11!I~I11!G
2I ~2I 21!J~2J21!

.

~A8!

In atomic spectroscopy one defines the quadrupole coup
constantBJ ~in frequency units;h is Planck’s constant! as

BJh5e2qQ[2eQ^JJuV20uJJ&

5
2eQ

h
A4p

5 E re

r e
3 ^JJuY20uJJ&dre . ~A9!

For a particular ionic state2S11LJ , one can expand the tota
angular momentum eigenstate in terms of those of the orb
momentL and spinS using the Clebsch-Gordan couplin
coefficients. For example, by setting

^r 23&5
1

2e E re

r e
dre[E ce

2

r e
dre ,

one calculates for the atomic states2S11LJ the following
constantsBJ :

B3/2~
2P3/2!51

2

5
e2Q^r 23&, ~A10!

B3/2~
2D3/2!51

2

5
e2Q^r 23&, B5/2~

2D5/2!51
4

7
e2Q^r 23&.

~A11!

In solids it is convenient to write Eq.~A5! as
4-6
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^I ,ml ,ceuHQuI ,mI ,ce&

5 (
q522

12

~21!q^I ,mI uQ22quI ,mI&^ceuV2quce&, ~A12!

wherece is the electronic wave function. With the Wigne
Eckart theorem one sees that only the term withq50 con-
tributes:

^I ,mI ,ceuHQuI ,mI ,ce&5
3m22I ~ I 11!

2I ~2I 21!
eQ^ceuV20uce&.

~A13!

By calling the nuclear quantization axis thez axis we may
introduce the effective Hamiltonian

HQ eff5
3I z

22I ~ I 11!

2I ~2I 21!
eQ^ceuV20uce&. ~A14!

For a wave function that is a product of an angular part a
a radial part we can write

^ceuV20uce&52eA4p

5
^ce~u,f!uY20uce~u,f!&^r 23&.

~A15!

In particular, we can easily calculate the field gradient due
an atomic orbital. Writing

HQ eff5
3I z

22I ~ I 11!

2I ~2I 21!
e2Q fz,lm^r 23& lm , ~A16!

we find the well-known numbers~which add to zero for
closed shells!

p orbitals: f z,pz
52

2

5
, f z,px

51
1

5
, f z,py

51
1

5
,

d orbitals: f z,z22r 252
2

7
, f z,x22y251

2

7
,

f z,zx52
1

7
, f z,yz52

1

7
, f z,xy51

2

7
. ~A17!

In general, in a solid the electronic wave function cannot
written as a product of an angular and radial part due
crystal field effects. In such a case the electric field grad
may be asymmetric in the principal axis system.

A strong magnetic fieldBz in the z direction causes a
nuclear Zeeman interaction, expressed by the Hamiltonia

HL5vLI z , ~A18!

where vL52gBz is the Larmor frequency. To leadin
order,28 the Hamiltonian is now

H5vLI z1
3I z

22I ~ I 11!

2I ~2I 21!
eQ3

1

2
^Vzz&. ~A19!

The component̂Vzz& depends on the relative orientation
the nuclear quantization axis and the corresponding symm
ric tensor is usually expressed in terms of the principal a
09450
d

o

e
o
nt

t-
is

componentsVXX , VYY, and VZZ or in terms of the larges
component and its asymmetry parameter:

h5
VXX2VYY

VZZ
, uVZZu>uVYYu>uVXXu. ~A20!

In the NMR literature28 one therefore writes

H5vLI z1
3I z

22I ~ I 11!

2I ~2I 21!

1

2
eQVZZ

3H 3 cos2 u21

2
1

h

2
sin2 u cos 2fJ ~A21!

and defines the quadrupole- and angular-dependent qua
pole frequency by

vQ5
3eQVZZ

2I ~2I 21!
[

3e2qQ

2I ~2I 21!
, ~A22!

vQ8 ~u,f!5vQH 3 cos2 u21

2
1

h

2
sin2 u cos 2fJ .

~A23!

This leads to a simple first-order Hamiltonian

H5vLI z1
vQ8

6
@3I z

22I ~ I 11!#. ~A24!

For the energy of the~dipole-allowed! transitions it follows
that

Em112Em

\
5 vL1S m1

1

2DvQ8 . ~A25!

With the field axis along the principalz axis we see that the
quadrupole splitting between the central NMR line and
first satellite is just the quadrupole frequency. The princi
components can also be written as

~VZZ ,VYY,VXX!5S 1,2
11h

2
,2

12h

2 D .

Without going into more details, since Cu can also be m
sured in zero field, the measured resonance frequenc
NQR, vNQR5vQA11h2/3, is very close tovQ , as well,
sinceh'0 for Cu in the Cu-O plane.

We now would like to point out that it is possible to rela
the data from atomic spectroscopy with the quadrupole sp
ting observed in NMR experiments. We define the latter
the frequency difference between the central line and tha
the first satellite:

v5vQ8 . ~A26!

If the magnetic field is perpendicular to the Cu-O plane,
have, for the splitting,

v5
3e2Q

2I ~2I 21!
2 f z,lm^r 23& l . ~A27!
4-7
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Planar oxygen-17has I 55/2 and in the 2p5 configuration
we have, with Eq.~A10! in frequency units,

nO5
3

4
B3/2f z,lm . ~A28!

With the hole in the Cu-Ops orbital we have, for the split-
ting with the field perpendicular and in the bond direction

nO,c5
3

20
B3/2, nO,b5

3

10
B3/2, ~A29!

respectively. Although we are not aware of experimental d
for O, there is a recent detailed atomic many-bo
calculation29 of B3/2. According to this study, the constan
B3/258.174 MHz for the2P3/2 state. It follows that

nO,c51.225 MHz; nO,b52.452 MHz. ~A30!

Since there is no splitting for a 2p6 configuration, we expec
the splitting to be proportional to the hole densitynp in the
oxygenp orbital:

nO,a5qpa
np , qpc

51.226 MHz, qpb
52.452 MHz.

~A31!

Planar 63Cu (I 53/2) in the 3d9 configuration has two ionic
states2D3/2 and 2D5/2 that can be used for determining th
coupling constant.30–32 However, the literature shows tha
B3/2513868 MHz, B5/2518863 MHz. With the help of
Eq. ~A11! we find

e2Q^r 23&52
5

2
B3/25345 MHz,

*Author to whom correspondence should be addressed. No
Leibniz-Institute for Solid State and Materials Resear
D-01171 Dresden, Germany. FAX:149-351-4659-313. Electronic
address: j.haase@ifw-dresden.de
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