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Dynamical properties of strongly coupled electronic bilayers: A molecular dynamics study
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Extensive molecular dynami¢®D) calculations have been performed for a classical symmetric electronic
bilayer system for various values of the coupling paramé&t@nd interlayer separatiod. Static structure
factors were obtained, but the emphasis was on dynamic correlation functions, in particular the intralayer and
interlayer intermediate scattering functiofiéqg,t) and their Fourier transformS(q,»). Results and analysis
are presented here mainly for the plasma paraniéte80, where previous MD studies have shown dramatic
changes in certain properties of the system for intermediate valugsSifjnificant variations in the dynamic
structure factorsS(q,w) with interlayer separation are observed and a detailed discussion is presented. An
emergence of two side peaks is noted for certain values of wave \eeatwdt interlayer separatiaiy this novel
behavior appears only for high valuesIof
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[. INTRODUCTION paper, we provide some of the needed MD data for certain
dynamical correlation functions of a strongly coupled, clas-

Strongly coupled electronic bilayers have been the focui- ;
) d . . ical bilayer.
of research in recent years. A classical bilayer consists of two
parallel plane layers of charged particles obeying classical
statistical mechanics. It can be characterized by two param- IIl. SIMULATION DETAILS

eters: the interlayer separation distat@nd the coupling The system to be simulated is a bilayer consisting of clas-
parameter '=e?/(akgT), where a=(nw)"*? is the sjcal electrons interacting through the Qoulomb potential.
Wigner-Seitz radiusg the electronic charge, antthe sur-  The single-component bilayer is equivalent to a two-
face density of particles. Zero temperatude=() lattice  component single-layer system with an interaction potential
dynamics calculations of a classical bilayer predict a sematrix =~ Vq4(r)=V,(r)=e%r and  Vyu(r)=Vyy(r)
quence of five structural phase changes, with increadihg = e2/\r?+d?2. The system is identical to the one used by us
Such a sequence has been observed in Monte Csi®) previously to investigate diffusion and single-particle prop-
simulations in the solid phasd €& 165) of a bilayef Note  erties, but we describe it here for completeness. The elec-
that a classical single layer, two-dimensional electron gagons are distributed evenly in two planes separated by a
(2DEG) has been shown to exhibit a fluid-solid transition constant distance and are not allowed to move out of the
betweenl'=120 and 130. Molecular dynami¢®D) simu-  planes. Charge neutrality is guaranteed by embedding the
lations have revealed the presence of structural phases @lectrons in a uniform background of opposite charge. In
intermediated, even when the system is in a fluid state for €ach layer the basic simulation cell is a square and periodic
larged. For example, MD calculations fd*=80 andd near  boundary conditions are imposed. The number of electrons

0.8 have shown the appearance of a pronounced long-rangier cell in each of the layers was chosen to be 512. A larger
order in the intralayer and interlayer pair correlation hnumber of particles increases the statistics considerably, and

functions®* and a large reduction in the diffusion hence decreases the errors of the dynamical correlation func-
coefficient* For this value ofd the bilayer exhibits a tions which we obtain. It also allows the use of more and

staggered-square structural phase, and MC simulations hagéhaller values of the wave vectgrthat can be used in the
found the highest melting temperatiréMD analyses of €valuation of the correlation functions.
single particle properties such as the velocity correlation A thermodynamic state of the system is entirely specified
function and self-intermediate scattering function corrobo-by the dimensionless plasma coupling paramétend the
rate the existence of solidlike structures in such stronglynterlayer separatiod which, in what follows, is expressed
coupled bilayers. in units ofa. Only symmetric bilayers, in which the density
There have been some theoretical studies of the dynam@f the electrons is the same in both layers, are considered in
cal properties of strongly coupled bilayéra® However, a  this study. All quantities involved are in dimensionless units:
lack of sufficient and detailed experimental and MD data haglistance in units of WS radius, wave vectorg in units of
impeded progress in the understanding of these systemd/a, time in units of 7= Jma®/e?, wherem is the electron
Limited experimental data is availabl&;*3but since experi- mass and frequency in units of 14. The two layers have
ments involve complex and quantum systems, their resultie same surface density and the basic cell is a square with
are not immediately applicable to classical bilayer systemsside lengthL =(N/na?)*? containingN=512 electrons in
One then has to depend on MD generated results with whichach of the two layers. Sinca is the unit of length, the
to compare the predictions of any theoretical model. In thigddensity in each layer takes the valuemrl/this gives L
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=40.1 in dimensionless units. The details of the simulation
and of the extended Ewald sum technique used in our dy-
namics algorithm have been described in our previous
papers:14

After the equilibrium configuration has been achieved, the
two-dimensional position and velocity components of each
of the electrons in the two planes were computed for 20 000
time steps, with the step length chosen to be 0.03. These
were stored fort;=0.6] with j from 1 to M=10000. The
position coordinates at time; are labeled byf(t;)
={X(t;),yk(t})} wherek=1 to N for layer 1 andk=N
+1 to 2N for layer 2. These components were then used to
calculate the correlation functions of interest.

The collective properties of the system are contained in
the dynamical correlation functions: the intermediate scatter-
ing functionsFq4(qg,t) and Fx(q,t), and their respective

Fourier transformsS;;(q,w) and S;,(q,w), the dynamic
structure factors. They are defined as

F11(d,t)=(p1(d,1) p1(—G,0)),

F12(0,t) =(p1(q,t) po(— G,0)), )

where

p1(4,t)=

TE exgiger(t)],

exdigeri(t)] )

1) = —

Pz(q ) \/Nk=N+l
are the density fluctuations. Because of symmetry, the roles
of the two layers can be interchanged. The dynamic structure
factors are defined as

1 (= )
Si(q,w)= > fﬁwdte'thll(q,t)

T
= if dtcog wt)F14(q,t) €

T Jo
with a similar expression fd8,,(q,); T is the time interval
over which the integrand has been computed.

Since our data are collected in a finite time interval
[0,T], one can expand the density fluctuations in Fourier
series and create an alternative procedure to obtain the dy-
namic structure factorS. The result is

1
Si(g,w)= ﬁl”ﬁl(ﬁ,w)lz, (4)

Syp(a)

n
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FIG. 1. (a) Intralayer static structure fact@®,,(q) for I'=80
andd=0.15, 0.4, 0.6, 0.8, 1.1, and 2.0 from bottom to top. The
plots are stacked for clarity. Quantities plotted in these figures are

all in dimensionless units as defined in the text. Also note that

wherep,(q,0) = f§dte“\p,(q,t). This result can be gener-
alized to give

smooth curves through our data points are uflgdnterlayer static
structure factorS;5(q) for I'=80 andd=0.15, 0.4, 0.6, 0.8, 1.1,

and 2.0 from bottom to top. The plots are stacked for clarity.

1
S12(0,0) = 5= ReP1(G,0)p3 (4,0)]. ©)

here to illustrate the bilayer contributions. Periodic boundary

conditions restrict the wave vectgr to the discrete values

Although the calculation of the quantities of interest is given by g=(qy,qy)

= (27/L)(ny,

ny), wheren,, ny, are 0

reasonably well documented, we provide some of the detailéhot both or positive integers. We start by evaluating
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N

.
cl(<q,tj)=k§:‘,l cog GXk(t;) +ayYi(tj)} CCl(q,wn)=f0 dtcogwnt)Cy(q,t),
N T
Sl(q.tj)=k21 sin{a,Xi(tj) +ayYi(t))}, CSl(q,wn)=f dtcog w,t)S;(q,t),
- 0
2N
CZ(q'tj)ZKZ%Jrl COqQXXk(tj)"'QyYK(tj)}v SC_I_(qywn): J'TdtSIn(wnt)Cl(q,t),
0

2N

Syat)= 2 cosqux(t)) +ayYi(t)}- (6) T
Sl SS(a.00)= | dtsino S0, ©
Since the system is isotropic, the correlation functions should
depend only on the magnitude of the wave vector, and hence , ,
one averages over all possiljle,, n,] values that give the andCGC,, CS,, SG, S$ are obtained by replacing, by

sameq=|d| to evaluate the expressions in E). To en- C2andSi by S, in Eq.(9). - .
hance the statistics, we relax this condition slightly to in- !N order to reduce the noise caused by the finite trajecto-
clude all possiblgn,, n,] values that giveq vectors with ries, we multiply the intermediate scattering fu_nctlons
approximately the saméo within 0.5% magnitude. The F11(d:t) andFi(q,t) by the Blackman filtering functiof?

intralayer and interlayer intermediate scattering functions aré/hich has_ been wiqe[y used in MD calculations..This proce-
evaluated using dure retains the original values for small and intermediate

times and suppresses the possibly spurious values for large
M—i times. Although it may change the peak heights of the dy-
[Ci(a,tj)Ca(a,tj+1;) namic structure factors, it does not change the peak posi-
1 tions, nor does it seem to affect the frequency sum rules.

We have performed the following reliability checks on
our calculations.

(i) Comparison with publishe8(q, ) results for a single
layer 2DEG? for large interlayer separatiord-5), a bi-
layer system is essentially equivalent to two uncorrelated
single layers.
+3(a:t)Su(q,tj+ 1) 1. () (i) Comparison ofF;,(q,t) and F;,(q,t) obtained di-
rectly using Eq.(7), and by Fourier transforms &;4(q, )
andS;,(q,w) as obtained from Eq38).

(iii) Comparison 0fS;4(q,w) and S;5(q,w) obtained di-
rectly using Eq.(8) and by Fourier transforms dfq4(q,t)
andF5(q,t) as obtained from Eq.7).

(iv) Comparison of structure factoiS;;(q) and S;x(q)
from Fq4(q,0) andF45(q,0), and those obtained as Hankel
transforms of the pair distribution functiong,,(r) and
012(r) which were obtained from our MD results.

(v) Confirmation of the frequency second moment sum
rules for which exact expressions are well known.

1
Fu(a.t)= N(M—1) 2

+31(a,t) Sy(a,t+ )],
1 M

FlZ(qvti): N(M_|) A [Cz(q,t])Cl(q,tJ-H,)

i=

Because of symmetry, either layer can be used to olsigin
and the roles of the two layers can be interchanged ifrthe
expression. The smallest valuemfin units of 1A) compat-
ible with our simulation is 2-/L=0.157; others considered
are q=(27-r/L)\/nX2+ nyz. The dynamic structure factors
S11(g, ) andS;5(q,w) are then obtained using E(R).

We have also used Eqgl) and(5) to evaluateS;;(q, w)
andS;,(q, w) directly from the MD data. If 0, T] is the time
interval of the MD data andv,=27n/T, the appropriate
formulas are

1
Si(q,w,) = m{[ccl(q:wn) + Sa(q-wn)]z IIl. RESULTS
+[CSi(q,0,) —SCi(q,0n) 1%, We have generated MD data for selected valuek 80
and 40 in particular and several values af for each. These
1 were used to obtain the dynamical correlation functions for
S wn) = 5= {I[CCu(G, 0n) + S§(q,@n)] several values of wave vectoras described in Sec. Il In
this paper we restrict our detailed analysis and discussion to
X[CCy(q,wn) +SS(q,wn)] just one value of: our previous studié$ have shown that a
bilayer withI"=80 undergoes dramatic changes in its struc-
+[CS(q,0n) = SC(q,0n)] ture, pair correlation functions, diffusion coefficient, and
X[CSy(q, wn) —SC(q )]}, (8) sjngle particle properties depe_nding on th_e interllaygr separa-
tion. Thus, we focus here afi=80 in our investigation of
where the collective properties of bilayers.
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FIG. 2. Intermediate scattering functiofis;(q,t) (solid) and F5(q,t) (dash for I'=80, q=0.63: (8) d=0.15, (b) d=0.4, (c) d
=0.8,(d) d=1.1.

A. Static structure factor whereJ, is the Bessel function of order O.

Theoretical models often require the static structure factor However, this procedure requires that the oscillations of
as an input and their predictions of dynamical correlationd(r) about 1 for large have died out. In MD calculations,
functions are quite sensitive to its values. For a bilayer sysg(r) can be obtained far less than half-the-box length only.
tem, one needs both the intralay®r(q) and the interlayer For strongly coupled bilayers, oscillations persist in both
S1,(q) static structure factors; reliable results are essential t@11(r) andgq,(r) well beyond this distance, making evalu-
produce theoretical predictions. These are normally obtainedtion of the structure factors using E40) inaccurate. Since
from transforms of the pair correlation functions accordingS(q) is exactly equal to the intermediate scattering function
to F(g,t=0), this provides an alternative. It can also be ob-

tained from the frequency integral 8{q,»); however, MD
S1(q)=F14(q,0)= fx Si(g,0)dw requires that the values qgf be discrete, starting with a well
—o defined minimum value.
. In Figs. 1a) and Xb) we have plotted the structure factors
=1+277nf [911(r)—1]rdo(qr)dr, S1i(q) and Syy(q) for I'=80, obtained as=1(q,0) and
0 F12(q,0); the values ofl are 0.15, 0.4, 0.6, 0.8, 1.1, and 2.0
. as viewed from bottom to top. Note thatis in units of 14
_ _ andd is in units ofa. The graphs are stacked for clarity. We
S @) =F1A9.0) ffolZ(q’w)dw have also computed the structure factors using expressions
(10); the agreement has been good for those valuas fof
=27-rnjw[glz(r)— 1]rdo(qr)dr, (10) which the transforms ofj;; andg,, can be evaluated accu-
0 rately for larger. As a further check, we also evaluated
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FIG. 3. Fy4(q,t) (solid) andF,xq,t) (dash for I'=80,q9=3.6: () d=0.15,(b) d=0.4,(c) d=0.8,(d) d=1.1.

1 (= 0.5 for d=0;1 it decreases rapidly to 0 with increasiiy
911(r)=1+mf0 [S11(d) —1]qJde(qr)da, and/or increasingl. For d=0.15 and our smallesy, this
number is~0.3; for largerd it decreases rapidly.
1 (e ForI' =80 the interlayer functioi$;»(q) undergoes a dra-
- _ matic change ad increases. For small and large valuesiof
911) 27N fo [Sia) = 1]ad(ar)dg Y its behavior is known: it approaches;,(q)—1 asd ap-

) o proaches 0, and it becomes essentially zero for large values
and compared these with their directly generated MD valuesyt 4. For intermediate values df we note certain distinctive
again the agreement is good. _ _ features ofS;,(q). Ford=1.1,S;;(q) has almost reached its

~Ford=1.1and 2.0, the behavior &;,(q) is typical of &  45ympotic largel behavior, buS,,(q) has not. This implies
S_'”Q'e"agef 2DEG, in agreement with our previous i there is a strong interlayer correlatiordat 1.1, but this
findings"® that a bilayer behaves very similar to a single- g fittle effect on the correlations acting within a layer. For
Igyer 2DEG fqrd>1.5. Atd=0 it also behaves S|mllar 0 a jntermediate values ofl (0.6 and 0.8 S,(q) displays a
single layer withl'=80,2. At both extremes5,;(q) displays  yather complex behavior: as the layers are brought closer

just one dominant peak, its position being consistent with RogetherS,,(q) is strongly affected whileS;4(q) is much
hexagonal structure. For intermediateve see the appear- |o5g sensitive.

ance of a second peak, and note that, while the heights of the
two peaks change considerably, their positions change only
marginally. In particular,S;1(q) displays a considerable
amount of structural details fat=0.8. The intermediate scattering functionkq4(q,t) and
These structure functions must satisfy the perfect screer,5q,t) were computed using E¢7) with a further averag-
ing sum ruleS;;(q=0)= —S;,(q=0), which has the value ing over a number ofj vectors that yield a magnitude be-

B. Dynamic structure factor
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tween 1.00§ and 0.995. We have evaluated these func-
tions for q (in units of 14) from i, (=0.16) to 60,y
(=9.4), and ford (in units of a) from 0.1 to 5, but
we present only a representative sample of our results here. It
should be noted that the values Bf4(q,0) andFxq,0)
correspond exactly t&;1(q) andS;5(q).

Figure 2 show$14(q,t) andF5(q,t) as functions of (in
units of 7) for g=0.63 andd= (a) 0.15,(b) 0.4,(c) 0.8, and
(d) 1.1. Two features are readily seen: there is an oscillatory
behavior that becomes more pronounced ascreases, and
it appears thaf ;5(q,t) is almost a mirror image d¥4(q,t).
For larged (~5), where the system behaves as a single-
layer 2DEG,F15(q,t) is very small, and-4,(q,t) displays a
strong oscillatory behavior about O for a long time with very
little damping; this is in agreement with published MD
results’® We see here that a decreases, the damping in-
creases and the oscillation height decreases and deviates
from 0. The image phenomenon is indicative of the particles
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o
[=)
=
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T
)

o
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o]
T
1

S(q,0)
=3
© =3
o S
= & o
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FIG. 5. Dynamic structure factoiS;;(q, ) (solid) and S;5(q,w) (dash for I'=80, q=0.63: (a) d=0.15, (b) d=0.4, (c) d=0.8, (d)

d=1.5.
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FIG. 6. S;4(q,) (solid) andS;5(q,w) (dash for '=80,q=1.9: (a) d=0.15,(b) d=0.4, (c) d=0.8,(d) d=1.5.

in the two layers oscillating in phase and 180° out of phasepeak where they merge almost completgiiy, the positions
Figure 3 shows similar plots for a value Q& 3.6, near the of the side peak are identical for botB;;(q,») and
main peak ofS;;(q) of a single-layer 2DEG; the functions S;,(q,w), (iii) the smaller the value af, the stronger is the
decay faster and the oscillations have also almost died outentral component, which fod=0.15, completely dwarfs
For larger values of], the decay is almost monotonic and the collective peak, an@v) the height of the noncentral peak
fast, and the functions are closer to their respective ideal gashanges only slightly ad changes. The strong central peak
values. Figure 4 shows a plot dfq4(q,t) only for g coupled with one collective side peak structure is typical of
=0.157 (our smallestandd=0.4, 0.6, 0.8, 2, and 5. This many systems, but our bilayer system evolves into a two side
illustrates the significant effect af on the intermediate scat- peak structure at the expense of the central peak as the inter-
tering functionF;(q,t). As noted beforeF;,(q,t) will be layer separation is further increased. For exampled at
nearly a mirror image oF 14(q,t). =0.8 [Fig. 5(c)] another side peak is starting to form in
The Fourier transform$;1(q,w) andS;5(q,w) of the in-  S;4(q,w) along with its mirror image inS;,(q,w) and the
termediate scattering functions are of special importance besentral peak, though still present, has become considerably
cause they may be determined experimentally, and becausenaller. Asd increases, this second peak becomes stronger
peaks in these functions occurringa# 0 are related to the and the central peak almost nonexistent as shown in Fig.
collective properties of the system. In Fig. 5 plots of theses(d). This structure disappears only wh8p(q, w) becomes
functions are displayed for smajl(=0.63) andd=(a) 0.15, negligible, which in our case does not quite happen even for
(b) 0.4,(c) 0.8,(d) 1.5; note thatw is in units of 1. For such  d=5.
values ofg, one expects collective behavior. For the two  The two side peak structure persistsgasicreases; this is
smallest values afl, there is one clear peak By,(q,w) and  seen in Fig. 6 wher&;,(q,w) and S;5(q,w) are displayed
a coincident positive peak i8;5(q,), in addition to the forq=1.9 andd= (a) 0.15,(b) 0.4,(c) 0.8,(d) 1.5. Plots for
dominant central peak. Other features &ieS;5(q,w) is  the two smaller values a are quite similar to their coun-
almost a mirror image d§,,(q,w) except at the positive side terparts in Fig. 5, except that the side peaks have moved to
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FIG. 7. S;1(q,0) (solid) and S;,(q,») (dash for I'=40, d
=0.8: (a) g=0.63,(b) q=1.9.

the right in frequency. Fod=0.8, the two peaks are now
farther apart when compared to Figch while for d=1.5,
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comparison with the corresponding Figs(c)5 and 6c)
clearly shows the absence of such a feature. However the
double peak structure is seen for lardg>1.5) and small
g (<1), similar to the ones observed fbr=80. Our find-
ings are completely consistent with recent MD calculations
reported forl'=401°

Our results indicate that a double side peak structure in
S11(g,w) andS;5(q,w) is quite a common feature in bilayer
systems. Based on our extensive analysis, we conclude that
this structure is present fal>1.5 and smalf (<2), for all
I'. How far this structure extends th depends o™ for I'
=40 the minimum value ofl is around 1.5, while forl’
=80 it is around 0.6. The interesting question is what this
structure implies concerning the plasmon modes of the sys-
tem. Our studies show that the two side peak$ii(q, )
andS;,(q,w) and their respective positions and heights play
a significant role in the propagation and dispersion of the
plasmon modes, especially the out-of-phase mode. Several
theoretical models have predicted the existence of two col-
lective longitudinal modes in a bilayer system; these are best
analyzed not througl$,;(q,») and S;x(q,w) directly, but
through two correlation functions which are linear combina-
tions of them. This is a subject of a subsequent paper that
deals in detail with collective modes of a bilayer system and
their dispersion relatior?.

IV. CONCLUSIONS

We have performed extensive MD calculations for
strongly coupled, classical symmetric electronic bilayers.
The focus of this paper has been on static and dynamic struc-
ture factors, and these have been analyzed for many selected
values of the interlayer separatichand wave vectoq. A
relatively high value of” (=80) was chosen for the study as
such a system, while displaying the characteristics of a liquid
at small and large values af, exhibits some features of a
solid for intermediate values al. A thorough analysis of
their behavior as a function the wave vector and interlayer
separation has revealed new and distinctive features present
in bilayer systems. It is seen that the dynamic structure fac-

they have almost merged. In addition, heights of this secontPrs possess a double side peak structure for intermediate

peak ofS;;(q,w) and S;5(q, ), which were essentially the

values ofq and d, a feature that is not seen for smaller

same forq=0.63, are now very different. The two side peak values ofl".

structure was observed even fib+=5, g=0.63, but reduced
to a single side peak beyort=1.5 for g=1.9. For higher

Although some attempts have been made to develop the-
oretical models of a bilayer electronic system, their predic-

values ofq (=3), close to and beyond the main peak of tions could not be checked because of the unavailability of

S11(9), and for all values ofl, S;1(q,w) and S;5(q,w) es-
sentially go over to their respective ideal gas values.
As a review of our findings, taking an example df
=0.8, S;1(q,w) displays just a single side peak far
=0.16 (smallestq accessible by our MD systemiThe sec-
ond side peak starts to manifest itself arowpd 0.6 and
grows in intensity at the expense of the first pealgas-
creases. The double peak disappears araun@.5, and fi-
nally the remaining single peak disappears arowpd4

whereS;;(q,w) behaves similar to an ideal gas. Such a be-

havior is seen fof'=80 if d>0.6.

MD results. In addition, theoretical models often require
static structure factors as inputs. Experimental results, few as
they may be, involve real systems with quantum effects and
complex interaction potentials and hence are not immedi-
ately amenable for comparison with theory. Here, and in pre-
vious papers, we have provided some of the much-needed
MD results for static and dynamic correlation functions:
these should offer an immediate test of any theoretical
model.
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