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Nernst effect and anomalous transport in cuprates: A preformed-pair alternative
to the vortex scenario

Shina Tan and K. Levin
James Franck Institute and Department of Physics, University of Chicago, Chicago, Illinois 60637, USA
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We address those puzzling experiments in underdoped high-Tc superconductors which have been associated
with normal-state ‘‘vortices’’ and show these data can be understood as deriving from preformed pairs with
onset temperatureT* .Tc . For uncorrelated bosons in small magnetic fields and arbitraryT* /Tc , we present
the exact contribution toall transport coefficients. In the overdoped regime our results reduce to those of
standard fluctuation theories (T* 'Tc). Semiquantitative agreement with Nernst, ac and dc conductivity, and
diamagnetic measurements is quite reasonable.
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I. INTRODUCTION

The extent to which the normal state of the high-Tc su-
perconductors is anomalous has long been debated. The
conclusive evidence for a breakdown of Fermi liquid theo
has appeared relatively recently via a~pseudo!gap in the fer-
mionic spectrum with onset temperatureT* . Recent
Nernst1,2 and ac conductivity3 experiments have led to som
of the most exotic indications for this pseudogap which, i
claimed, appear in the form of ‘‘vortices aboveTc . ’’ More
generally~but not universally! one associates the complex
pseudogap phenomena with some form of precursor su
conductivity. While normal-state vortices are most clos
associated with the well-known phase fluctuation scenario4 a
primary goal of this paper is to address these same ano
lous transport data2,3 within the alternative pair fluctuation
scheme.5,6 In the process, we present a natural extension
time-dependent Ginsburg-Landau~TDGL! theory and asso
ciated transport coefficients which addresses higher temp
turesT* well outside the usual limited range of applicabili
near Tc . It necessarily follows that the bosons appear
quantum rather than classical fields.

The pair fluctuations which we discuss here have a
natural antecedent the Gaussian fluctuations of TDGL the
Indeed, when pseudogap effects are weak (T* 'Tc) TDGL
theory has been found to provide a reasonably good7–9 rep-
resentation of the noncritical fluctuation regime in the hig
temperature superconductors. In this way the presenc
‘‘preformed pairs’’ has been demonstrated, albeit in the n
row temperature window nearTc . Two important features o
the cuprates suggest that BCS theory is not applicable in
dominant fraction of the phase diagram associated with
pseudogap phase. The anomalously short coherence lenj
in the cuprates combined with the observation of a nonv
ishing excitation gap present at the onset of supercondu
ity has motivated a number of authors5,6 to contemplate
stronger than BCS attraction so that the bosonic degree
freedom appear at a temperatureT* which may be signifi-
cantly larger thanTc . Below Tc the counterpart of thes
preformed pairs appears as noncondensed bosons. The r
ing superconducting state is midway between BCS and B
Einstein condensation~BEC!.5,10,11 One can, moreover
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establish12 that this BCS-BEC crossover approach is clos
related to~Hartree-approximated! TDGL theory.

Bosonic degrees of freedom are, in fact, stabilized by
ing beyond the usual7,9 Gaussian approximation. When the
interactions are included at the self-consistent Hart
level12,13 a fermionic pseudogap necessarily appears; a
result of this depletion of the density of states, there
fewer fermions to which bosonic states can decay. At
Hartree level the presence of bosons and the existence
gap in the fermionic spectrum are two sides of the same c
These pair fluctuation approaches differ from other bos
fermion models14 of high-temperature superconductors b
cause here the bosons naturally dissociate into fermions,
similarly fermion pairs may recombine.

Hartree approaches to pair fluctuations also differ fro
the widely discussed phase fluctuation scenario which
cuses on fluctuations in the order parameter and underl
Mott physics. In the pair fluctuation approach the empha
is on the observed smallj. Because it is a mean-field theor
this scheme is not appropriate to the critical regime and c
cal exponents here belong to the Gaussian rather than th
dimensional~3D! XYclass. While Coulombic effects are pro
found for order parameter fluctuations in the ordered st
here they are less important for precisely the same rea
that they are omitted in traditional TDGL theory.7 As in BCS
theory, Coulomb interactions may also enter the binding a
unbinding of pairs insofar as they renormalize or even,
non-s-wave superconductors,15 stabilize the attraction be
tween fermions.

While there are microscopic theories7 which serve to jus-
tify TDGL theory, the related diagrammatic formalism ca
become prohibitively complex and, as a consequence,
bosonic contributions to transport properties are more rea
deduced7 using TDGL theory directly. This, then, leads to th
present focus on establishing a quantum extension of TD
theory which is thereby amenable to detailed transport s
ies, at higher temperaturesT* . To proceed, we construct
simplified model of charged bosons subject to quantum
sipation, which has TDGL theory~with a non-BCS param-
eter set! as its special limit. Pair fluctuations involve th
continuous dissociation and recombination of fermion pa
To simulate this behavior we follow Caldeira and Legg
and treat the fermions as reservoir harmonic oscillators16,17
©2004 The American Physical Society10-1
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coupled to the bosons. Coulomb and hard-core interact
between bosons are treated at the same level as in Har
approximated TDGL theory.

We end by summarizing the key experiments we will a
dress here. We focus on those experiments where the bos
contributions dominate over their fermionic counterparts
is convenient to define the electrical currentJ05sE
1a„2¹T). In contrast to the behavior in a Fermi liquid,
sizable Nernst signaln ~reflecting a combination of compo
nents of thea ands tensors2! appears at an onset temper
ture appreciably aboveTc , called Tn* ; this temperature is
loosely associated withT* . In the insulating phase, the the
moelectric response functionaxy , as well asn vanishes at
T50. Precursor effects are similarly observed3 in the imagi-
nary components2 of s at 100 GHz, which set in below
Ts* , but appreciably aboveTc . Thus far, these onset tem
peratures are significantly below their counterparts foraxy .
Moreover, for the range of frequencies measured, these c
plex conductivity data can be fit3 to a rescaled Kosterlitz
Thouless form which allows extraction of a phase correlat
time t8(T). In view of the aboves anda experiments, it has
seemed rather mysterious that the diamagn
magnetization,2 has a relatively nonexistent normal-state p
cursor.

Finally, the dc resistivity has been measured somew
systematically18–20 in the underdoped regime. There is ev
dence for an onset temperatureTr* of roughly the same orde
of magnitude as in the other transport experiments. At
temperature an enhancement of the conductivity is evid
However, the magnitude of the deviation from the fermion
contribution is not noticeably large except in the immedi
vicinity of Tc . Analysis of these data does, however, depe
on assigning a particular temperature dependence to
background fermionic contribution.

II. UNCORRELATED BOSON MODEL

A. Revisiting time-dependent Ginsburg Landau theory

The time-dependent Ginsberg-Landau equation

gS i
]

]t
2qw~x,t ! Dc~x,t !

5
@2 i¹2qA~x,t !#2

2m
c~x,t !1a0~T!c~x,t !

1a8uc~x,t !u2c~x,t !1D~x,t ! ~1!

is a natural starting point for characterizing the dynamics
bosons. This equation describes the fluctuational regim
conventional superconductors in the vicinity ofTc , where
the bosonic degrees of freedom are represented by the w
functionc(x,t). Hereuqu52e represents the bosonic charg
and (w, A) is the electromagnetic~EM! potential which de-
termines the EM fields via the usual formulasE(x,t)
52¹w(x,t)2(]/]t)A(x,t), and B(x,t)5¹3A(x,t). The
units adopted in this paper correspond to SI, with\5e0
5kB51. The dynamics is importantly controlled byD(x,t)
which is a white noise function satisfying
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^D* ~x8t8!D~x,t !&52g2Td~ t2t8!d~x2x8!. ~2!

Generally we contemplate complexg with g2[Im g and
g1[Reg.

In this paper we focus on a description in which boso
degrees of freedom may be treated as uncorrelated. Fo
TDGL case this corresponds to applying a Hartree appro
mation to Eq.~1! so that

gS i
]

]t
2qw~x,t ! Dc~x,t !5

@2 i¹2qA~x,t !#2

2m
c~x,t !

1a~T!c~x,t !1D~x,t !. ~3!

Here a(T) represents the~absolute value of the! bosonic
chemical potential which vanishes at the superconduc
transition temperatureTc , which is to be distinguished from
Tc

mf at whicha050. Frequently one ignores the quartic ter
altogether, as in strict Gaussian fluctuation theories.9 An in-
terpretation as well as justification for TDGL theory can
provided by microscopicT-matrix approaches, based on th
well-known Aslamazov-Larkin diagrams.7 With the inclusion
of Hartree effects13 the fluctuations have characterist
Gaussian exponents while Hartree self-consistency contr
tions lead to a slightly modifiedT-matrix scheme.21

At the more macroscopic level of Eq.~1! the fermions in
a superconductor are irrelevant. Nevertheless, microsc
theory makes it clear that the bosonic degrees of freed
correspond to fermion pairs; moreover, it is the fermio
which are ultimately responsible for the complex noise p
rameterg. The self-consistent Hartree approximation intr
duces a fermionic exitation gap13 ~or ‘‘pseudogap’’! which is
present at the onset of superconductivity. This depletion
the density of states is responsible for the fact that the tr
sition temperature@contained ina(T)] is lowered, relative to
Tc

mf .
Despite its significant success in describing conventio

superconducting fluctuations, TDGL theory has know
limitations.22 In the context of understanding high-Tc super-
conductors, one of the most serious of these is the nece
of introducing artificial cutoffs in the fluctuationa
spectrum,23 often to depress the fluctuational contributions
transport. Other extensions of TDGL theory have been p
posed which involve introducing a modification14 to the
BCS-derived parameter set of equation~1!, although for
some experiments9 strict BCS theory appears to work quit
well.

What is most perplexing about high-Tc superconductors is
the appearance of ‘‘pseudogap’’ effects with onset tempe
ture T* . As T* progressively increases away fromTc , a
strict BCS approach to fluctuation-based calculations
transport appears to be invalidated.9 It is the premise of the
present paper that the precursor superconductivity of
pseudogap phase evolves continuously from the conventi
fluctuation behaviorseen, for example, in overdoped high-Tc
samples. While one does not expect TDGL theory to hold
T significantly larger thanTc , our goal here is to propose
natural extension of this theory appropriate forT well above
Tc . In this regime, the lifetime of the bosons becomes co
0-2
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parable to or smaller than\/kBT; thus, the classical fluctua
tion dissipation in TDGL theory should be replaced by
suitable quantum counterpart. In this way we treatc in Eq.
~1! as a field-theoretic operator representing the annihila
of bosons. One of the most important parameters in this
tended TDGL theory isT* which will enter into the bosonic
chemical potential. This is the temperature at which the nu
ber of bosons vanishes. One may viewT* alternatively as
the onset of the fermionic pseudogap. These two viewpo
are two sides of the same coin, since bosons disappea
dissociate when fermions are no longer bound.

B. Preformed-pair model: Extended TDGL theory

To gain a deeper understanding of the essence of TD
theory and of its prior success away from the pseudogap~or
underdoped! regime,9 we thus study a Hamiltonian describ
ing bosons on ad-dimensional lattice coupled to a quantu
reservoir. Our treatment of the reservoir has strong simil
ties to the approach of Caldeira and Leggett.16 We consider

H5(
ux

«uxcx
†~ t !exp@2 iqCux~ t !#cx1u~ t !1(

x
qwc†c

1(
ix

$~ai1qw!wi
†wi1h ic

†wi1h i* wi
†c%

1(
ix

$~bi2qw!v i
†v i1z ic

†v i
†1z i* v ic%. ~4!

Herecx(t) is the boson annihilation operator at lattice sitex
and timet. Annihilation operators for the reservoir,wi andv i
~with infinitesimal coupling constantsh i andz i), are associ-
ated with positive and negative frequencies, respectively
though the energiesai ’s and bi ’s are all positive. That two
sets of reservoir operators are necessary will become c
later when we compare with standard TDGL theory.

Here«ux is the hopping matrix element of the bosons,
be distinguished from its electronic counterpart, andCux(t)
[*0

1dsuaAa(x1su,t). Surface effects appear via thex de-
pendence of«0x which also contains the Hartree interactio
between bosons.

The equations of motion of the system are given by

S i
]

]t
2qw~x,t ! Dcx~ t !5(

u
«uxexp@2 iqCux~ t !#cx1u~ t !

1(
i

h ixwix~ t !1(
i

z ixv ix
† ~ t !,

~5a!

S i
]

]t
2qw~x,t ! Dwix~ t !5aixwix~ t !1h ix* cx~ t !, ~5b!

S i
]

]t
2qw~x,t ! D v ix

† ~ t !52bixv ix
† ~ t !2z ix* cx~ t !. ~5c!

This model is manifestly gauge invariant.
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We solve Eqs.~5b! and ~5c! in the temporal gauge
@w(x,t)[0# to expresswi andv i

† in terms of bothcx(t) and
their values at an initial timet0→2`. Substituting into Eq.
~5a!, we find

i
]

]t
cx~ t !5(

u
«uxexp~2 iqCux!cx1u~ t !

2 i E
t0

t

dt8S2~ t2t8,Tx!cx~ t8!1Dx~ t !, ~6!

where Tx is the local temperature andS2(t) the Fourier
transform of

S̃2~v![2p(
i

uh i u2d~v2ai !22p(
i

uz i u2d~v1bi !.

~7!

It is reasonable to assume that this self-energy, like any ot
is smooth and that it vanishes asv→6`. Here

Dx~ t ![(
i

exp@2 iaix~ t2t0!#h ixwix~ t0!

1(
i

exp@1 ibix~ t2t0!#z ixv ix
† ~ t0! ~8!

is a function which represents a generalized or quan
noise. The coupling between thec field and each reservoi
field is infinitesimal, so that the reservoir satisfies ideal Bo
statistics and

^Dx8~ t8!†Dx~ t !&5dxx8E dv

2p
S̃2~v,Tx!b~v,Tx!

3exp@2 iv~ t2t8!#, ~9!

with b(v,T)[1/@exp(v/T)21# the Bose function. The phys
ics of the bosons, transport, magnetization, specific h
density, etc., are governed by Eqs.~6! and ~9!.

The reservoir parametersai , bi , h i , andz i are all sub-

sumed into the boson self-energyS̃2(v). From this point
forward we ignore these quantities in favor of the bos

self-energy. Moreover,S̃2(v) depends only onv for our
localized reservoir. This simplification is supported princ
pally by the fact that this model captures the key phys
found in microscopic schemes,5,24 where it is sufficient to
consider just the leading-orderk dependences. Difference
between this previous strong-couplingT-matrix approach5,24

and the present phenomenological boson model are to
associated with the fact that the former scheme assumes
the T-matrix has fermionic constituents. These lead to a fi
v structure arising from the fermionic pseudogap,24 as well
as to different high-v asymptotics. The ensuing simplifica
tion of boson physics, however, makes our model far m
tractable.

In the spatially uniform case, the Fourier transform of E
~6! takes a simple form
0-3
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S v2«~k!2S̃1~v!1
i

2
S̃2~v! D c̃~k,v!5D̃~k,v!,

~10!

with «(k)[(u«uexp(ik•u) and

S̃1~v![PE dv8

2p

1

v2v8
S̃2~v8!. ~11!

We are now in a position to clarify the relationship b
tween this theory and TDGL theory. WhenT is close toTc ,
the bosonic relaxation ratet21 is considerably smaller tha
T ~typically of the order of tens or hundreds of kelvin!. In
this regime the dynamics is dominated by low frequenc
uvu;t21!T, and the Bose function is well approximated b
b(v,T)'T/v. We presume that the high-energy cutoff sca

V in S̃2(v), which is associated with the reservoir, is of t
order of typical electronic energies, thus thousands of
Then, at low frequencies, the bosonic self-energy is given
the linear functions

S̃1~v!2S̃1~0!'~12g1!v ~12!

and

S̃2~v!'2g2v, ~13!

where, from Eq.~7!, S̃2(v) vanishes at zero frequency.
With the above approximations the quantum noise co

lation function, Eq.~9!, is reduced to its classical limit, give
by Eq. ~2!. In the same way Eq.~10! is reduced to Eq.~3!,
with the important parameter

2mpair[a~T!5min
k

«~k!1S̃1~0!. ~14!

We may now see that the two sets of reservoir fields,wi and
v i , are associated with opposite chargesq and 2q; they
contribute to the positive- and negative-frequency regime

S̃2(v), respectively. If either of these two were omitte

S̃2(v) would vanish on one side of the origin; thus, th

slope of S̃2(v) would be discontinuous across zero fr
quency, and one would never arrive at the TDGL limit,
matter how small the frequency.In summary, the boson
model presented in this paper is a natural quantum extens
of TDGL theory. Conversely, TDGL theory is the low-
frequency limit of our quantum boson model.

In preparation for computing transport coefficients, w
introduce the bosonic correlation function, which can be
rived from Eqs.~10! and ~9!. This is given by

^c̃†~k8v8!c̃~k,v!&

5Ã~k,v!b~v!~2p!d11d~k2k8!d~v2v8!, ~15!

whereÃ(k,v)5Re 2i T̃(k,v) is the boson spectral functio
and

T̃~k,v![S v2«~k!2S̃1~v!1
i

2
S̃2~v! D 21

~16!
06451
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is the boson propagator or ‘‘T matrix.’’ The average numbe
of bosons per lattice site is

n[^c†c&5vE ddk

~2p!d

dv

2p
Ã~k,v!b~v!, ~17!

wherev is the cell volume associated with each lattice si

C. Transport coefficients

The electric currentJ0 and heat currentJ1 follow from
charge and energy conservation:

Ja
n~x,t !5

q12n

2v H S i
]

]t
2qw~x,t ! D n

c~x,t !J †

3(
u

iua«uxexp@2 iqCux~ t !#cx1u~ t !1H.c.

~18!

When a magnetic fieldBab[(]/]xa)Ab2(]/]xb)Aa is ap-
plied to the system, surface electric and heat currents ap
in a thin shell around its boundary.

To derive these surface currents we proceed as follo
We confine bosons within the sample boundaries via a s
tially dependent«0x which approaches the bulk value we
away from the surface and1` on the boundary. We pre
sume that the spatial gradient of«0x is small, as is the applied
magnetic field, so that we may calculate the electric and h
currents to leading order in these quantities. Integrating
current in the normal direction of the surface, from t
boundary to deep within the sample, we obtain

Mab
n 5

q22n

6
BcdE ddk

~2p!d

dv

2p
DabcdRei T̃~k,v!2vnb~v!,

~19!

where Mab
0 is the usual magnetization,Mab

1 is the thermal
analog25 of Mab

0 , Dabcd(k)[ 1
2 @vac(k)vbd(k)

2vad(k)vbc(k)#, and vab(k)[(]2/]ka]kb)«(k) is the in-
verse mass tensor of the bosons, whose group velocit
given byva(k)[(]/]ka)«(k).

When an external magnetic field is present, the bulk v
ume currentJn must be combined with surface contribution
so that the net ‘‘transport’’ currents are given by9

J(tr)a
n 5^Ja

n&1
]Mab

n

]T
Eb

11dn,1Mab
0 Eb

0 . ~20!

For small, but constantBab , electric field Ea
0[Ea and

negative thermal gradientEa
1[2(]/]xa)T, we obtain the

linearized response functionsJ(tr)a
n 5(n850

1
(bLab

nn8Eb
n8 , and

the dc transport coefficientsLab
nn8 can be compactly written a
0-4
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Lab
nn85

q22n2n8

2Tn8 E ddk

~2p!d

dv

2p
vavbÃ2vn1n8b(1)

1
q32n2n8Bcd

6Tn8 E ddk

~2p!d

dv

2p
vavcvbdÃ

3vn1n8b(1),

~21!

whereb(1)(v)[2]b(v)/]v arises from thev50 limit, in
which the boson absorbs or emits an infinitesimal amoun
energy in the process of making a transition to an adjac
energy level.Lab

005sab is the isothermal electric conductiv
ity, Lab

11 is the isoelectropotential thermal conductivity, a
Lab

015aab and Lab
10 are off-diagonal coefficients. Equatio

~21! satisfies the Onsager relation9 Tn8Lab
nn8(BJ )5TnLba

n8n

(2BJ ) ~no summation!, as a consequence of our inclusion
the surface terms.9 Surface effects enter intoLab

01 , Lab
10 , and

Lab
11 , but cancel inLab

00 .
Finally, we deduce the boson contribution to the comp

ac conductivity and ac Hall conductivity:

s̃ab~v!5
iq2

v E ddk8

~2p!d

dv8

2p
va~k8!vb~k8!Ã~k8v8!b~v8!

3@ T̃~k8,v81v!1T̃ * ~k8,v82v!

2T̃~k8v8!2T̃ * ~k8v8!#1
iq3

2v
BcdE ddk8

~2p!d

dv8

2p

3va~k8!vc~k8!vbd~k8!Ã~k8v8!b~v8!

3@ i T̃~k8,v81v!2 i T̃ * ~k8,v82v!#

3@ T̃~k8,v81v!1T̃ * ~k8,v82v!

2T̃~k8v8!2T̃ * ~k8v8!#. ~22!

It can be verified thats̃ab(v→0)5Lab
00 and that Eq.~22!

satisfies thef-sum rule.

III. PHENOMENOLOGY

In this section we arrive at a simple and generic pheno
enology describing the preformed pairs or bosons of our
tended TDGL model, in the context of hole-doped cupra
Our goal in the next section is to use this phenomenolog
address transport data at a semiquantitative level with as
fitting parameters as possible. It should be noted that
phenomenology is generally compatible with previously d
rived T-matrix-based approaches.6 The most important com
ponent of this phenomenological discussion lies in our int
duction of the parameterT* , which has no natura
counterpart in TDGL approaches. This is the temperatur
which the number of bosons vanishes. This same temp
ture is reflected in the fermionic spectrum as that at wh
the excitation~pseudo!gap vanishes, so that fermions are
longer bound into bosons. The remaining parameter cho
discussed below are reasonably straightforward and repre
06451
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natural extensions based on TDGL theory.
There are three factors which govern the dynamics of

bosons: the dispersion function«(k), the self-energyS̃(v),
and the chemical potentialmpair. We begin with«(k), which
is given by Ea@12cos(kasa)#1Eb@12cos(kbsb)#1Ec@1
2cos(kcsc)#1const, presuming only nearest-neighbor ho
ping. Heresc[s is the interlayer spacing, whilesa andsb are
in-plane lattice constants. The characteristic boson ba
widths (Ea,b) satisfyEa'Eb of the order of a few thousand
K.26 By contrast,Ec is on the order 10 K for the least aniso
tropic cuprates~e.g., YBCO! and roughly two orders of mag
nitude smaller for the most anisotropic systems~e.g.,
Bi2212!. In this way the dispersion function may be furth
simplified to yield kab

2 /2ma1Ec@12cos(kcs)#1const, the
well-known Lawrence-Doniach dispersion.

Next we turn toS̃(v), which is expected to be given b
its TDGL form: Eqs.~12! and ~13!, for frequencies much
lower than a characteristic cutoff energyV, introduced ear-
lier. Moreover, in the fermionic regime, far from the tru
bosonic limit ~as appears to be the case for the cuprat!,
g1!g2. Our results are, thus, rather insensitive tog1 and for
simplicity we set it to zero.27

To obtain an estimate ofV, we use our model to calculat
the average number of bosons per lattice siten(T). At Tc we
obtain the simple result28

n~Tc!'
Ṽ

4p Ẽa

1
Tc

2pEa
ln

2Tc

Ẽc

, ~23!

where, for general energy scalesE, we defineẼ[E/g2. It is
reasonable to assume that well into the underdoped reg
n(Tc) falls somewhere inside the range 0.01–0.5 elect
pairs per lattice site. SinceTc is considerably smaller than
Ẽa , the first term on the right side of Eq.~23! dominates, and
we deduce thatV is of the same order of magnitude asEa ,
thus thousands of K. The above analysis indicates that
simple linearized expansion of the boson self-energy, gi
by Eqs.~12! and ~13!, is a reasonably good approximatio
over the range of relevant frequencies we consider here

Finally we address the quantitympair(T) which depends
on the important temperatureT* which has no natural coun
terpart in TDGL theory. This is the temperature wherempair
diverges. At this temperature the Bose degrees of freed
vanish. Concomitantly, atT* the fermionic excitation gap
disappears, although, presumably, this is a crossover s
rather than a sharp transition. It has been argued that TD
approaches overestimate fluctuation effects so that sh
wavelength cutoffs in the fluctuational spectrum have to
introduced, most recently to address the paraconductivit23

In the boson model introduced here, the non-TDGL tempe
ture dependence in the pair chemical potential,mpair, re-
moves the necessity for introducing anad hoccutoff.

We may estimate the magnitude ofmpair at intermediate
temperatures betweenTc andT* by using the boson densit
n(T). T-matrix-based theories suggest,6 that the electronic
pseudogap scales with the number of bosons aboveTc . A
key assumption of our approach is that the magnitude of
pseudogap decreases by an appreciable fraction at inte
0-5
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diate temperatures betweenTc and T* . This assumption is
reasonably compatible with experiments such as an
resolved photoemission fine structure~ARPES!, but it has
not been conclusively established at this time. We expect
the number of bosons evolves in a similar fashion.

Within our theoretical model, we require that2mpair;V
in order to suppressn(T) significantly relative ton(Tc), for
T betweenTc andT* ~Ref. 29!. TDGL expressions formpair

@mpair}(T2Tc)# will not lead to a sufficiently rapid decline
in the boson number. It follows that there must be an ad
tional term in the pair chemical potential which is negligib
in the vicinity of Tc , but which rapidly increases at highe
temperatures and diverges atT* . A form generally compat-
ible with the above analysis, as well as with microsco
T-matrix-based schemes,6 can be written as

t21~T![2
mpair

g2
5

8

ph
~T2Tc!1c

~T2Tc!
3

~T* 2T!2
, ~24!

where we have introduced a quantityh which represents the
ratio of the boson lifetimet to its BCS value,p/@8(T
2Tc)#, for T;Tc . Throughout, we takec;15, consistent
with our order of magnitude estimates ofmpair. It should be
stressed that there is nothing in this and the following s
tions which depends on the specific details of this functio
form, provided the non-TDGL contribution~or second term!
diverges atT* and vanishes sufficiently rapidly asT ap-
proachesTc .

Both ac and dc conductivity data indicate thath is close
to 1 for optimally doped cuprates30 but it becomes signifi-
cantly larger than 1 as the material is progressiv
underdoped.3 In this way the pairs live longer in the vicinity
of Tc than expected from BCS theory. Quantitative analy
of the ac conductivity data~presented in the next section!
shows thath can be of the order of 10–20 for a typic
underdoped Bi2212 sample.We takeh as the only fitted
parameter in all of our numerical analysis.31 Other param-
eter choices32 throughout this paper are for illustrative pu
poses only.

We end this section by noting that there is an additio
quantum statistical effect which acts to further suppress
son transport. This is associated with the fact that the fa
2b8(v) is smaller than its TDGL counterpartT/v2. This
effect is appreciable whent;1/T and greatly amplified
whent!1/T, thereby further suppressing bosonic contrib
tions to ~dc! transport.

IV. NUMERICS AND QUALITATIVE COMPARISON WITH
EXPERIMENT

A. Nernst effect and magnetization

In Fig. 1 we plot the transverse thermoelectric coefficie
axy vs T for three underdoped samples with indicat
T* /Tc . The arrows show the corresponding values ofTc
which progressively decrease asT* /Tc increases. The inse
plots ~unpublished! experimental data on La22xSrxCuO4
from Ref. 33 which curves are forx50.12, 0.07, and 0.03
and which are in rough correspondence to the values
T* /Tc in the three theory plots. The onset temperatures
06451
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of the order ofT* /2, as in experiment. In the vicinity ofTc ,
the calculated behavior ofaxy corresponds to that of TDGL
theory, albeit with modified coefficients. Thusaxy diverges
at Tc althoughn is finite there.9 Similarly, with overdoping
the behavior becomes characteristic of a more conventio
fluctuation picture9 in which T* 'Tc . The essential distinc-
tion between TDGL and the present case is that the o
temperature for bosonic contributions can be substanti
higher than the conventional fluctuation regime. Semiqua
tative agreement between theory and experiment app
quite satisfactory.

In both theory and experiment the dotted lines are fo
nonsuperconductor withTc50. To apply the present theor
to the insulating case we presume that the first term on
right-hand side of Eq.~24! is a nonvanishing number whic
corresponds to the chemical potential of noncondensed e
tron pairs. This constant is chosen to be 24 K in order to
the maximum ofaxy(T) to its experimental counterpart. Thi
figure illustrates the fact thataxy ~as well asn) vanishes at
T50 in nonsuperconducting samples. This derives from
behavior of the Bose function which approaches a step fu
tion of v at very low temperatures.

An interesting inference from the data2 is that, while there
is a considerable precursor effect foraxy , the ~orbital! mag-
netization drops to its superconducting value only in the i
mediate vicinity of Bose condensation. This quantity@given
as Mab

0 in Eq. ~19!# is plotted in the inset to Fig. 2, for the
same parameter set as in Fig. 1. The fermionic backgro
~measured experimentally! is negligible, so that the bosoni
contribution necessarily dominates. The sharpness of
Meissner onset~which clearly reflectsTc and notT* ) can be
attributed to the small ratio of the boson velocity to the spe
of light ~and the small size of the hyperfine constant!. Similar
results hold in TDGL-based calculations.

B. ac conductivity

In the main body of Fig. 2 are plotted the real and ima
nary components of the ac conductivity as a function ofT for
v/(2p)'100 GHz for two different values ofT* /Tc , as in

FIG. 1. Theoretical curves for the normal stateaxy with variable
T* /Tc ; experimental counterparts~Ref. 33! in the inset for
La22xSrxCuO4 at x50.03, 0.07, and 0.12. Both the theoretical a
experimental values ofaxy are normalized by 0.02(B/T)V/
(KV m), a number obtained earlier~Ref. 9! at 2Tc for an optimally
doped sample.
0-6
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NERNST EFFECT AND ANOMALOUS TRANSPORT IN . . . PHYSICAL REVIEW B69, 064510 ~2004!
the previous figure. Boths15Res ands25Im s are finite
at Tc with s2 larger thans1. Because of the relatively
‘‘high’’ frequencies (v'5 K@ Ẽc),

32 the associated fre
quency dependenceis not the asymptotically low-v limit,
nearTc , where it would vary as 1/Av. It follows that, just as
in TDGL theory, ds1 /dT is finite while ds2 /dT diverges at
Tc . We find that the magnitude ofs is about twice the ex-
perimental value atTc .3 This prediction is the most notabl
difference between theory and experiment.3

The theoretically deduced onset temperatureTs* for pre-
cursor effects ins2 can be estimated by noting that the fe
mionic background is relatively negligible so thats2 be-
comes appreciable when it reaches a few percent of its v
at Tc . This corresponds to onset temperatures which are
tors of 2 or so closer toTc than those estimated fromaxy .

In Fig. 3 we replot the calculated ac conductivity~for
T* /Tc53.1), following the Kosterlitz-Thouless-~KT-! based
analysis of Ref. 3. In the main figure we illustrate these
fits. These are the basis of an interpretation of conducti

FIG. 2. Real and imaginary components of normal states ~nor-
malized bysQ[e2/s) at 100 GHz vsT. Solid and dashed curve
have the sameT* /Tc as for their counterparts in Fig. 1. Associate
magnetizations are plotted in the inset, with the external magn
field chosen as the unit.

FIG. 3. Fits to Kosterlitz-Thouless~KT! scaling of the conduc-
tivity which can be compared to the analysis in Ref. 3. See text
details.
06451
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data in terms of vortices aboveTc . We present plots off
[tan21(s2 /s1) and uSu as a function ofv/V8 obtained
from s(v)/sQ5Tu

0(T)S(v/V8)V821. As in the data, here
Tu

0 and V8 are deduced parameters. The inset plotst8
51/V8 as a function of temperature. We find thatTu

0 is
roughly constant inT, in contrast to the data which find thi
quantity to be decreasing asT increases. Nevertheless, th
agreement with experiment for all three quantities plotted
Fig. 3 is quite good.In this way one might argue that ke
features of the ac conductivity data in Ref. 3 and attribut
to KT physics may equally well be explained by preform
pairs.

C. Resistivity

In the main body of Fig. 4 we plot dc resistivity curves,r
vs. T for an underdoped system. In addition to the boso
contribution we have added a fairly generic19 linear-in-T
contribution from the fermions as the background term. T
solid line correponds to the same parameters as in prev
figures withT* /Tc53.1. For the dot-dashed curve we mod
fied slightly the form of the pair chemical potential. This
shown to emphasize that the details ofmpair are only roughly
constrained and that Eq.~24! is one of many choices. For thi
case, in addition to small changes nearTc, we used a form
for mpair which never precisely diverges atT* ; this is more
appropriate to a smooth crossover model.

Dimensionality also plays an important role in determ
ing the behavior of the paraconductivity. In the upper l
inset of Fig. 4, we plot the resistivity for a comparably u
derdoped, but more three-dimensional material, such
YBCO. Increased three dimensionality~via increasedc-axis
coherence length! clearly shrinks the appararent transitio
range ofr. This can be traced to the reduced bosonic den
of states in the low-energy regime. To see how the chang
dimensionality affects the Nernst coefficient, we presen
plot of axy in the lower inset for this same sample. The on
for the Nernst coefficient is roughly 40 K aboveTc . This
contrasts sharply with that ofr which is at most a few K
above Tc . Thus, the same sample, with exactly the sam

ic

r

FIG. 4. dc resistivityr ~normalized byrQ[s/e2) vs T for un-
derdoped samples with differentmpair. See text for details. In the
insets are plotted ther and axy curves for an underdoped, mor
three-dimensional, system like YBCO, withh57.5 and T* /Tc

53.1. The arrow in the lower right inset indicatesTc .
0-7
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SHINA TAN AND K. LEVIN PHYSICAL REVIEW B 69, 064510 ~2004!
parameters, appears to have very different onset tempe
tures for resistivity and Nernst coefficients.It should be noted
that if one looks closely at the plot ofr a small downward
curvature develops well aboveTc , which can be traced to
T* effects.

V. CONCLUSIONS

In this paper we have investigated the effects of p
formed pairs or bosonic degrees of freedom on normal-s
transport properties. Our goal was to provide insight in
transport anomalies in the high-temperature superconduc
These anomalies are associated with non-Fermi-liquid-
observations, many of which seem to be rather similar
what is found in the presence of superconducting fluct
tions. By contrast to the standard fluctuations of TDG
theory, however, these preformed pairs appear at relati
high temperaturesT* compared toTc . Throughout our dis-
cussion, it should be stressed that we viewT* as a ‘‘cross-
over’’ temperature, rather than a sharp phase transition.
origin of these preformed pairs is not specified. They m
arise from the strong attractive interaction which drives
superconductivity.~Indeed, attractive interactions in anon-
s-wave channel15 are possible, despite the presence of stro
Coulombic effects.! However, one may entertain as we
other scenarios for the mechanism of pair formation.

In the process of addressing transport we have devis
new formalism for extending TDGL theory into the quantu
regime, well away from the transition temperature where
bosons condense. Our approach, moreover, allows exac
culations of all transport properties and, in the immedi
vicinity of Tc , our results are equivalent to those of stand
TDGL theory. Comparison with experiment is quite satisfa
tory. It should be stressed that no particular fitting to the d
was done, but rather in this paper we have explored the
neric features of the model. Moreover, we have address
wide variety of different experiments: Nernst, ac and dc c
ductivity, and diamagnetic measurements. Aside from in
ducing a quantum statistical treatment of the bosons, a
feature of our approach is the introduction of the import
re

nd

zo
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temperatureT* . This is a new concept, not present in TDG
theory. Pairs, now form far from the critical regime. But
the same timeT* provides an ultimate cutoff. There are n
bosons~or fermionic pseudogap! beyond this regime.

Our paper shows that transport anomalies are compa
with the presence of bosonic degrees of freedom. The s
inference is made from thermodynamic and ARPES exp
ments which deduce the onset of a gap in the fermionic sp
trum. Indeed, we view these broad classes of phenomen
two sides of the same coin. One of the key conclusions
this paper is that onset temperatures for transport anom
vary from one experiment to another. Moreover, all are c
siderably lower thanT* . The boson contribution to transpo
depends sensitively on the pair lifetimet. Only sufficiently
long-lived bosons significantly contribute to transport. Hen
bosonic contributions to transport are suppressed well be
T* is reached.

Ours should be viewed as an alternative to the vor
scenario or related phase fluctuation picture for addres
normal-state transport anomalies. Indeed, it has been rec
suggested34 that phase fluctuations alone cannot expla
pseudogap phenomena. The reasonable agreement be
the genericresults of the present theory and experiment
all the figures provides support for a preformed-pair alter
tive to this vortex scenario. Noncondensed bosons are
present belowTc and, thereby, will lead to some continuit
between transport coefficients across the transition. In
tending this work to theorderedphase, however, it will be
useful to find a relationship between bosons and vortic
Along these lines is the dual representation explored earli35

in which vortices are the basic particles, rather than Coo
pairs.
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