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Plasmon modes and energy gap in electronic bilayers
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Analysis of the dynamic structure factors of strongly coupled classical, symmetric electronic bilayers ob-
tained from molecular dynamics simulation confirms the existence of two longitudinal collective modes. The
in-phase mode resembles the optical mode seen in single-layer two-dimensional systems, while the out-of-
phase mode shows an energy gap at wave numbersq→0 for interlayer separationsd less than about 1.5~in
units of the Wigner-Seitz radius!. These dispersion results corroborate recent molecular dynamics data obtained
using a different algorithm and analysis, and for a lower value of the plasma parameterG. The energy gap is
seen not to be very sensitive to the value ofG. The analysis of our data has brought out an interesting feature:
a bifurcation of the out-of-phase dispersion curve for a high value ofG(580) for intermediate values ofd.
This feature is not seen for lower values ofG(540) and has not been predicted by any theoretical model.
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I. INTRODUCTION

Layered electronic systems have been the focus of re
research; interest is based on the fact that such system
now be routinely fabricated in semiconductor devices a
other physical tools. A good representative model of suc
system that is amenable to theoretical and molecular dyn
ics ~MD! analysis is a bilayer consisting of electrons in tw
parallel layers embedded in a neutralizing background
separated by distanced. The particles satisfy classical stati
tics, have the same density in the two layers and interact w
the 1/r Coulomb potential. The single-component bilayer
equivalent to a two-component single-layer system with
interaction potential matrix V11(r )5V22(r )5 e2/r and
V12(r )5V21(r )5 e2/Ar 21d2, where e is the electronic
charge. This system is completely defined by two para
eters: the interlayer separationd and the coupling constan
G5 e2/akBT, wherea5(np)21/2 is the Wigner-Seitz radius
and n is the surface density of particles. There have be
theoretical investigations of both static and dynamic prop
ties of such systems.1–5 Recently, MD simulations6–9,14have
provided much-needed results for comparison with those
the theoretical models. In this paper we focus on the col
tive modes of strongly coupled electronic bilayers; in p
ticular, we obtain the dispersion relations for the in-pha
and out-of-phase modes from the pertinent dynamic struc
factors. We are then able to consider the question of
existence of an energy gap in the out-of-phase modes.

Before analyzing the MD data, it is useful to summari
the theories pertaining to collective excitations in bilaye
Two longitudinal modes have been identified: an in-ph
mode in which the particles in the two layers oscillate
phase, and a mode with oscillations 180° out of phase.
theoretical models predict that the resulting dispersion r
tion for the in-phase mode is similar to that of a single-lay
two-dimensional electron gas~2DEG!, and that the fre-
quencyv in terms of wave numberq behaves asAq for q
→0, typical of an optical mode. However, the theories dif
0163-1829/2004/69~8!/085310~7!/$22.50 69 0853
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with regard to the smallq behavior of the out-of-phase
mode. The random-phase-approximation~RPA! predicts an
acoustic mode (v;q for q→0) for the long-wavelength be
havior of this mode;10 the RPA is applicable in the wea
coupling regime (G!1) where the particle correlations ca
be ignored. The effects of interlayer and intralayer corre
tions, essential for strongly coupled bilayers, have be
taken into account using the Singwi-Tosi-Land-Sjoland
~STLS! approximation11 or the quasilocalized charge ap
proximation~QLCA!.12 The two methods arrive at differen
predictions regarding the out-of-phase mode: the QLCA p
dicts a nonzero energy gap asq→0, while the STLS does
not. It may be possible to reconcile these approaches by
sidering the effects of damping which may render the os
lator strength to be very small;5 however, one needs to com
pare with experimental or MD results for a verification of th
various theoretical predictions. Experimental results can
readily be used for comparison because real systems do
quantum features, and the interaction potentials are m
complicated than the ones assumed in theory. Recent ex
ments on dispersion of plasmon modes involve large in
layer separations where the energy gap is not evident.13 An-
other tool for investigation of collective mode phenomena
computer simulation. The object of this paper is to pres
MD results for the dispersion relations of in-phase and o
of-phase longitudinal modes of a strongly coupled bilay
and to use these results to study the energy gap. Although
simulation involves classical systems, it should describe
features of a quantum bilayer in a qualitative fashion. Ve
recently, MD results that indicate an energy gap in such s
tems have been published.14 Our approach is different both
in computational technique and in methodology. Our simu
tion uses a different algorithm and a higher value of t
coupling constant, and our analysis is based on the m
appropriateS(q,v). Our results should produce a muc
needed confirmation of their results and a further validat
of theoretical approaches.

Our MD calculations are based on a generalized Ew
©2004 The American Physical Society10-1
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FIG. 1. Dynamical structure factorsS11(q,v) ~long dash!, S12(q,v) ~short dash!, S1(q,v) ~dot!, andS2(q,v) ~solid! for G580: ~a!
d51.5,q50.95; ~b! d50.8,q50.63; ~c! d50.8,q51.57. Quantities plotted in these figures are all in dimensionless units as defined
text. Also note that smooth curves through our data points are used.
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sum dynamics algorithm which has been used to investig
static and dynamic properties of a classical, symme
bilayer.7–9 In particular, the dynamic structure facto
S11(q,v) and S12(q,v) for G580 and various values ofd
have been obtained.9 The reader is referred to this paper f
details regarding the simulation, the evaluation of the qu
tities of interest and the reliability checks considered.
quantities involved are in dimensionless units: distance
units of WS radiusa, wave vectorq in units of 1/a, time in
units oft5Ama3/e2, wherem is the electron mass andv is
frequency in units of 1/t. Our previous studies7,8 have shown
that a bilayer withG580 ~which is in a liquid phase for a
single-layer 2DEG!, undergoes dramatic changes in its stru
ture, pair correlation functions, diffusion coefficient, an
single particle properties as the interlayer separation chan
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Therefore, we concentrate onG580 to investigate the dis
persion relations and the energy gap; it appears that this
may provide a better test for confirmation of theory than
smaller values ofG.

Two longitudinal modes appear in these correlation fu
tions and a separation of these modes can be accompli
by a linear combination: the in-phase modes then appea
S1(q,v)5S11(q,v)1S12(q,v), and the out-of-phase
modes in S2(q,v)5S11(q,v)2S12(q,v). A collective
mode, if any, appears as a peak at a nonzero frequenc
these spectra. Since the number of particles in each layer
taken to be 512, the corresponding minimum value ofq that
can be investigated by our MD simulation is 0.157. Thus,
extrapolation of our results toq→0 is needed in order to
investigate the energy gap.
0-2
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PLASMON MODES AND ENERGY GAP IN ELECTRONIC . . . PHYSICAL REVIEW B69, 085310 ~2004!
We considered a number of discrete values ofq between
0.157 and 2.56,~consistent with our MD!, and selectedd
between 0.15 and 5.0. Previous MD results14 have been pre-
sented in terms of longitudinal current correlation functio
L1(q,v)5v2 S1(q,v) and L2(q,v)5v2 S2(q,v). It is
known that if the collective peak inS(q,v) is sharp, it will
also appear as a sharp peak inL(q,v) at essentially the sam
frequency. But if the peak is broad, it can appear somew
distorted in L(q,v) and its position may also be slightl
different. For largerq, L(q,v) may show a side peak wher
none exists inS(q,v). In general, while it is safe to us
L(q,v) for smallq, it is more prudent to analyzeS(q,v) for
collective behavior. We observed one distinct peak in theS1

andL1 spectra for everyd andq which we considered. This
was not always true forS2 : in many cases, but not all, th
central peak ofS2(q,v) is very dominant and any collectiv
peaks are considerably damped. By consideringL2(q,v)
one eliminates the central peak and augments the others
have analyzed our results usingS2(q,v) and wherever pos
sible L2(q,v), and have checked that the correlation fun
tions satisfy the zeroth and second moment sum rules.

II. RESULTS

To show how the behavior ofS11(q,v) and S12(q,v)
translates to that ofS1(q,v) andS2(q,v), we have plotted
these four functions together in Figs. 1~a!–1~c! for G580
and representative values ofd and q. In Fig. 1~a!, for d
51.5 andq50.95 we see thatS11(q,v) and S12(q,v) are
almost mirror images of each other except near the sec
peak, where they merge almost completely. ThusS1(q,v)
andS2(q,v) each have one well defined collective peak, b
at different values ofv. Such a pattern occurs quite ofte
though not in such a striking fashion, as illustrated in F
1~b! for d50.8 and q50.63. Here also,S1(q,v) and
S2(q,v) have well defined single peaks at different valu
of v. However, in Fig. 1~c! with d50.8 andq increased to
1.6, we see that, whileS11(q,v) andS12(q,v) still are mir-
ror images of each other for smallv, the heights of their
second peaks are quite different. These features then y
just one collective peak forS1(q,v), but two distinct col-
lective peaks forS2(q,v); the shorter peak at largerv has
its origin in the difference in height of the second peaks
S11(q,v) andS12(q,v). ForG580 such a pattern is seen fo
d between about 0.6 and 1.1 for certain values ofq. This
phenomenon produces a second branch of the dispersio
lation for the out-of-phase plasmon mode and will be d
cussed in detail later in this paper. On the other ha
S1(q,v) always displays just a single peak for anyd, and
for q values that are small enough to yield a collective b
havior. It should be emphasized that if the second p
heights inS11(q,v) and S12(q,v) are essentially the same
there will not be a second peak inS2(q,v).

While the out-of-phase modes are clearly discernible
the plots ofS2(q,v) for larger values ofd, the same is not
true for smallerd. To clarify, we have plotted in Figs. 2~a!
and 2~b! S11(q,v), S12(q,v), S2(q,v), and L2(q,v) for
d50.15 and 0.4. The value ofq is 0.63. Note that thev
values in the figures have been restricted in the range 0
08531
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2.8 so as to focus just on the collective peak structure.
complete graphs forS11(q,v) andS12(q,v) for these states
are shown in Ref. 9. It is seen that the out-of-phase peak d
not show up very clearly inS2(q,v), though that peak doe
exist as can be seen distinctly inL2(q,v). Thus we use
L2(q,v) plots for the dispersion relation curve when w
know that such a mode must exist but is not seen unam
ously in S2(q,v) plots. It should be emphasised that th
in-phase mode always shows up clearly inS1(q,v) for any
d.

However, whenG is reduced to 40~corresponding to the
state investigated by Donko´ et al.14!, the two peak structure
in S11(q,v) is not seen. This is shown in Figs. 3~a! and 3~b!
for the same values ofd and q as in Figs. 1~b! and 1~c!,
respectively. This suggests that the bilayer must be stron
coupled (G>80) to produce two out-of-phase plasmo
modes.

FIG. 2. S11(q,v) ~long dash!, S12(q,v) ~short dash!, S2(q,v)
~dot!, and L2(q,v) ~solid! for G580: ~a! d50.15, q50.63; ~b!
d50.4, q50.63.
0-3
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Figures 4~a! and 4~b! show the in-phase plasmon forG
580 with a rather larged(52.0) and a smalld(50.4) for q
between 0.16 and 1.26. In both plots the collective peak
quency is seen to decrease to 0 asq approaches 0; such
pattern is seen for alld. This optical mode is in agreemen
with theoretical predictions, although we have not analyz
its exact quantitative behavior.

However, as shown in Figs. 5~a!, 5~b!, and 5~c!, S2(q,v)
behaves quite differently asd is varied. For a larged, @such
as 2.0 in Fig. 5~a!#, there is only one collective peak fre
quency for the range ofq displayed; it decreases to 0 asq
approaches 0, qualitatively similar to that seen in Fig. 4~a!
for S1(q,v). There is similar behavior for alld greater than
about 1.5. For smallerd, the behavior ofS2(q,v) is quite
different: asq approaches 0 the collective peak frequen
approaches a nonzero value called the ‘‘energy gap.’’ Thi

FIG. 3. S11(q,v) ~long dash!, S12(q,v) ~short dash!, S1(q,v)
~dot!, andS2(q,v) ~solid! for G540: ~a! d50.8, q50.63; ~b! d
50.8, q51.57.
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well illustrated in Fig. 5~b!, where we have plottedL2(q,v)
rather thanS2(q,v) for d50.8 for small values ofq from
0.16 to 0.63. It is clear that asq approaches 0 the pea
frequency is essentially a constant nearv51. Such an en-
ergy gap was observed in the out-of-phase plasmon mode
all d less than approximately 1.5.

Furthermore, forG580 andd between 0.6 and 0.95, w
discovered thatS2(q,v) exhibits a two peak structure fo
certain values ofq. This feature is illustrated in Fig. 5~c! for
d50.8 andq51.26, 1.57, and 1.89, while its origin is ex
plained by Fig. 1~c!. Thus, ford50.8 andq less than about
0.63, there is a single small side peak atv>1, but for q
.0.63, there is a bifurcation in the dispersion relation pl
The branch normally seen in weakly coupled bilayers is t
in which the peak frequency increases withq, but here we
see another branch in which the peak frequencydecreases
with q. Our data show that the double peak structure

FIG. 4. S1(q,v) for G580 andq50.16, 0.31, 0.47, 0.79, 1.26
~left to right!: ~a! d52.0; ~b! d50.4.
0-4
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FIG. 5. ~a!. S2(q,v) for G580, d52.0 andq50.16, 0.22, 0.31, 0.47, 0.79, 1.26~left to right!. ~b! L2(q,v) for G580, d50.8 and
q50.16, 0.22, 0.31, 0.35, 0.47, 0.57, 0.63~bottom to top!. @Note that these peaks are not as clearly visible inS2(q,v).] ~c! S2(q,v) for
G580, d50.8 andq50.63 ~dotted!, 1.26 ~solid!, 1.57 ~dashed!, 1.89 ~dash-dot!.
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S2(q,v) occurs for 0.6,d,1.1 atG580. This behavior is
not seen forG540 as can be deduced from Figs. 3~a! and
3~b!, and from earlier MD results.14

Our results indicate that there are two longitudinal~plas-
mon! modes in a strongly coupled bilayer, and that the o
of-phase mode has two branches for intermediated. The
dispersion relations for the two modes are displayed in F
6~a!. Recall that the minimum value ofq that can be studied
in our MD is 0.157. The in-phase mode dispersionv1(q) is
shown for nine values ofd from 0.15 ~top, solid! to 5.0
~bottom, solid!. The out-of-phase mode dispersionv2(q) is
displayed for three values ofd from 1.5 ~bottom, dashed!to
5.0 ~top, dashed!. All of the in-phase dispersion relation plo
approach 0 as for smallq→0 and behave similar toAq for
small q. This is the expected behavior of the optical mo
and is in agreement with theoretical predictions. The disp
08531
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sion relation for the out-of-phase mode ford.1.5 seems to
show a linear dependence onq for small q, typical of an
acoustic mode. It should also be noted that for larged
(55.0), the graphs ofv1(q) andv2(q) essentially merge.
Experimental results, albeit for a much lower value ofG,
show such a merging pattern.5,13

However, ford,1.5, the out-of-phase dispersion does n
go to 0 asq→0. Figure 6~b! shows a plot ofv2(q) for eight
values ofd from 0.15 ~top! to 1.1 ~bottom!. Here we have
chosen to plot only the upper portion of the dispersion cur
the bifurcation is discussed in the next paragraph. It is cl
that the graphs approach a constant nonzero value for s
q. This establishes that an energy gap exists ford less than
about 1.5. As mentioned earlier, theoretical models based
STLS approximation11 do not predict an energy gap, whil
those based on QLCA~Ref. 12! do. Our results thus validate
0-5
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the latter theory as well as recently published MD results
G540.14

Figure 7 shows the complete dispersion relation cur
for the out-of-phase plasmon modev2(q) for three values
of d that show bifurcation. For these values ofd andq suf-
ficiently large,S2(q,v) shows a two peak structure, indica
ing the existence of two collective modes. The split occ
aroundq51.25 for d50.95 and around a much smallerq
50.5 for d50.6. This behavior is not seen atG540 ~at least
for q less than 2.5!, suggesting that it occurs only in ver
strongly coupled bilayers. We are not aware of any theor
cal model that has predicted this new phenomenon.

Finally, in Fig. 8 we have plotted the energy gap valu

FIG. 6. ~a! In-phase mode dispersionv1(q) ~solid! for G580
and d50.15, 0.3, 0.6, 0.7, 0.8, 1.1, 1.5, 2.0, 5.0~top to bottom!;
out-of-phase mode dispersionv2(q) ~dashed! for G580 and d
51.5, 2.0, 5.0~bottom to top!. ~b! v2(q) for d50.15, 0.3, 0.4, 0.6,
0.7, 0.8, 0.95, and 1.1~top to bottom!.
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v2(q→0) in units of 2D plasma frequencyv0

5A2pne2/ma(5&/t), as a function of the interlaye
separationd. Our results forG580 were obtained using Fig
5~b! with extrapolation, so are somewhat coarse. The data
G540 were taken from Ref. 14. Together, they indicate t
the energy gap is quite insensitive to the coupling parame

III. CONCLUSIONS

We have performed a detailed analysis of the two d
namic structure factors in an electronic bilayer system a
identified how the side peaks develop and contribute to

FIG. 7. Both branches ofv2(q) for G580 andd50.6, 0.7,
0.95 ~top to bottom as seen at the left edge!. Our data points are
shown.

FIG. 8. Energy gapv2(q→0) as a function ofd: G580 ~solid!
andG540 ~dashed!. The unit used for the ordinate here is (&/t) to
agree with Ref. 14.
0-6
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PLASMON MODES AND ENERGY GAP IN ELECTRONIC . . . PHYSICAL REVIEW B69, 085310 ~2004!
dispersion curves. Our dispersion results forG580 are very
similar to the recent MD results forG540.14 We have used a
different algorithm and a different analysis, and our corrob
rating results serve as a validation of the two approach
Thus, we conclude that~i! an energy gap exists, withou
question, in classical electronic bilayers for small interlay
separations,~ii ! its value is not sensitive to the coupling p
rameterG, and ~iii ! it is in qualitative agreement with th
predictions of the QLCA theory.4 Experiments have bee
performed for weakly coupled quantum bilayer systems
they do not show an energy gap.13 This is so because th
interlayer separations in these experiments are quite larg
would be most interesting to perform such experiments
smallerd to see if the energy gap develops. An interest
-

tt.

v
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feature discovered in our findings is the splitting of the o
of-phase dispersion relation for strongly coupled bilayers
intermediate interlayer separations. ForG580, the splitting
occurs only for values ofd from about 0.5 to 1.0, and the
value ofq where this occurs increases asd is decreased. This
feature is not seen for lower values of the plasma param
and has not been predicted by any theory, as far as we
aware.
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