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Electric-field control and adiabatic evolution of shallow donor impurities in silicon

A. S. Martins, R. B. Capaz, and Belita Koiller
Instituto de Fı´sica, Universidade Federal do Rio de Janeiro, Caixa Postal 68.528, 21945-970, Rio de Janeiro, Brazil
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We present a tight-binding study of donor impurities in Si, demonstrating the adequacy of this approach for
this problem by comparison with Kohn-Luttinger effective mass theory and experimental results. We consider
the response of the system to an applied electric field: donors near a barrier material and in the presence of a
uniform electric field may undergo two different ionization regimes according to the distance of the impurity
to the Si/barrier interface. We show that for impurities;5 nm below the barrier, adiabatic ionization is
possible within switching times of the order of one picosecond, while for impurities;10 nm or more below
the barrier, no adiabatic ionization may be carried out by an external uniform electric field. Our results are
discussed in connection with proposed Si:P quantum computer architectures.

DOI: 10.1103/PhysRevB.69.085320 PACS number~s!: 71.55.Cn, 71.15.Ap, 03.67.Lx
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I. INTRODUCTION

Simple donors in Si have recently become the subjec
renewed interest due to proposals of quantum compute
chitectures in which P donors in Si play the role of qubits.1–3

Logic operations in such architectures involve the respo
of the bound-electron wave functions to voltages applied
combination of metal gates separated by a barrier mate
~e.g. SiO2) from the Si host. The so-calledA-gate, placed
above each donor site, pulls the electron wave function a
from the donor, aiming at partial reduction1 or total
cancellation3 of the electron-nuclear contact coupling in a
chitectures where the qubits are the31P nuclear spins. In a
related proposal based on the donor-electron spins as qu2

the gates drive the electron wave function into regions
different g factors, allowing the exchange coupling betwe
neighboring electrons to be tuned. Ideally, electric-field c
trol over the donor electron wave function requires all ope
tions to be performed in the adiabatic regime,4 which sets a
lower bound for the time scales involved in such process

Recent studies have demonstrated that the tight-bind
~TB! approach, traditionally adopted for deep levels,5 pro-
vides a valid description for intermediate6,7 and shallow
levels8 in semiconductors. Impurity states are calcula
from a sequence of supercell sizes and a finite-size ana
which provides extrapolation to the bulk limit. Also, electri
field effects may be easily incorporated within the T
scheme,9 allowing estimates of switching times in electri
field-tunable devices.10 In this work we present a TB descrip
tion for donors in Si, aiming at a physical description of t
relevant properties involved in theA-gate operations men
tioned above.

Donors in Si have been extensively and successfully
vestigated within the Kohn-Luttinger~K&L ! envelope func-
tion approach,11 thus providing a preliminary test for the TB
approach by comparison of wave functions predicted by
two formalisms. This comparison is presented in the follo
ing section. In Sec. III we explore a simplified model of t
A-gate operations in the Kane quantum computer propo1

by considering the Si:P system under a uniform electric fi
and near a barrier. In Sec. IV we discuss operation times
restrictions imposed by the donor positioning with respec
0163-1829/2004/69~8!/085320~7!/$22.50 69 0853
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the Si/barrier interface in connection with the adiabaticity
theA-gate operations. Our summary and conclusions are
sented in Sec. V.

II. TB DESCRIPTION FOR DONORS IN SILICON

A. Formalism

The TB Hamiltonian for the impurity problem is writte
as6

H5(
i j

(
mn

hi j
mncim

† cj n1(
i ,n

U~r i !cin
† cin , ~1!

where i and j label the atomic sites,m and n denote the
atomic orbitals andr i is the distance of the sitei to the
impurity site. The matrix elementshi j

mn define all the on-site
energies and first and second neighbors hoppings for the
material. The donor impurity potentialU(r i) is described by
a screened Coulomb potential (e512.1 for Si!

U~r i !52
e2

er i
. ~2!

At the impurity site (r i50), the perturbation potential is
assigned the value2U0, a parameter describing central ce
effects characteristic of the substitutional species. In
present calculations,U0 was kept as an adjustable parame
~previous estimates for this parameter6 are of the order of
one to a few eV!. We adopt here thesp3s* TB parametriza-
tion for Si proposed by Klimecket al.,12 which includes first
and second neighbors interactions. Inclusion of hopping m
trix elements up to second neighbors provides a good
scription of the effective masses at the conduction-ba
minima. This parametrization gives thek-space positions of
the six band minima at the six equivalent points along theD
lines, atDmin50.75(2p/a), where a55.431 Å is the con-
ventional cubic lattice parameter for Si. We do not inclu
spin-orbit corrections in our calculations, since our ma
concern here is on charge response to external electric fie
We have also verified that spin-obit corrections have ne
gible effect around the conduction-band minima, e.g., in
©2004 The American Physical Society20-1
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effective masses. Spin-orbit effects must of course be
cluded in models describing donor-electron spin respo
and control.

The eigenstates ofH are determined for a system where
single impurity is placed in a cubic supercell containingN
58L3 atoms arranged in the diamond structure, whereL is
the length of the supercell edge in units of a. The superc
are subject to periodic boundary conditions, and full nume
cal diagonalization can be performed forL&6. Much larger
supercells8 ~up to 106 atoms! may be treated within a varia
tional scheme13 where the ground-state wave function a
binding energyEL for a donor level is obtained by minimiz
ing the expectation value of^Cu(H2« re f)

2uC&. For the do-
nor ground state,« re f is a reference energy chosen we
within the gap, but nearest to the conduction-band minimu
and excited states are obtained by tuning« re f towards the
conduction-band edge. Finite-size scaling allows extrap
tion to the bulk limit (L→`) according to theansatz6,7

EL5Eb1Ẽe2L/l, ~3!

whereEb is the binding energy for a single donor in the bu
The eigenfunctions of Eq.~1! written in the basis of

atomic orbitals ufn(r2Ri)& are given by uCTB(r )&
5( inainufn(r2Ri)& where the expansion coefficientsain
give the probability amplitude of finding the electron in th
orbital n localized atRi . We do not include explicit expres
sions for the atomic orbitals; the overall charge distribut
is conveniently described through the TB envelope funct
squared,14

uCEF~Ri !u25(
n

uainu2. ~4!

B. Donor ground state

In the proposed TB model, the only free parameter
related to the on-site value for the impurity potentialU0. In
Fig. 1~a! we present the converged (L→`) binding energy
of the lowest donor state as a function ofU0. We also char-
acterize the donor ground state by its orbital averaged s
tral weight14 at Dmin,

W~Dmin!5
2

N (
m51

6

(
i j n

eikm•(Ri2Rj )ainaj n , ~5!

whereN is the number of atomic sites in the supercell, a
the first summation is over the six equivalentkm at the
conduction-band minima. This quantity is plotted in Fig. 1~b!
as a function ofU0.

We determine the value ofU0 so that the binding energ
of the donor results to be in good agreement with the exp
mental value which, for P in Si, isEb545.6 meV. As indi-
cated in Fig. 1,U05UP>1.48 eV gives the correct bindin
energy for the P donors in Si. This value forU0 is used in the
calculations below.
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C. Comparison with Kohn-Luttinger effective mass theory

Effective mass theory~EMT! exploits the duality between
real and reciprocal space, where delocalization in real sp
leads to localization ink space, e.g., for shallow donor
around thek vector at the minimum of the conduction ban
Within EMT in its simplest formulation ~single-valley
approximation!,11 the ground state for donors in Si is sixfol
degenerate, due to the sixfold degeneracy of the Si cond
tion band. As noted originally by K&L, valley-orbit
interactions15 lead to a nondegenerate ground-state envel
of A1 symmetry,11,16

c~r !5
1

A6
(
m51

6

Fm~r !fm~r !, ~6!

where fm(r )5um(r )eikm•r are the pertinent Bloch wave
functions, and the envelope functions given by~e.g., form
5z)11

Fz~r !5
1

Apa2b
e2[(x21y2)/a21z2/b2] 1/2

. ~7!

The effective Bohr radii for Si from a variational calculatio
area52.51 nm andb51.44 nm.17 In Fig. 2 we present the
TB envelope function squared calculated from Eq.~4! along
three symmetry directions with the corresponding K&L r

FIG. 1. ~a! Binding energy of the ground impurity state as
function of the on-site perturbation strengthU0, obtained from the
L→` extrapolation ansatz. The dotted line indicates the valueU0

5UP that reproduces the experimental Si:PA1 state binding energy.
~b! Calculated spectral weight at the conduction-band edge for
ground state. Note that as the perturbationU0 becomes weaker,Eb

approaches the K&L binding energy, whileW does not approach 1
0-2
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sults obtained from Eq.~6!, where the periodic part of the
Bloch functions have not been explicitly included, consist
with not explicitly including the atomic orbitals in the TB
description. Note that the oscillatory behavior coming fro
the interference among the plane-wave part of the sixfm is
well captured by the TB envelope function at the atom
sites, where it is defined@see Eq.~4!#.

The good agreement between TB and K&L is limited
distances from the impurity site larger than a few lattice
rameters (;1 nm). Closer to the impurity, particularly at th
impurity site, the TB results become much larger than
K&L prediction, in qualitative agreement with experiment11

This reflects central-cell effects, not included in the K&
expressions~6! and ~7!. In the central-cell region, the dis
crepancy between TB and K&L wave functions is signi
cantly larger than those reported for donors in GaAs,8 a re-
sult that could have been anticipated from the spectral we
given in Fig. 1~b!. EMT rests on the assumption that th
impurity eigenstate is highly localized ink space, so tha
only Bloch states near the conduction-band minima ente
the expansion, as implied in Eq.~6!. This is the case for
GaAs,8 where for a range of values ofU0 (U0,1.8 eV) we
find W(G) essentially equal to one, in agreement with t
EMT assumption. In Si, even small values ofU0 yield spec-
tral weights atDmin well below one. ForU05UP in particu-
lar, W(Dmin)>0.3.

We remark that the sharp shallow-to-deep transition
tained for GaAs in Ref. 8, with kinks in the curves ofEb and

FIG. 2. The dots give the TB envelope function squared for
lowest impurity state along three high-symmetry directions. T
lines are the corresponding K&Lucu2 results. Note that the TB
approach captures the oscillations of the K&L wave function in
asymptotic region.
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W versusU0, is not reproduced here~see Fig. 1!. We at-
tribute this to the lack of a strictly shallow region, with th
spectral weight of the donor state concentrated in one o
few k points. Therefore, while the binding energy of shallo
donors in GaAs is essentially constant, independent of
species (;6 meV for C, Si, and Ge, in excellent agreeme
with the EMT estimate!, in Si it varies according to the dono
species~45 meV for P, 53 meV for As, and 42 meV for Sb, t
be compared with the K&L single-valley estimate of 3
meV!. It is interesting to note in Fig. 1~a! that, as the impu-
rity level becomes shallower by decreasingU0 , Eb ap-
proaches the K&L single-valley estimate for the bindin
energy.11

III. DONORS IN SILICON UNDER A UNIFORM
ELECTRIC FIELD

The formalism presented in Sec. II is easily extended
include a uniform electric field in the system. Assuming
constant fieldE applied along the@001̄# direction, it is in-
corporated in the TB formalism by modifying the on-si
energies in Eq.~1! as follows:9,10

hii
nn~E!5hii

nn~0!2ueuEzi . ~8!

Periodic boundary conditions lead to a discontinuity in t
potential at the supercell boundaryzi5ZB , whereZB is half
of the supercell length along@001# or, equivalently, the dis-
tance from the impurity to the Si/barrier interface. The p
tential discontinuity,VB52ueuEZB , actually has a physica
meaning in the present study: It models the potential due
the barrier material layer above the Si host1 ~see inset in Fig.
3!.

A description for theA-gate operations may be inferre
from the behavior of the TB envelope function squared at
impurity site under applied fieldE, normalized to the zero-
field value:

A/A05uCEF
E ~0!u2/uCEF

0 ~0!u2. ~9!

The notation here indicates that this ratio should follow
behavior similar to that for the hyperfine coupling consta
between the donor nucleus and electron with~A! and without
(A0) external field. Since the hyperfine interactionA is pro-
portional to uC(0)u2, and we are using here the envelo
rather than the full TB eigenfunctions, this equivalence is
rigorous. The ratio in Eq.~9! is plotted in Fig. 3~a! for three
values of the impurity depth with respect to the Si/barr
interface. Calculations forZB510.86 nm were performed
with cubic supercells (L540), while forZB55.43 and 21.72
nm tetragonal supercells withLx5Ly540 andLz520 and
80, respectively, were used. At small field values we obtai
quadratic decay ofA/A0 with E, in agreement with the per
turbation theory results for the hydrogen atom.18 At large
enough fields,uCEF

E (0)u2 becomes vanishingly small, an
the transition between the two regimes is qualitatively diff
ent according toZB : For the largest values ofZB we get an
abrupt transition at a critical fieldEc , while smallerZB ~e.g.,
ZB55.43 nm) lead to a smooth decay, similar to the o
depicted in Ref. 1. In this latter case, we defineEc as the

e
e

e
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field for which the curveA/A0 versusE has an inflection
point, where A/A0;0.5, thus Ec(5.43 nm)5130 kV/cm.
We find that the decrease ofEc with ZB follows a simple rule
Ec}1/ZB , as given by the solid line in Fig. 3~b!.

The existence of two ionization regimes according to
donor depth was recently obtained within EMT by Ket
et al.19 and by Smitet al.20 In order to analyze the differen
regimes illustrated in Fig. 3~a!, we study the overall behavio
of the envelope squared profile along thez axis,

r~z!5(
s51

2

(
xi

syi
s

uCEF
E ~Ri

s!u2, ~10!

where the first summation is over the two fcc sublattic
with Ri

s corresponding to the atomic sites in sublattices, thus
z labels each monolayer in the diamond structure, andr(z)
quantifies thez-projected charge distribution for the electro
states under applied fieldE. Figure 4 givesr(z) for the elec-
tron ground state and also for the first excited state withZB
510.86 nm as the applied field increases. Up to fields v
close toEc(;53 kV/cm), the ground-state distribution re
tains essentially the bound donor character, with the e
tronic charge accumulating predominantly around the im
rity (z50). ForE.Ec we observe an abrupt charge trans
towards the barrier, with some residual charge remainin
the impurity site. The first excited state displays a comp

FIG. 3. ~a! TB envelope function squared at the impurity s
under applied fieldE, normalized to the zero-field value, for th
indicated values of the impurity-Si/barrier interface distanceZB .
~b! Dependence of the critical fieldEc on ZB . The solid line is a
best fit of the formEc}1/ZB . The inset gives a schematic repr
sentation of the perturbation potential added to the bulk Si Ham
tonian due to the impurity atR50 and to a uniform electric field in
the negativez direction.
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mentary behavior, with charge transfer from the barrier in
the impurity region asE increases. The binding energies~en-
ergy eigenvalues relative to the bottom of the conduct
band! are calculated here taking into account the depende
of the conduction-band edge under applied field. The bind
energies of the two lowest electron states are given in F
5~a!. Note that they cross atEc .

The binding energies of the two lowest eigenstates
ZB55.43 nm are presented in Fig. 5~b!. They do not cross,
but rather display an anticrossing behavior, confirmed by
corresponding doubled-peaked charge distributions in Fig
with wave functions extending over the attractive wells
the impurity and of the electric-field potential. This is co
sistent of eigenstates which are superpositions of bo
states in each potential well. Note that forE5Ec in Fig. 6~c!,
the two states have essentially the same charge distribu
as expected at the anticrossing point. The anticrossing in
5~b! is such that forE,Ec the lines giving the two states ar
essentially parallel, converging asymptotically at zero field
the binding energies 45.6 meV, for theA1 ground state, and
32.4 meV for the first excited state. This is very close to
experimental binding energy of the excitedE ~32.6 meV! and
T2 ~33.9 meV! states, which cannot be individually resolve
within our variational scheme.16 Note that this was indepen
dently obtained with the same value of the parameterU0,
chosen to fit theA1 state binding energy alone. Near an
above Ec a typical two-level anticrossing behavior is ob

l-

FIG. 4. Tight-binding envelope function squared projected alo
z for ZB510.86 nm and the indicated values of the fieldE applied
in the negativez direction. The solid~dashed! line gives the donor
ground~1st excited! state. Note in~b! and~c! the exchange among
the r(z) for the lowest energy states@ground# ↔ @excited# which
occurs over a narrow rage of electric field increase, a signatur
the crossing behavior in Fig. 5~a!.
0-4
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tained, with the excited state eventually merging into
conduction band atE5150 kV/cm.

The above results may be understood within a simple
ture of the electron in a double-well potential, the first w
being most attractive at the impurity site,V(R50)52U0,
and the second well at the barrier interface,V(z5ZB)
52VB/252ueuEZB neglecting the Coulomb potential con
tribution ~2! at the interface. An internal barrier separates
two wells and, for a fixedE, this internal barrier height and
width increase withZB . Deep donor positioning leads to
weaker coupling between the states localized at each w
even close to level degeneracy, resulting the level cros
behavior illustrated in Fig. 5~a!. For donor positioning close
to the interface the internal barrier gets weaker, enhanc
the coupling between levels localized in each well and le
ing to wave function superposition and to the anticross
behavior illustrated in Fig. 5~b!. The scaling ofEc with 1/ZB

may also be understood assuming that the critical field c
responds to the crossing of the ground-state energies of
wells: The Coulomb well and an approximately triangu
well at the barrier. Since the relative depths of the we
increases withEZB , and assuming that the ground-states
ergies are fixed with respect to each well’s depth, leads to
Ec}1/ZB behavior.

FIG. 5. Calculated binding energies vs electric-field intensity
the two lowest donor-electron states.~a! For ZB510.86 nm the en-
ergies reveal a crossing regime.~b! Anticrossing of the two lowest
electron states forZB55.43 nm. The open symbols correspond t
zero-field calculated values: 45.6 meV and 32.4 meV.
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IV. ADIABATIC PROCESSES DRIVEN BY A UNIFORM
ELECTRIC FIELD

Coherent manipulation of electrons by theA-gates re-
quires that the switching time between different electr
states be slow enough to guarantee adiabaticity of the
cess. Instantaneous eigenstates ofH(t) may thus be defined
at any timet. In the present case, we assume a linear incre
of the external field from 0 to a maximum valueEmax so that
H(t)5H(0)2ueuEmaxzt, with 0,t,T, whereT is the total
switching time. A lower bound forT is obtained from the
adiabatic theorem,4,21 following Ref. 10

Ta5
\ueuEmaxZB

gmin
2

, ~11!

wheregmin is the minimum gap between the two lowest ele
tron states. In the anticrossing case illustrated in Fig. 5~b!,
we getgmin>9.8 meV. Assuming that a totally ionized sta
is required as the final state, we takeEmax5180 kV/cm,
leading toTa;0.5 ps. This is a perfectly acceptable time f
the operation ofA-gates in spin-based Si quantum comput
given the relatively long electron-spin coherence times~of
the order of a few ms! in Si.22

As the impurity distance from the barrier increases, o
eventually reaches the crossing regime, whengmin→0, mean-
ing thatTa→` and no adiabatic ionization is possible. Io
ization would still occur forE.Ec , but as a stochastic deca
process from the first excited state. From Fig. 3~a! we see

f

FIG. 6. TB envelope function squared projected alongz for ZB

55.43 nm and the indicated values of the applied fieldE. The solid
~dashed! line gives the ground~1st excited! state. At the critical
field in ~c! the two states have similar charge distributions, typi
of a superposition of states localized in each well and a signatur
the anticrossing behavior in Fig. 5~b!.
0-5
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A. S. MARTINS, R. B. CAPAZ, AND BELITA KOILLER PHYSICAL REVIEW B69, 085320 ~2004!
that theA-gate might be used to partially reduce the cont
interaction, in the case ofZB510.86 nm to about 20% of its
value at zero field. For largerZB the range for adiabatic
variation in A/A0 is even smaller. ThereforeZB;5 nm
seems to be a favorable positioning for the donors, sinc
allows adiabatic reduction ofA/A0 to any desired final value
with this ratio varying smoothly from one~at E50) to zero
~for E5Emax;2Ec).

V. SUMMARY AND CONCLUSIONS

We have presented a TB study of donor levels in Si. T
reliability of the TB approach for the present study was ve
fied by comparison of the TB and K&L~Ref. 11! envelope
functions in the asymptotic regime, as well as by the va
predicted for theA12$E,T2% energy splitting in agreemen
with experiment within our numerical accuracy. Previous T
studies of intermediate and shallow impurity levels
semiconductors6–8 dealt with materials with band extrema
k50, and the present results show that the oscillatory beh
ior of the wave function due to interference effects in t
plane-wave part of the Bloch wave functions, typical of d
generate band extrema atkÞ0, is well captured by the TB
approach. Recent EMT studies focused primarily on do
ionization processes,19,20and were based on single-valley h
drogenic trial wave functions, leading to results qualitative
similar to those reported here in terms of the possible ion
tion behaviors.

In the presence of an increasing uniform electric field,
donor states respond in different ways according to the do
depth ZB below the Si/barrier interface. For deeply pos
tioned donors, i.e, forZB@a,b, wherea andb are the Bohr
radii for P in Si, abrupt ionization occurs at a critical fie
Ec , while for ZB greater but of magnitude comparable to t
Bohr radii, a smooth electronic charge transfer from the
nor site towards the barrier interface is obtained, eventu
leading to complete ionization. The different regimes we
identified in three ways:~i! From the decrease in electron
charge at the donor nucleus@Fig. 3~a!#. This behavior implies
an analogous dependence of the electron-nucleus hype
coupling constantA as a function of the increasing extern
field. ~ii ! From charge distributions~Figs. 4 and 6!, where the
superposition of donorlike and barrierlike bound states is
.
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hibited for deeply positioned donors.~iii ! From the behavior
of the binding energies of the two lowest electron states
the applied field increases~Fig. 5!, changing from a level
crossing into an anticrossing regime asZB decreases. The
donor excited states in the S-like manifold also play a role
the anticrossing regime, as illustrated forE&Ec in Fig. 5~b!.

The minimum gapgmin in the anticrossing regime is a ke
ingredient determining the possibility of an adiabatic evo
tion of the electron state under the action of theA-gates.
Given that the productEcZB is approximately constant@see
fit Fig. 3~b!#, the adiabatic time Ta in ~11! is expected to
depend very weakly in the productEmaxZB , assuming one
aims at complete ionization.3 ThereforeTa should not de-
pend explicitly onZB , but only implicitly through 1/gmin

2 .
We have shown that forZB;5 nm, i.e., about twice the larg
est Bohr radiusa in Eq. ~7!, electric field switching times
smaller than 1 ps may be reached, which is a favorable
eration time given the long electronic spin coherence tim
in Si. If one aims at a final state where only partial reducti
of the electronic charge at the nucleus occurs,1,2 values ofZB
of this order of magnitude are still the most convenient, sin
any final value of the nuclear charge may be attained.

The Bloch phases interference behavior in the donor w
functions has been previously shown to lead to oscillat
behavior of the exchange coupling between two donor17

affecting the two-qubit operations in exchange-based ar
tectures in Si. We remark that such oscillations are well c
tured in the TB wave functions, and that the present stu
demonstrates that electric-field control over single do
wave functions, such as proposed inA-gate operations,1–3 do
not present additional complications due to the Si band st
ture. The only critical parameter is the donor positioni
below the Si/barrier interface, which should be chosen a
controlled according to the physical criteria presented he
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