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Percolation model for structural phase transitions in Li1ÀxHxIO3 mixed crystals
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A percolation model is proposed to explain the structural phase transitions found in Li12xHxIO3 mixed
crystals as a function of the concentration parameterx. The percolation thresholds are obtained from Monte
Carlo simulations on the specific lattices occupied by lithium atoms and hydrogen bonds. The theoretical
results strongly suggest that percolating lithium vacancies and hydrogen bonds are indeed responsible for the
solid solution observed in the experimental range 0.22,x,0.36.
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The lithium iodate (a-LiIO3, hexagonal lattice! and the
iodic acid (a-HIO3, orthorhombic lattice! have been both
intensively investigated, owing to their interesting propert
and useful optical applications.1–4 The lithium iodate is also
interesting for fundamental reasons, specially those relate
its structural phase transitions.5 It is known that most of the
properties of thea-LiIO3 are strongly affected by its growt
conditions, related to mainly three factors: the temperat
the evaporation rate, and the pH of the moth
LiIO3–H2O–HIO3 solution, which controls the quantity o
impurities in the lattice. In this case, the impurities can
hydrogen atoms. Mixed crystals are easier grown using m
acid solutions~with a greater HIO3 concentration!, but they
have worse optical quality. Li12xHxIO3 mixed crystals are
also important for technical applications, since they prese
high piezoelectric coefficient.6

Although the structures of iodic acid and lithium ioda
are known for more than 60 years, the structure of the mi
lithium iodate-iodic acid solid solution has been refined o
in the last few years.7–9 Regarding the lithium substitution
neutron-diffraction studies have shown that the hydrog
does not substitute the position of the lithium. Instead, wh
lithium goes out of the lattice, its site becomes empty, wh
the hydrogen forms hydrogen bonds between oxygens
belong to different iodate groups.9

Ricci and Amron10 first mentioned the existence of th
so-called solid solution of Li12xHxIO3 for x varying continu-
ously over the range 0.22–0.36. Since then, much effort
been dedicated for studying these compounds, but the re
of these particular values is not yet well understood. In t
work we propose a percolation model that explains the lo
and upper limits experimentally observed for crystallizi
the solid solution of these mixed crystals.

Let us first discuss the principal properties of pure lithiu
iodate. Structural phase transitions on this crystal have b
largely studied.5,11–13At room temperature and low pressur
two forms are possible:a ~hexagonal! and b ~tetragonal!.
The a structure has been known since 1931~Ref. 14! and is
the more stable one at room temperature. There are two
ecules per unit cell with the lithium atoms disposed on
simple hexagonal lattice. Lattice constants in angstrom, w
errors in parentheses, are given by:3 a55.48(1) andc
55.18(1). The Li–Odistance is approximately 2.12 Å. A
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the temperature increases,a-LiIO3 exhibits two first-order
phase transitions:a→g→b, where phasesg and b have
orthorhombic and tetragonal symmetries, respectively.5 Sev-
eral works reveal discrepancies in the transition temperat
as well as in the temperature range where theg phase exists.
These differences are attributed to, among other reasons
quantity of HIO3 impurities in the lattice.11–13 Thus, a good
understanding of the alterations caused by the presenc
hydrogen atoms is essential for studying these phase tra
tions.

Let us now turn to thea-HIO3 crystal. The structure of
a-iodic acid, though not as simple as that of thea-LiIO3,
has been known since 1941, by means of x-ray diffraction15

It is orthorhombic, with four molecules per unit cell an
lattice constants in angstrom:a55.520(5); b55.855(5) and
c57.715(5). The iodate group is pyramidal, althoug
slightly distorted, and has the following interatomic di
tances in angstrom~with error of 0.04 Å or less!: I–OI

51.81; I–OII51.89; I–OIII 51.80; OI–OII52.75; OI–OIII

52.78 and OII –OIII 52.78, where OI , OII , and OIII are the
three oxygens of the iodate group. The hydrogen is bon
to the oxygen OII , at a distance of 1.01 Å. This oxygen ha
two other neighbors: OI8 and OIII9 . Here, prime and double
primes denote different iodate groups. OII forms two hydro-
gen bonds, OII –H–OI8 and OII –H–OIII9 , of equal intensities.
The distances between the two oxygens indicate that the
drogen bond is strong~there are here two bonds per ioda
group each of which is about the strength of the single
drogen bond in water and ice!.15 A better way to visualize
this structure is to look at a projection onto theyz plane, as
shown schematically in Fig. 1, where the whole IO3 group
has been represented by just one symbol~and no distinction
is made among the three oxygens!. There exists a kind of
bifurcated hydrogen bond: a single proton is able to for
two hydrogen bonds, i.e., the hydrogen closest to an iod
forms a bifurcated bond with two other iodates. Thus, th
are two hydrogen bonds for each iodate group. These b
cated bonds and the weak bonds between iodine and oxy
belonging to other iodate groups hold the iodates togeth

The existence of bifurcated hydrogen bonds has b
known since 1939, when the structure of glycine w
©2004 The American Physical Society07-1
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determined.16 Nevertheless, with the exception of a few ea
studies,17–19 this subject has not received much attentio
The termbifurcatedis used to denote two different kinds o
bond. In a bifurcatedacceptor, two different acceptor oxy-
gens share the same donated proton. In the case of a b
cateddonor a single oxygen donates two protons to anot
single oxygen. The first case is what occurs in the struc
of iodic acid, as determined in Ref. 15.

Several works have been devoted to the mixed cry
Li12xHxIO3.7,10,20–23Ricci and Amron10 first reported the ex-
istence of the solid solution for hydrogen concentrationsx in
the range 0.22,x,0.36. In 1990, Royet al.7 concluded that,
for x50.33, the mixed crystal possesses an average hex
nal symmetry, with an arrangement close to the hexago
close packing. The structure at room temperature is show
Fig. 2. Indeed, they observed that protons do not substi

FIG. 1. Schematic representation of the HIO3 structure onto the
yz plane. Bigger circles represent IO3 groups and the smaller one
hydrogen atoms. Bifurcated hydrogen bonds are represente
solid lines which bifurcate on dashed lines at the hydrogen at
~after Ref. 15!.

FIG. 2. The crystal structure of Li12xHxIO3 (x'0.33) projected
onto thexy plane, according to Ref. 7. In this case, bifurcated bo
are not considered. The protons do not replace the lithium ions
are randomly distributed in general positions between two oxy
atoms belonging to different iodate groups.
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the lithium atoms~2a in Wyckoff notation!, but are randomly
distributed through the lattice, occupying general positio
~6c! between two oxygen atoms that belong to different
dates. Raman investigations23 are consistent with this struc
ture and show that the random presence of hydrog
changes the selection rules for the Raman scattering forx in
the range 0.27,x,0.36. The lattice constants are found
vary linearly with the concentrationx, according to the
relations:7 a55.46410.282x andc55.16520.622x, with a
and c in angstrom. So, it is possible to obtainx via: x
55.98526.335c/a, valid for 0.22,x,0.36.

As mentioned before, only in the range 0.22,x,0.36 the
solid solution is constituted as a single phase. Out of t
range, there is a mixture of solid solution and the pure co
pounds (LiIO3 and HIO3). Thus, these limits seem to b
favorable for crystallizing the mixed crystal. Our purpose
identifying these values as the percolation thresholds on
corresponding lattices. In this manner, we expect that 0
corresponds to the critical point for site percolation on t
LiIO3 ~simple hexagonal! lattice. Similarly, 0.36 might cor-
respond to the percolation threshold for bond percolation
the HIO3 ~orthorhombic! lattice. This seems to be plausib
since, as has been discussed above, it has been observe
the protons do not substitute the lithium atoms, but are r
domly distributed through the lattice, occupying general p
sitions between two oxygen atoms that belong to differ
iodates.7,23 The proton positions should obey the arrang
ment depicted in Fig. 1. As the proton mediates the hydro
bond, the net effect is a random dilution of hydrogen bon
on the crystal structure of Fig. 1. Thus, this system turns
to be a quite interesting problem involving site and bo
dilution in the same crystalline structure.

It is known that, when lithium atoms are removed fro
their sites on the original hexagonal lattice, vacancies are
on their positions.7 As more lithium atoms go out~which
corresponds to an increasingx), clusters of neighboring va
cancies are formed. There exists a given critical concen
tion xc at which the lithium vacancies percolate through t
lattice. In other words, for vacancies concentrationsx such
that x>xc , there are an infinite cluster of neighboring v
cancies. This fact should mean that, forx>xc , the presence
of vacancies causes an instability on the LiIO3 hexagonal
lattice and then propitiates the crystallization of the so
solution.

On the other hand, concomitantly to the removal of lith
ums, hydrogen atoms are added in the lattice, originatin
bonds. By an analogous argument, when the numbe
H-bonds is sufficiently large, there will be a cluster of neig
boring bonds that percolates through the lattice, being p
sible to consolidate and stabilize the HIO3 orthorhombic lat-
tice.

We performed Monte Carlo simulations in order to obta
the percolation thresholds on the corresponding lattices.
algorithm we have used is that due to Newman and Zif24

applied to three-dimensional lattices.25 Despite to the fact
that the percolation threshold for the hexagonal lattice n
not be recomputed, since its value is quite well known fro
the literature @for instance, pc50.2625(2),25 pc
50.2623(2) ~Ref. 26!#, we have done just one simple simu
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lation on a large lattice to see the performance of the met
in order to apply it to the less studied case of the pres
bond dilution. In the site dilution problem, for a given sy
tem size, we start with an empty lattice. So, we fill the l
tice, choosing sites to be occupied, at random. When a
site is added, it can originate an isolated cluster~if all its
neighbors are empty!, or it joins together two or more clus
ters. After a complete filling of the lattice~which corre-
sponds to one Monte Carlo step!, we can evaluate quantitie
of interest, such as the percolation threshold. Repeating
procedure several times, we get more accurate results. U
periodic boundary conditions, the percolation threshold is
concentration of occupied sites at which a cluster of nei
boring occupied sites wraps around the system. The b
problem is treated in an analogous way.

For simulating the removal of the Li atoms, we can thi
that it is necessary to begin with a full lattice and then ta
out sites at random. In this sense, percolation means
there exists an infinite cluster of vacancies. If we replace
atomsby empty sitesand vacanciesby occupied sites, we
restore the standard percolation problem.

We applied the cited algorithm on the simple hexago
lattices with up to 8000 sites, which corresponds to a lin
dimensionL520. As we are interested only in the lithium
positions, each site represents a lithium atom~the iodates
localization are not relevant in this case!. Performing 2.0
3105 Monte Carlo steps, one obtainsxc50.26 for the per-
colation threshold on this lattice. It is clear from the abo
result that for the purpose of the present study just this lat
gives a value which is quite comparable to those listed ab
from a more accurate finite size scaling approach, nam
pc50.2625(2) ~Ref. 25! and pc50.2623(2).26 Within our
conjecture, this value might correspond to the lower limit
crystallizing the solid solution of Li12xHxIO3.

Due to the complex structure of HIO3, some modifica-
tions on the algorithm concerning the bond dilution a
needed, in comparison with the usual percolation mo
Since hydrogen bonds are formed between different iod
groups, we can represent, in our simulations, each iodat
a single site in the lattice. One has the restriction that bo
can exist only between sites that are located on differ
planes in order to reflect the fact that, in the real iodic ac
the distance between neighboring iodates on the same p
is greater than the maximum value for existing hydrog
bonds. The presence of bifurcated bonds leads to the a
tional constraint that one has always to choose a coupl
bonds together. Since we knowa priori the bonds that shar
the same hydrogen, we can choose a site~iodate! and then
fill the two corresponding bonds. Using lattices with a to
number of sites up to 6912~which corresponds to a linea
sizeL512, since there are four molecules per unit cell!, and
5.03105 Monte Carlo steps for each system size, simulatio
yield xc50.33 for the critical hydrogen concentration on t

*Email address: pmartins@uft.edu.br
†Email address: pla@fisica.ufmg.br
‡Email address: mpimenta@fisica.ufmg.br
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specified crystal structure. Assuming the same accurac
the previous site diluted model we believe that the num
above is quite fine to be compared with the experimen
one. A finite-size scaling estimate, providing a critical co
centration with more digits of precision, would be irreleva
for the present purpose.

Before achieving these results, other similar hypothe
were tested, although all of them sharing the same fun
mental concepts. The first attempts did not include bifurca
bonds. Bonds were chosen randomly one by one. Bes
results were unsatisfactory, there is an incompatibility b
tween the concentration of lithium vacancies and the co
sponding concentration of hydrogen bonds. This can be
plained as follows. Forx50 ~pure LiIO3) there is one
lithium for each iodate. Imagine a lattice with a total ofN
lithium atoms. So, there are alsoN iodates. Since each iodat
has four neighbors there are 2N possible bonds. Removing
one lithium, we need to introduce one hydrogen. If ea
hydrogen forms a single bond, when allN lithium atoms will
be removed (x51), there will beN hydrogen bonds, which
corresponds to a fractionN/2N50.5 of the total number of
bonds. This fact precludes the equivalence between the
drogen concentrationx and the related percolation thres
olds. Bifurcated bonds avoid this problem, sinceN hydro-
gens form 2N bonds. Thus, the fraction of vacancies is equ
to the fraction of bonds.

According to our results, the solid solution should exist
a single phase forx in the range 0.26,x,0.33. In this sense
whenx rises from 0 to 0.26, lithium atoms are removed fro
the lattice but thea-LiIO3 structure remains stable. Forx
.0.26, the number of vacancies is so great that thea-LiIO3
lattice does not support itself. Concomitantly, whilex
,0.33, the hydrogen bonds are insufficient for support
the HIO3 orthorhombic structure. Thus, in the range 0.
,x,0.33 the system is disordered and we find the so-ca
solid solution. Forx.0.33 the percolating cluster of bond
maintains the HIO3 lattice stable.

We conclude that our results are in good agreement w
the experimental values and, although not stated in the
perimental works, within the experimental errors.@For in-
stance, the smaller concentration varies from 0.22~Ref. 10!
to 0.27~Ref. 23!#. Thus, our results evidence the percolati
character on these mixed compounds and clearly indic
that the crystal stability is, in fact, related to the percolati
thresholds supported by the corresponding crystal structu
Further experimental studies regarding the structural tra
tion of this material would be very welcome, mainly co
cerning its second-order character.
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