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Thermal stabilization of the hcp phase in titanium
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We have used a tight-binding model that is fit to first-principles electronic-structure calculations for titanium
to calculate quasiharmonic phonons and the Gibbs free energy of the hexagonal-close-packed~hcp! and omega
(v) crystal structures. The hcp phonon dispersion agrees with experiment; thev phonon dispersion has yet to
be measured. The model predicts that the true zero-temperature ground state is thev structure and that it is the
entropy from the thermal population of phonon states which stabilizes the hcp structure at room temperature.
We present a completely theoretical prediction of the temperature and pressure dependence of the hcp-v phase
transformation and show that it is in good agreement with experiment. The quasiharmonic approximation fails
to adequately treat the bcc phase because the calculated phonons of this structure are not all stable.
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The experimentally observed equilibrium state of titaniu
at room temperature is the hexagonal-close-packed~hcp!
structure,1 even though static-lattice first-principle
electronic-structure calculations2–6 predict the omega (v)
structure to be the energetically favored ground state. Th
are two possible causes for this discrepancy:~1! this is an-
other failure of the first-principles methods~local-density ap-
proximation or generalized gradient approximation
density-functional theory! used for calculating the electronic
structure of solids, or~2! thermal effects stabilize the hc
phase. In this paper we show evidence that supports the
ond argument being correct: the thermal occupation of p
non states favors the hcp structure above a press
dependent transition temperature. Only by including
vibrational entropy in the first-principles calculations c
theory be brought into agreement with experiment.

Titanium is a good case for testing our ability to pred
solid-solid phase transformations with first-principles me
ods. It is an element that displays a rich phase diagram w
several recently discovered high-pressure phases.7,8 When al-
loyed with other elements, it leads to materials of major te
nical importance for the airline, space, and other industri

Extensive experimental studies of the pressure-indu
transition from the hcp to thev structure at room tempera
ture show a large hysteresis. The accepted equilibrium tr
formation pressure of 2.060.3 GPa was estimated from
measurements of samples under shear stress becaus
shear reduces the hysteresis;1 measurements without applie
shear give the pressure of the onset of the transforma
between 2.9~Ref. 9! and 9.0 GPa.10 Impurities also strongly
affect the onset pressure.1 We know of no experimental dat
that explores the low-temperature regime; higher temp
tures have been examined only indirectly using shockw
experiments.11–14

It is possible to use first-principles methods to calcul
the zero-temperature internal energyF0(V) as well as the
free-energy contributions from the ions,FI(T,V), and the
electrons,FE(T,V), to give the complete equation of state

F~T,V!5F0~V!1FI~T,V!1FE~T,V!. ~1!
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Because of the large computational effort required to cal
late the free energy of Eq.~1! over a significant range o
volumes and temperatures, we have chosen to use a t
binding model instead of conventional first-principle
electronic-structure methods. The functional fitting forms a
those developed at the U.S. Naval Research Laboratory.15–17

The model’s accurate emulation of first-principles calc
lations~in this case theWIEN97 code18! requires optimization
of a single tight-binding parametrization such that the mo
closely reproduces the relative total energies of selected c
tal structures. The structures are chosen to be both sim
and representative: simple enough to make the fi
principles calculations feasible and representative of all
croscopic environments the model is aimed at describing
comparison of total energies as a function of volume w
structures fulfilling these requirements is shown in Fig.
Not shown but included in the fit as independent structu
are fcc crystals distorted to correspond to the longitudi
and transverse phonons at the reciprocal-space h
symmetry pointX. These additional structures fine-tune t
model’s ability to correctly describe lattice vibrations.19 Cru-
cial for convergence of the fitting procedure is to fit th
cubic-structure energy bands at high-symmetry points in
ciprocal space.20,21

The electronic contribution to the free energy depends
the electronic density of states~DOS! as a function of vol-
ume,n(E,V). The occupation of these states, given by t
Fermi distribution f (E,T)5@e(E2Ef )/(kBT)11#21, deter-
mines their entropy22

Sel~T,V!52kBE @ f ln f 1~12 f !ln~12 f !#n~E,V!dE,

~2!

and hence the electronic contribution to the free ene
FE(T,V)52TSel(T,V). This contribution is small com-
pared to that of the ions but is included for completeness

The ionic contribution to the free energy depends on
phonon DOS,g(v,V), through the zero-point energy
©2004 The American Physical Society17-1
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Uzero~V!5
1

2EV
\vg~v,V!dv, ~3!

as well as the temperature-dependent, quasiharmonic
energy22

FH~T,V!5kBTE
V

ln@12e2\v/kBT#g~v,V!dv. ~4!

This differs from the volume-independent harmonic appro
mation in that the quasiharmonic approximation us
phonons calculated for small atomic displacements~i.e., har-
monic! around the atomic positions for each crystal struct
and volume. The resulting phonon frequencies are there
volume dependent, which implicitly includes some anh
monic contributions neglected in a purely harmonic theo
but certainly misses other high-temperature anharmonic c
tributions. The theory should be most accurate at low te
peratures and should lose accuracy as one approache
melting temperature. Moreover, thermodynamics in this
proximation are only possible when the quasiharmo
phonons for any given crystal structure and volume
stable, which may not be true if that crystal can lower
total energy by spontaneously and continuously distort
into another crystal structure. At elevated temperatures~near
melting! this approximation also neglects some important
harmonic contributions to the free energy that can be resp
sible for stabilizing some of the high-temperature phases

We have used the tight-binding model to calculate
electronic and the phonon DOS by evaluating the relev
energy eigenvalues and dynamical matrices on a fine mes
wave vectors in the first Brillouin zone. In both cases t

FIG. 1. Calculated energies for the crystal structures in the
ting database. Symbols are the first-principles results and solid
are calculated from the fitted tight-binding model. Also included
the fit ~but not shown here! is the fcc crystal with distortions cor
responding to the longitudinal and transverse phonons at
reciprocal-space high-symmetry pointX. The v structure lies low-
est in energy, in contrast to the experimentally found ground st
hcp.
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spectrum is smeared with a Gaussian, chosen to be as s
as possible while keeping the DOS smooth and continuo
The mesh is refined until the free energy converges.

The dynamical matrix at a given wave vectorq is the
Fourier transform of the force constants, which we calcul
from the tight-binding model by the direct-forc
method.23–26 This method requires large simulation ce
consisting of repeated unit cells transposed by vectors,; the
forces on all atoms are calculated in response to the displ
ment of the atom~s! in one unit cell. Our simulation cells
contain 128~hcp!, 81 (v), and 128 atoms~bcc!; for more
details we refer the reader to Ref. 19.

Figure 2 compares our calculated phonon dispersion
the hcp structure to experimental data.27 The overall agree-
ment is good, in particular near the zone center~aroundG)
and along the vertical direction~parallel to thec axis!. Fre-
quencies of modes in horizontal directions~perpendicular to
the c axis! away from the zone center are somewhat h
compared to experiment. Another experimental measurem
of the phonon dispersion28 shows similar agreement. Th
main characteristics, which the tight-binding model captur
give a reliable DOS~see Fig. 5 of Ref. 27!, the relevant
entity used in Eqs.~3! and ~4! to calculate the phonon con
tribution to the free energy. The phonon dispersion we p
dict for thev crystal structure is shown in Fig. 3.

Figure 4 shows the calculated phonon DOS for the h
crystal structure. Some differences between the calculat
with 54 and 128 atoms are visible but change the calcula
free energies, which integrate over the DOS, by less t
0.1%; our final result, the phase transformation line~see be-
low!, is not noticeably affected.

The phonon density of states is calculated for the hc33

v, and bcc structures at a dozen volumes correspondin
pressures in the range from 0 to 170 GPa and is then use
evaluate the Gibbs free energy,22 G(T,P)5F(T,V)1PV.

t-
es

e

e,

FIG. 2. Experimental~crosses! ~Ref. 27! and tight-binding~solid
lines! phonon dispersion of titanium in the hcp crystal structure
ambient pressure. Although some experimental details are no
produced by our tight-binding model, the overall agreement is q
good. The diamond atG is from a first-principles frozen-phonon
calculation.
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Comparison of the Gibbs free energies as a function
pressure and temperature for the hcp andv crystal structures
allows us to identify the phase transformation line. This a
proach is extremely demanding because tiny errors in
relative free energies can dramatically alter the phase bo
ary. Figure 5 shows good agreement of our theoretically
culateda→v phase transformation line with the experime
tal phase diagram.29 The calculated transition temperature
zero pressure is'280 K.

At normal pressure we know of no experimental data t
show that thev phase is the correct zero-temperature grou
state, nor are we aware of any experimental data indica
the opposite. It has recently been shown that energy bar
exist for this phase transformation30 that may make it ex-
tremely difficult to verify at low temperatures. Thus the k

FIG. 4. The phonon DOS for hcp Ti calculated using superc
with 54 and 128 atoms.

FIG. 3. Predicted tight-binding phonon dispersion of titanium
the v crystal structure at ambient pressure. Symmetry dictates
some phonon energies be degenerate at high-symmetry points
at G ~000!; slight numerical errors in the calculated forces dest
these degeneracies. The diamond atG is from a first-principles
frozen-phonon calculation.
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netics may be just too sluggish for the system to bring its
into true thermodynamic equilibrium.

We were not able to similarly calculate and include in F
5 the transition into the bcc structure. The open bcc struc
appears to be dynamically stabilized by entropy and anh
monic effects. Some quasiharmonic phonon modes are
stable due to a spontaneous instability of the bcc cry
structure into thev phase. There is no energy barrier to th
continuous transformation. In particular, this causes the l

s

FIG. 6. ~a! Calculated quasiharmonic frequencies of longitu
nal phonon modes around the wave vectorq5

2
3 (1,1,1), which dis-

torts the bcc crystal into thev phase.~b! Calculated energy land
scape for the bcc tov pathway. The negative phonon frequenci
shown in~a! are iAn2 whenn2 is negative. These frequencies thu
represent the imaginary part of the phonon frequency for unst
modes.

at
.g.,

y

FIG. 5. The phase diagram of titanium. The dashed lines c
nect the experimental data points given by Young~Ref. 29!; the
solid line shows our calculateda→v transformation. Thermal sta
bilization explains why at room temperature the experimentally
served hcp structure is favored over thev structure~the calculated
static-lattice ground state!.
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gitudinal phonon mode with wave vectorq5 2
3 (1,1,1),

which distorts the bcc crystal into thev phase, to be unstabl
below pressures of roughly 40 GPa. The mechanical in
bility of this phonon mode at low temperatures is also se
experimentally; the martensitic phase transition from the
phase to the hcp phase prevents the high-temperature
phase from being quenched to room temperature.31 One
branch of transverse phonon modes with wave vec
(j,j,0), which are related to the bcc to hcp transition, a
appears unstable in our treatment. Both of these instabil
are consistent with strictly first-principles calculations
phonons.32

Figure 6~a! shows the relevant segment of the (j,j,j)
branch. The energy of the corresponding pathway from
bcc phase to thev phase, shown in Fig. 6~b!, develops local
minima for the bcc phase at pressures of roughly 40 GPa
at lower pressures the crystal can deform from bcc tov
without encountering an energy barrier. This pathway can
viewed as planes moving in accordance with the wave ve
q5 2

3 (1,1,1) or as chains of atoms along the body diago
c

ra

e

J
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moving with respect to each other. Calculations of the ene
needed to move such a single chain of atoms indicate tha
small displacements the movement is energetically favo
whereas the movement of a single atom is not.

In conclusion, we have used a completely theoreti
approach, without any experimental input, to calcula
the Gibbs free energies of competing crystal phases in
nium. Comparison of the hcp andv Gibbs free energies
results in a pressure and temperature dependence o
structural phase transition in good agreement with exp
ment and serves to explain how finite-temperature entr
effects stabilize the experimentally found room-temperat
hcp crystal structure over the theoretically found static-latt
v-phase ground state. For thev structure the phonon disper
sion is predicted.
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