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Ground states of the Falicov-Kimball model with hybridization
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We obtain exact ground states for the spinless Falicov-Kimball model with hybridization in one dimension
(d51). Ground-state energies and their corresponding wave functions are given for a restricted region of the
parameter space in the limit of strong interactions for the half-filling condition. We find that the ground states
possess a diagonal long range order and constitute a condensation of excitons in a zero momentum state. On
the other hand, the correlation functionA5^di

†f i& is purely imaginary, indicating that the ground state does not
exhibit spontaneous ferroelectricity.
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I. INTRODUCTION

There are several systems, like rare earth and trans
metal compounds, whose physical properties are determ
by the presence of almost localized electrons interacting w
conduction electrons. As external parameters are modi
some of these materials can exhibit valence, as well as m
insulator, transitions of first or second order. The theoret
descriptions of such systems are usually based on the
odic Anderson model or the Falicov-Kimball~FK! model.
Despite their apparent simplicity, these models are very c
plicated and few rigorous results are known. The FK mo
without hybridization has been solved exactly by Brandt a
Mielsch1 in the limit of d→`. However, no general solutio
for the FK model with hybridization has been given.

The question of whether or not the FK model can ha
discontinuous transitions in the occupation number is v
important to determine whether it is an adequate model
describing the cited compounds. Different answers can
found in the literature since the results are very sensitive
the approximations used.2 The FK model has also been stu
ied in connection with the formation of excitonic state
Since ad-f exciton carries a dipole moment, such exciton
states have been considered as ferroelectric states3,4 with a
polarization equal to the excitonic correlationA5^di

†f i&. A
related metal-insulator transition driven by an excitonic
stability was proposed in the past by various authors.5 It is
worth mentioning that these older works on the FK mo
were based on mean-field decouplings of the interaction
which case the formalism becomes very similar to that of
BCS theory of superconductivity. Portengenet al.3 studied
the FK model within this approach. They obtained a nonz
value of the excitonic expectation valueA in the limit of zero
hybridization, which was interpreted as the emergence
spontaneous ferroelectric polarization. However, later stu
performed by Czycholl in the limitd→`,6 Farkasovsky7,8 in
finite systems ford51, and Sarasua and Continentino9 in
d51 infinite systems did not confirm this result and yield
a vanishing value ofA in the limit of zero hybridization. On
the other hand, Zlaticet al10 calculated the spontaneous p
larization susceptibility in the FK model and found that
diverges in the limit of zero temperature, indicating a po
sible non-zero polarization in the ground state. Recen
Batista11 found that a FK model with nonlocalizedf electrons
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can have a nonvanishing parameterA and a ferroelectric
ground-state. In these works10,11 the limit V→0 was taken,
but, in real systems the overlap between thef andd orbitals
is not negligible and a more realistic model should inclu
the presence of hybridization.12

As a consequence of the symmetry of the orbitalsf andd,
the hybridization must satisfy the relation3,4

V2k52Vk5Vk* . ~1!

This condition excludes the presence of on-site hybridizat
since this is a constant in momentum space. On-site hyb
ization can only occur by the influence of an external age
such as an electromagnetic field. In this case, a nonzero v
of A must be interpreted as non spontaneous, but induce
the external field. On the other hand, if the mixing intera
tion satisfies Eq.~1!, which implies that it is imaginary, the
value of the excitonic correlation can be considered as tr
spontaneous. Thus, in order to be most conclusive abou
problem of ferroelectricity, we must study a model with a
hybridization of this type.

Recently, Giesekus and co-workers13,14 presented a
method to obtain exact solutions for the Anderson and H
bard models, for special values of the parameters, in the l
caseU→`. The present authors used this technique to st
the extended Anderson model including the Falicov-Kimb
interaction.16,17 In this work we study an extended Falicov
Kimball model with hybridization in the limit of strong in-
teractions atd51 using a similar approach. We obtain th
exact ground-state energy and a corresponding wave f
tion for the half-filling condition in the limit of infinite inter-
action. While in previous work9 we considered the cases o
quarter filling and three-quarter filling, here we concentr
on the half-filling case. It is well known that band fillin
affects the behavior of strongly correlated electrons v
much. In fact, the half-filling condition assumed here is t
one appropriate to study the excitonic insulator.5 Also, in
Ref. 9 hybridization was taken as a real parameter, such
we could only consider the case in which there is an intra
hybridization in the system. In the present study we assu
that hybridization occurs only between different sites and
purely imaginary. It has a structure ink space given by Eq.
~1! and consequently, it is compatible with the symmetries
the f andd orbitals. A more elaborate model could conside
©2004 The American Physical Society03-1
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multiband system, in which case, when projecting the mu
band system into a two-band system this could give rise to
hybridization not satisfying Eq.~1!.15 However, we shall re-
strict the present study to the case of bare bands. We ob
an analytical expression for the correlation parameter^d†f &
in the ground state and analyze the possibility of a sponta
ous excitonic correlation. It is worth emphasizing that it
always of great interest to obtain exact results for suc
relevant physical model as they can be used as guides
different approximate schemes.

II. HAMILTONIAN MODEL

We consider an extended version of the spinless Falic
Kimball model in which an intersite hybridization is in
cluded. The Hamiltonian of the model is

H5t f(̂
i j &

f i
†f j1td(̂

i j &
di

†dj1G(
i

ni
fni

d1Ef(
i

ni
f

1(
i

@V~ f i
†di 111di

†f i 11!1H.c.#, ~2!

where f i
† ( f i) anddi

† (di) are creation~annihilation! opera-
tors for f andd bands respectively,Ef is the site energy off
electrons,G is the Coulomb interaction betweenf andd elec-
trons, and the last term represents the hybridization. Here
hoppingst f , andtd are real numbers, withtd.0 for simplic-
ity, and the hybridizationV is purely imaginary. This type o
hybridization follows from symmetry considerations
stated before.3,4 The corresponding dispersion relations f
each band and the hybridization ink space are given byek

d

522tdcos(k), ek
f 5Ef22t fcos(k), and Vk52V sin(k). We

define the operator

ai
†5adi

†1bdi 11
† 1g f i

†1d f i 11
† . ~3!

Hamiltonian~2! can be expressed in terms of the operatorsai
and the occupation numbersnf andnd in the form

H5(
i

aiai
†12td(

i
ni

d1~2tduhu21Ef !(
i

ni
f1G(

i
ni

fni
d

22td~11uhu2!L ~4!

if the following condition is fulfilled:

t f td5V2, ~5!

with uau25td , uau22ubu250, g5(t f /V)a, d52(t f /V)b,
h5t f /V, andL the number of lattice sites.14,16,17In order to
obtain an expression in terms of the occupation numben
5nf1nd the following condition is imposed:

Ef52~12uhu2!td . ~6!

Thus, Hamiltonian~2! can be rewritten in the form

H5P12td(
i

~ni
d1ni

f !1PG22td~11uhu2!L, ~7!
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whereP5( iaiai
† , andPG5G( ini

fni
d . In this form, Hamil-

tonian ~2! is a sum of a constant, the positive semi-defin
operatorP and the interaction term which is also positiv
semi-definite. Thus, a lower bound to the ground-state
ergy eH can be obtained,

e l52^n&tdL22td~11uhu2!L, ~8!

whereL is the lattice size. Notice that for conditions~5! and
~6! and in the absence of interactions (G50), the energy
excitations are split in two bands separated by a direct
D54ut f u. Then, in the noninteracting case, the system ha
band insulating behavior.

III. SOLUTION

We now proceed to construct an exact ground-state s
tion for the strong coupling limitG5`. This condition pro-
hibits the presence of ad electron in a site occupied by
f-electron. To construct the states, we can use a projectoPP
which removes all the states containing localf -d electron
pairs. Alternatively, this constraint can be imposed to
creation operators by

f i
†di

†50, ~9!

such that the projector is implicitly implemented. Consid
the wave function given by

uc&5)
i

ai
†u0&, ~10!

whereu0& is the empty state, and the creation operators m
obey restriction~9!. The variational principle asserts tha
^cuHuc&/^cuc& is an upper bound to the ground-sta
energy.18 It can easily be checked that the property (ai

†)2

50 holds and then,Puc&50. Due to the restrictions im-
posed to thef † andd† operators, the operatorPG vanishes.
Thus,uc& is an eigenfunction ofH with energyes5e l given
by Eq. ~8!. Furthermore since the lower and upper boun
coincide anduc& contains one electron per site (^n&51), the
ground-state energy is

eH52tdL22td~11uhu2!L. ~11!

It is convenient to expressuc& in the more simplified form

uc&5FC1)
i

~di
†2h f i

†!1C2)
i

~di
†1h f i

†!G u0&, ~12!

whereC1 and C2 are arbitrary constants. In order to sho
how this simplification occurs, we define new operators

Di
†5a~di

†1h f i
†!, Fi

†5b~di
†2h f i

†!,

so that the operatorsai
† can be expressed asai

†5Di
†1F j

† .
Notice that constraint~9! implies thatDi

†Fi
†50. Now we

consider the products of operatorsai
†aj

† at two neighboring
sites appearing in the expression ofuc&, Eq. ~10!. This is
given by

ai
†aj

†5Di
†D j

†1Di
†Fl

†1F j
†D j

†1F j
†Fl

† ,
3-2
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where j 5 i 11 and l 5 i 12. In the above product the thir
term clearly vanishes. Since the second does not create
particle at the sitej and the infinite interaction prohibits th
presence of two electrons in any of the other sites, it gi
rise to states with a total particle number less thanL. Since
we are restricted to the case in which the number of parti
is strictly L, this term must be excluded. Then, only the ter
Di

†D j
† and F j

†Fl
† remain and the wave functionuc& adopts

the form given by Eq.~12!. It is easy to check directly from
Eq. ~12!, using relations~3! and~9!, thatai

†uc&50, which in
turn implies thatPuc&50. We also see from Eq.~12! that
uc& contains one electron in each site and represents an
sulating state, sincêcudi

†dj uc&5^cu f i
†f j uc&5^cudi

†f j uc&
50. Notice that the intersite hybridization used in Eq.~2!
satisfies the symmetry constraint of Eq.~1! and is the same
as that adopted in Ref. 3. Thus it is particularly interesting
compare our results with those obtained in this reference
the value ofA is calculated using the expression foruc&, Eq.
~12!, we get

A5
^cudi

†f i uc&

^cuc&
5

~ uC1u22uC2u2!~11uhu2!L21h

~ uC1u21uC2u2!@~11uhu2!L1~12uhu2!L#

2
~C1* C21C2* C1!~12uhu2!L21h

~ uC1u21uC2u2!@~11uhu2!L1~12uhu2!L#
. ~13!

In the thermodynamic limitL→`, this gives

A5
~ uC1u22uC2u2!h

~ uC1u21uC2u2!~11uhu2!
, ~14!

such that our solution admits states with broken symmetry
fact, if we first takeC250 and nextC150 in Eq. ~12!, we
obtain, respectively, the two ground states

uc (1)&5)
i

~di
†1h f i

†!u0&,

uc (2)&5)
i

~di
†2h f i

†!u0&, ~15!

which have nonzero values ofA given by

A56
h

~11uhu2!

for uc(6)&. Notice that these values ofA are purely imagi-
nary sinceh is purely imaginary. A remarkable fact is tha
uc (1)& and uc (2)& are states that break the symmetry
Hamiltonian~2!. Since the hybridization satisfies Eq.~1!, the
Hamiltonian @Eq. ~2!# remains invariant under a change
the sign ofV together with an inversion in the sense of thex
axis. A change of the sign ofV, which implies a change o
the sign of h, produces the transformationsuc (1)&
→uc (2)&, uc (2)&→uc (1)&. This shows that these states d
not have the symmetry of the Hamiltonian.

Thus, the FK model with hybridization, has ground sta
with broken symmetry in which the values ofA are non-
vanishing. However, following Ref. 3, the ferroelectric p
07310
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larization is given bythe real part of A. Since the values ofA
obtained fromuc (6)& are purely imaginary, these states a
not ferroelectric. Although these results are in contradict
with those obtained in Ref. 3, it is remarkable that the str
ture of the above ground states is very close to that obta
in mean-field approximation.3–5 On the other hand, the fac
that the results of Refs. 6–8 yieldA50, in the case without
hybridization, raises doubts about the reliability of the mea
field studies of excitonic insulators where this state is ch
acterized by a nonzero value ofA. Then, it is interesting to
compare the properties of the ground statesuc (6)& with those
obtained in the mean-field studies.

IV. EXCITONIC STATES

We note that the interactionG promotes the formation o
f -d electron-hole pairs. Since the states with localf-d elec-
trons pairs have been projected out, the average numberf-
d-electron-hole pairs is larger inuc& than in the noninteract-
ing state. The presence of the excitons can be put in a m
manifest form, noting thatuc& can be expressed as

uc&5c1)
i

~u2vdi
†f i !uB&1c2)

i
~u1vdi

†f i !] uB&,

~16!

whereuB&5) i f i
†u0& is the state with a totally filledf band,

without electronsd, and with u/v5h. This expression
shows that anf hole at sitei and an electron in the same si
are either both present or both absent. Notice that Eq.~16!
for uc& is very similar to the mean-field ground state o
tained in Ref. 5, which is given by

ucMF&5)
k

~uk2vkdk
†f k!uB&. ~17!

Despite the close analogy with the BCS wave functio
ucMF& does not possess superconducting properties.5 While
in the BCS ground state there is off-diagonal long ran
order,19 which implies the Meissner effect, the exciton
mean field ground state@Eq. ~17!# possesses diagonal lon
range order~DLRO!. This DLRO is characterized by a non
vanishing value of̂ cMFudi

†f j
†dj f i ucMF& in the limit case

ur i2r j u→`, where r i , and r j denote the positions of the
sitesi and j.5 We shall now investigate ifuc& has this prop-
erty. Using the expression foruc&, Eq. ~16!, we obtain that

lim
ur i2r j u→`

^cudi
†f j

†dj f i uc&

^cuc&
5

uhu2

~11uhu2!2 . ~18!

Then in the limit L→`, the exact solution has the sam
type of long range order that the mean-field solutionucMF&
has. This property is independent of the values ofc1 and
c2, which means that it is not related to the broken symme
discussed before. Another feature that is usually attribu
to excitonic insulators is that they can be interpreted
a condensation of excitons. Notice that Eq.~18! can be
expressed as
3-3
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lim
ur i2r j u→`

^cubi
†bj uc&

^cuc&
5

uhu2

~11uhu2!2 , ~19!

wherebi
†5di

†f i creates an exciton at sitei andbj destroys an
exciton at sitej. This condition is formally the same as th
for Bose condensation of excitons, in turn given
limur i2r j u→`

^cubi
†bj uc&5acn exp@ik•(r i2r j)#,19 wherek is

the wave vector characterizing the state at which the ma
scopic occupation occurs andac is the condensate fraction
Since the right hand side of Eq.~19! is constant andn51,
the condensation takes place in the zero-momentum s
with ac5uhu2/(11uhu2)2. This condensate fraction has
maximum value ofac50.25 for uhu51, which due to the
restrictions imposed by Eqs.~6! and ~5! corresponds to the
caseEf50 and t f52td , i.e., the symmetric case with th
two bands with the same bandwidth.

Another subject that has been extensively investigate
the FK model is the emergence of phase separation~PS!. PS
in the FK model has been rigorously demonstrated for
mensiond51.20 We point out that in the ground stateuc&
there is no phase separation nor charge ordering for
value ofh. Taking into account the differences in the mo
els, this can be caused by the presence of a finite hoppint f
or by the influence of hybridization. The suppression of
for very large values ofV is expected since in this limit the
proper distinction betweenf andd electrons becomes mean
ingless. Although we cannot be conclusive due to the res
tions in the parameters, conditions~5! and~6! certainly pro-
vide a region of parameter space in which phase separa
does not take place.
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5D. Jérome, T.M. Rice, and W. Kohn, Phys. Rev.158, 462~1967!;

B.I. Halperin and T.M. Rice, Rev. Mod. Phys.40, 755 ~1968!,
and references therein.

6G. Czycholl, Phys. Rev. B59, 2642~1999!.
7P. Farkasovsky, Phys. Rev. B60, 10776~1999!.
8P. Farkasovsky, Phys. Rev. B65, 081102~2002!.
9L.G. Sarasua and M.A. Continentino, Phys. Rev. B65, 233107

~2002!.
07310
o-

te

in

i-

ny

S

c-

on

V. CONCLUSIONS

We have obtained the exact ground-state energy and
corresponding wave function for the extended Falico
Kimball model in d51, for the half-filling condition^n&
51 and in the limit of strong correlations. We have includ
a hopping term for thef electrons and an intersite imagina
hybridization. We find that the ground state is a linear co
bination of two degenerate symmetry broken statesuc (6)&,
each of them also being a ground state. The statesuc (6)& are
characterized by a nonvanishing value of theA expectation
value. However, the value ofA is purely imaginary, so tha
the ground states do not exhibit spontaneous ferroelectri

The ground states we obtain are consistent with the e
tonic states predicted in mean-field studies. They posses
same structure of the mean-field ground state, i.e., they
insulating and have the same type of long range order
can be interpreted as a Bose condensation of excitons
analytical expression for the condensate fraction was
tained. These ground states can be viewed as a realizatio
the excitonic insulator in the Falicov-Kimball model.
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